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Preface

The aim of this book is to present an introduction to calculus on normed vector
spaces at a higher undergraduate or beginning graduate level. The prerequisites are
basic calculus and linear algebra. However, a certain mathematical maturity is also
desirable. All the necessary topology and functional analysis is introduced where
necessary.

I have tried to show how calculus on normed vector spaces extends the basic
calculus of functions of several variables. I feel that this is often not done and we
have, on the one hand, very elementary texts, and on the other, high level texts, but
few bridging the gap.

In the text there are many nontrivial applications of the theory. Also, I have
endeavoured to give exercises which seem, at least to me, interesting. In my
experience, very often the exercises in books are trivial or very academic and it
is difficult to see where the interest lies (if there is any!).

In writing this text I have been influenced and helped by many other works on
the subject and by others close to it. In fact, there are too many to mention; however,
I would like to acknowledge my debt to the authors of these works. I would also like
to express my thanks to Mohamed El Methni and Sylvain Meignen, who carefully
read the text and gave me many helpful suggestions.

Writing this book has allowed me to clarify many of my ideas and it is my
sincere hope that this work will prove useful in aiding others.

Grenoble, France Rodney Coleman
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Chapter 1
Normed Vector Spaces

In this chapter we will introduce normed vector spaces and study some of their
elementary properties.

1.1 First Notions

We will suppose that all vector spaces are real. Let £ be a vector space. A mapping
I - |l : E — Rissaid to be a norm if, for all x, y € E and A € R we have

* llxll =05
e x| =0« x=0;
o Ax] = [ALllx]ls

x4yl < lixlF+ 1yl

The pair (E, || - ||) is called a normed vector space and we say that || x|| is the norm
of x. The fourth property is often referred to as the normed vector space triangle
inequality.

Exercise 1.1. Show that | — x|| = ||x|| and that || - || is a convex function, i.e.,
[Ax + (1T =)yl < Allx] + @ =Dy

forall x,y € E and A € [0, 1].

When there is no confusion, we will simply write £ for a normed vector space.
To distinguish norms on different normed vector spaces we will often use suffixes.
For example, if we are dealing with the normed vector spaces E and F, we may
write || - ||g for the norm on E and || - || for the norm on F. The most common
norms on R” are defined as follows:

Ixlli = [xi| 4+ %], lx]2 = /x?+---+x2 and
[xX[loo = max{[xi], ..., |xu|}
R. Coleman, Calculus on Normed Vector Spaces, Universitext, 1
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where x; is the ith coordinate of x. There is no difficulty in seeing that || - ||, and
| - lloo are norms. For || - || the only difficulty can be found in the last property. If
wesetx-y =y i, X;y;, the dot product of x and y, and write || - || for | - [|2, then

p() = 2||x|I? +2t(x - y) + |y I* = llex + y[* = 0.
As p is a second degree polynomial and always nonnegative, we have

4((x - y)* = IxIPlly 1) <0

and so

lx+ylI> =@ +y) -4y = x>+ IyI*+20x-y)
< x> + Iy + 20x [yl = Ax] + lyID>.

This gives us the desired inequality.
If n = 1, then these three norms are the same, i.e.,

Xl = lixll2 = lIxlloo = [x].

Exercise 1.2. Characterize the norms defined on R.

In general, we will suppose that the norm on R is the absolute value.
It is possible to generalize the norms on R” defined above. We suppose that p > 1

1
and for x € R" we set [|x]|, = Q_i—, [x:|”)7.
Proposition 1.1. |[x||, is a norm on R".

Proof. 1t is clear that the first three properties of a norm are satisfied. To prove
the triangle inequality, we proceed by steps. We first set ¢ = # and prove the
following formula for strictly positive numbers a and b:

Q=

b

|-

a =

+

SR
Q| o

Fork € (0, 1) let the function f; : R — R be defined by f; (1) = k(t — 1) -tk +1.
Then f(1) = 0 and %(t) = k(t —t*=1). It follows that f; (1) > 0if# > 1 and so,
fork € (0,1)and ¢ > 1,
K<tk 4+ (1 k).

Ifwesett = § and k = % whena > b,ort = % and k = éwhena < b, then we
obtain the result.

The next step is to take x, y € R" \ {0} and seta = (”‘V" )P and b = (H)q in
the formula. We obtain
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|xi yil <l(|xi|)p+l(|y1‘|)q
lxllpllylly = 2 \llxl, a \Iylq/

and then, after summing over 7,

n
> lxillyil < 1xlp 15 lg-

i=1

This inequality clearly also holds when x = 0Oor y = 0.
Now,

n n
x4+ 212 <> bl + wil 77+ Y il + il

i=1 i=1
and, using the inequality which we have just proved,

1

n " 1
Z Ixillxi + yil 770 < x|l (Z |xi + yz'|(p_1)q)

i=1 i=1

1
n q
= |Ix[l, (Z |x; + mp)

i=1
2
= [lxllpllx + ¥yl

In the same way
" 2
> lyillxi 4+ yil77 < Ay llpllx + vl
i=1
and so ,
I+ 215 < dlxll, + 1y 1)1x + vz,

from which we obtain the triangle inequality. |

Exercise 1.3. Show that

lim x|, = [lx[li  and lim [|x[|, = [Ix]loo
p—>1 p—>00

for any x € R".

Let E be a vector space and A/ (E) the collection of norms defined on E. We
define a relation ~ on AV/(E) by writing || - || ~ || - || if there exist constants o > 0
and 8 > 0 such that

alxl* < lxl < Bllx|I*
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for all x € E. This relation is an equivalence relation. If || - || ~ || - ||, then we say
that the two norms are equivalent.

Exercise 1.4. Establish the inequalities | X[lco < [X|l2 < [Ix]i =< n]/x|lco and
deduce that these three norms on R” are equivalent.

If S is a nonempty set, then a real-valued function d defined on the Cartesian
product S? is said to be a metric (or distance) if it satisfies the following properties
forall x,y,z € S%

e d(x,y) =05

c dx,y)=0=x=y;
e d(x,y) =d(y,x);

o d(x,y) <d(x.z) +d(z.y).

We say that the pair (S, d) is a metric space and that d(x, y) is the distance from
x to y. The fourth property is referred to as the (metric space) triangle inequality.
If (E,| - ) is a normed vector space, then it easy to see that, if we set d(x, y) =
|lx — y||, then d defines a metric on E. Many of the ideas in this chapter can be
easily generalized to general metric spaces.

Exercise 1.5. What is the distance from A = (1, 1) to B = (4, 5) for the norms we
have defined on R??

Consider a point a belonging to the normed vector space E. If r > 0, then the
set
B(a,r)={xeE:|a—x| <r}

is called the open ball of centre a and radius r. For r > 0 the set
Ba,ry={xeE:|la—x| <r}

is called the closed ball of centre a and radius r. In R the ball B(a, r) (resp. B(a, r))
is the open (resp. closed) interval of length 2r and centre a. We usually refer to balls
in the plane R? as discs.

Exercise 1.6. What is the form of the ball B(0, 1) C R? for the norms || - ||1, | - |2,
and || - ||eo? (Notice that a ball may have corners.)

1.2 Limits and Continuity

We now consider sequences in normed vector spaces. If (x,),en iS a sequence
in a normed vector space E and there is an element [/ € £ such that lim,_, o
|lx, — 1] = 0, then we say that the sequence is convergent. It is easy to see
that the element / must be unique. We call [ the limit of the sequence and write
lim, 00 X, = [. We will in general abbreviate (x,),en to (x,) and lim, o X, = [
to lim x,, = /. The following result is elementary.
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Proposition 1.2. If (x,) and (y,) are convergent sequences in E, with lim x, = [,
andlim y, = [, and A € R, then

lim(x, +y,) =L+ 1 and lim(Ax,) = Al;.

Suppose now that we have two normed vector spaces, (E, || - ||z) and (F, || - || ).
Let A be a subset of E, f a mapping of 4 into F' and a € A. We say that f is
continuous at a if the following condition is satisfied:

for all €>0, there exists >0 such that, if x € 4 and | x—a/|| g <6,

then [| f(x)—f(a)| <e.

If f is continuous at every point a € A, then we say that f is continuous (on
A). Finally,if A C Eand B C F and f : A — B is a continuous bijection
such that the inverse mapping f~' is also continuous, then we say that f is a
homeomorphism.

Exercise 1.7. Suppose that || - ||z and || - || 5 are equivalent norms on £ and || - || r
and [| - || equivalent norms on F. Show that f" is continuous at @ (resp. continuous)
for the pair (|| - ||, || - | F) if and only if f is continuous at a (resp. continuous) for

the pair (|| - [[Z. Il - [I7)-
Proposition 1.3. The norm on a normed vector space is a continuous function.

Proof. We have
lxlf = llx =y +yl = llx =yl + Iyl = lIxl =yl = lIx =yl
In the same way |[y[| — [|lx[| < [[y — x]|. As [y — x[| = [lx — yl|, we have

el =yl < e = pll,

and hence the continuity. |
The next result is also elementary.

Proposition 1.4. Let E and F be normed vector spaces, A C E,a € A, f and g
mappings from E into F and A € R.

e If f and g are continuous at a, then so is f + g.

o If f is continuous at a, then so is A f.

o If o is a real-valued function defined on E and both f and «a are continuous at
a, then so is af .

Corollary 1.1. The functions f : E —> F which are continuous at a (resp.
continuous) form a vector space.
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We now consider cartesian products of normed vector spaces. Let (Eq, | -

l£)s. ... (Ep [I-1l£,) be normed vector spaces. The cartesian product £y x---x E,,
is a vector space. For (xi,...,x,) € E; x---x E, we set
[xr. oo xp)lls = llxille, + -+ llxpllz, and
[(xrs o xp) e = max([[xill gy - - 1xpllE,)-

There is no difficulty in seeing that || - ||s and || - || s are equivalent norms on E; X
---x E,. In general, we will use the second norm, which we will refer to as the usual

norm. If £y =---=E, =Rand| - |z =|-|foralli,then | -|s = -] and
- llae =1l lloo-
Proposition 1.5. Let (E, || - ||) be a normed vector space.

e The mapping f : E x E — E,(x,y) —> X + y is continuous.
e The mapping g : Rx E — E, (A, x) —> AX is continuous.

Proof. Let us first consider f. We have

IGe.y) = (a.D)llm <€ = |lx —al <€ [y —b]| <€
= lx+y)—@+b)l = lx—al+y—>bl <2,

hence f is continuous at (a, b).
We now consider g. If ||(A, x) — (@, a)|| < €,then|A —a| <eand ||x —al| <e€
and so

[Ax—aa| = |Ax—Aa+Aa—aal < |A|x—al+[A=alllall < (|a|+e)e+elal,

therefore g is continuous at («, a). |

A composition of real-valued continuous functions of a real variable is continu-
ous. We have a generalization of this result.

Proposition 1.6. Let E, F and G be normed vector spaces, A C E, B C F, f a
mapping of A into F and g a mapping of B into G. If f(A) C B, f is continuous
ata € A and g continuous at f(a), then g o f is continuous at a.

Proof. Letus take € > 0. As g is continuous at f(a), there exists § > 0 such that, if
y e Band||y—f(a)|lr <§,then||g(y)—g(f(a))|lc < €. As f is continuous at a,
there exists @ > 0 such that, if x € A and |x —a||g < «, then || f(x)—f(a)||F < 8.
This implies that || g(f(x)) — g(f(a))|l¢ < €. Therefore g o f is continuous at a.
O

Corollary 1.2. If A C E and f : A —> R is continuous and nonzero on A, then

the function g = % is continuous on A.
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Proof. 1t is sufficient to notice that g can be written g = h o f, where & is the
real-valued function defined on R* by h(t) = % |

To close this section, we give a characterization of continuity which uses
sequences.

Theorem 1.1. Let E and F be normed vector spaces, A C E and f a mapping of
Ainto F. Then f is continuous at a € A if and only if, for every sequence (xy) in
A such that lim x,, = a, we have lim f(x,) = f(a).

Proof. Suppose first that f is continuous at a and let us take € > 0. There exists
8 > O such that, if x € A and |x —al|lg < &, then | f(x) — f(a)||F < €. Now
let (x,) be a sequence in A with limit a. There is an ny € N such that, if n > ny,
then ||x, — a||g < &. This implies that | f(x,) — f(a)|lr < €. It follows that
lim £(x,) = f(a).

Now suppose that, when (x,) C A4 and lim x,, = a, we have lim f(x,) = f(a).
If f is not continuous at a, then there is an € > 0 and a sequence (x,) C A such
that ||x, —alg < % and || f(x,) — f(a)||r = €. However, then limx, = a and
the sequence (f(x,)) does not converge to f(a), a contradiction. So f must be
continuous at a. a

1.3 Open and Closed Sets

Let E be a normed vector space. A subset O of E is said to be open if for every
x € O, there is an open ball centred on x which lies entirely in O.If A C E and
there is an open set O such thata € O C A, then A is said to be a neighbourhood
of a. If A is itself open, then we say that A is an open neighbourhood of a.

Proposition 1.7. An open ball B(a,r) is an open set.

Proof. Let x € B(a,r) and set p = %(r — ||x — al|). Clearly 0 < p < r and, if
y € B(x, p), then we have
la=yl=la=x+x=-yl=la=xl+lx=-yl=lla=xl+p=r—p<r

Therefore B(x, p) C B(a, r) and it follows that B(a, r) is open. |
If E is a normed vector space, then

e E and @ are open;
e if (Oy)qea is a collection of open subsets, then Uye 4 O, is an open set;

e if (O;)7_, is a finite collection of open subsets, then N}_, O; is an open set.

(If @ is not open, then there is an x € @ such that for any r > 0 the ball B(x,r) ¢ 0.
As there is no x € 0, this statement is false. It follows that @ is open.)
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Exercise 1.8. Give an example of an infinite collection of open sets whose inter-
section is not open.

Notation. Let X be a set. We recall that, if S and 7 are subsets of X, then the
complement of S in T is the subset of X

T\S={xeX:xeTandx ¢ S}.

We will refer to the set X \ S simply as the complement of S and we will write ¢S
for this subset. Clearly 7\ S = T Nc¢S.

If E is a normed vector space and C C E is the complement of an open set, then
we say that C is closed. Notice that a subset composed of a single point is a closed
set. As might be expected, we have

Proposition 1.8. A closed ball B(a,r) is a closed set.

Proof. We need to show that the complement of B(a, r) is open. Let x € ¢B(a,r)
and p = %(Ha — x| —r). Clearly p > 0. If y € B(x, p), then

la =yl zlla=xl=lly=x[>lla=x|-p=2p+r—p=p+r>r

Hence B(x, p) € c¢B(a,r) and it follows that ¢ B (a, r) is open. |

Using de Morgan’s laws, i.e.,
C(UaEAAa) = ﬂaEACAa and C(ﬂaEAAa) = UaEACAou

we obtain: if a £ is normed vector space, then

e FE and @ are closed;
e if (Cy)nea is a collection of closed subsets, then Nye 4 Cy is a closed set;

» if (C;)7_, is a finite collection of closed subsets, then U/_, C; is a closed set.

Exercise 1.9. Give an example of an infinite collection of closed sets whose union
is not closed.

The union of all open sets included in a subset A of a normed vector space is
called the interior of A and we write int A for this set. The interior int 4 is the
largest open set lying in A. The intersection of all closed sets containing A is called
the closure of A and we write A for this set. The closure A is the smallest closed set
containing A. Clearly A is closed if and only if A = A. The boundary of A, written
A, is the intersection of the sets A and ¢ A.

Exercise 1.10. Show that

. /1 is closed if and only if 04 C A4;
e A is the union of 4 and 94;
* a € 04 if and only if every open neighbourhhood of @ intersects both A and c A.
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Exercise 1.11. Let A be a subset of a normed vector space. Show that, if O is a
nonempty open subset of A, then O N A # @.

Suppose now that || - || and | - ||* are equivalent norms on a vector space E, i.e.,
there exist constants &« > 0 and 8 > 0 such that

(s

allx[* = llx| < BllxII™

forall x € E. Let us write B(a, r) (resp. B*(a, r)) for the open ball of centre a and
radius r defined with respect to the norm || - || (resp.| - ||*):

B(a,r)={x € E : |x—al/<r} and  B*(a,r)={x € E : |x—a|* < r}.

Then
B* a,i C B(a,r) C B® (a, 1)
B o
Hence O C E is open for the norm || - || if and only if O is open for the norm | - ||*.

This is also the case for closed subsets.
It is possible to characterize closed sets using sequences, as the next result shows.

Proposition 1.9. Let E be a normed vector space and A C E. A is closed if and
only if every convergent sequence in A has its limit in A.

Proof. Suppose first that A is closed and let (x,) be a convergent sequence
contained in A. If lim x,, = x, then every open ball centred on x contains an element
of the sequence and hence an element of A. As cA4 is open, x ¢ cA and so x € A.
Now consider the converse. Suppose that every convergent sequence included in
A has its limit in A. Let x € ¢A and suppose that for any n € N* B(x, %) contains
an element x,, € A. The sequence (x,) is included in A and converges to x and so,
by hypothesis, x € A. This however is a contradiction and so there exists an n such
that B(x, %) C cA. It follows that ¢ A is open and so A is closed. |

In a normed vector space E the subsets £ and @ are both open and closed. Are
there any others? Suppose that A C E is an open and closed subset and that A # E
and A # 0. Also,leta € Aand b € cA and let us set

f=sup{t €[0,1]:a+s(b—a)e A,0<s <t}

Clearly 7 € (0,1). Nowwesetx =a +i(b—a)and x, = a + ( — nl)(b —a) for
n € N*. The sequence (x,) lies in A and converges to X. As A is closed, X belongs
to A. By definition of 7 there exists a sequence (y,) C cA, where

_ 1
yo=a+ (t+¢€)b—a) and 0<e < —.
n

As limy, = X and cA is closed, we have X € cA, which is a contradiction. Thus
we have proved the
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Proposition 1.10. The only open and closed subsets of a normed vector space E
are the sets E and .

The following result is a very useful characterization of continuous functions. It
can also be used to decide whether a given set is open or closed.

Proposition 1.11. Let E and F be normed vector spaces, A C E and f a mapping
from A into F. Then the following statements are equivalent:

(a) f is continuous;
(b) fY(O) is the intersection of A with an open subset of E, if O is open in F;
(c) f7N(C) is the intersection of A with a closed subset of E, if C is closed in F.

Proof. (a) == (b) Let O C F be open.If f(4) N O = @, then f~'(0) =@, an
open subset of E; hence, the result is true in this case. Suppose now that f(A4) N
O # @ and let f(a) € O. As O is open, there is an open ball B(f(a),r) C
O. The continuity of f implies the existence of an open ball B(a, p,) such that
f(B(a, ps) N A) C B(f(a),r). We obtain the inclusions

B(a.p)) NAC fTY(B(f(a).r)) C f7(0).
We now have
£7(0) = U(B(a.ps) N A) = AN (UB(a, pa)),

where the unions are taken over those a € A such that f(a) € O. Thus f~'(0) is
the intersection of A with an open subset in E.

(b) = (a) Leta € Aandr > 0. As B(f(a).r) is open, f ' (B(f(a).r)) is
the intersection of an open subset of E with A. However, a € f~'(B(f(a).r)),
so there exists an open ball B(a, p) whose intersection with A is contained in
Y (B(f(a).r)). This inclusion implies that f(B(a,p) N A) C B(f(a).r). It
follows that f is continuous at a.

(b) = (c¢) If C C F is closed, then c¢C is open and so f~!(cC) is the
intersection of A with an open subset U of E. However,

FHC)=A\ f(cC)=ANcU

and so f is the intersection of A with a closed subset of E.
(¢) = (b) This is proved in the same way as (b) = (c) |

Exercise 1.12. Let £ and F be normed vector spaces, A C E and f a mapping
from A into F. Show that if A is open (resp. closed) and f continuous, then f~'(B)
is open (resp. closed), if B is an open (resp. closed) subset of F. Also, show that, if
f~Y(B) is open (resp. closed) when B is an open (resp. a closed) subset of F, then
A is open (resp. closed) and f continuous. What can we say if A = E?
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Example. Let u : R"” — R be a continuous function and let us define f : R" x
R — Rby f(x,y) = u(x) — y. Then f is continuous and so f~'(0) is closed.
However, f~1(0) is the graph of u; therefore, the graph of u is closed in R” x R.

1.4 Compactness

In this section we will introduce the fundamental notion of compactness. First we
consider limit points. As above, we will suppose that E is a normed vector space.
Let A be a subset of E. We say that x € E is a limit point of A if every open ball
B(x, r) contains points of A other than x. (Notice that x is not necessarily in A.) A
is said to have the Bolzano—Weierstrass property if every infinite subset of A has a
limit point in A.

Example. 0 is a limit point of the set {1, %, %, ...}. Are there any others?

Exercise 1.13. Show that A C E is closed if and only if A contains all its limit
points.

Suppose now that {O; };¢; is a collection of open subsets of £ and A C U;e; O;.
Then we say that the collection is an open cover of A. A subcover is a subcollection
of the open cover which is also an open cover of A. If any open cover of A contains
a finite subcover, then we say that A is compact.

Proposition 1.12. If A C E is compact, then A has the Bolzano—Weierstrass
property.

Proof. Let A C E be compact and B C A infinite. Suppose that B has no limit
point in A. Then each point a € A is the centre of a ball B(a, r,) containing at most
one element of B (the point a, if a € B). These balls form an open cover of A,
which has a finite subcover. This implies that B is finite, a contradiction. It follows
that A has the Bolzano—Weierstrass property. O

If A C E, then we define the diameter of A by
diam(A) = sup{|lx — y|| : x,y € A}.

Notice that, if A = @, then diam(A) = —oco. The set A is bounded if it lies in some
open ball centred on the origin. For a nonempty set, being bounded is equivalent to
having a finite diameter.

Example. The diameter of an open ball is twice its radius.

Consider an open cover {O; };e; of a set A. If there is a number & > 0 such that
any subset of A with diameter less than « lies in some member O; of the open cover,
then we say that « is a Lebesgue number for the cover. We say that A is sequentially
compact if every sequence contained in A has a convergent subsequence whose limit
lies in A. It turns out that these apparently unrelated notions are in fact related.
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Lemma 1.1. If A C E is sequentially compact, then any open cover of A has a
Lebesgue number.

Proof. Suppose that A4 is sequentially compact and let {O; };<; be an open cover of
A.If {O; };e; has no Lebesgue number, then we can find a sequence of subsets (A,)
of A, with diam(A4,) < %, each included in no O;. Let (x,) be a sequence in A such
that x, € A,. By hypothesis, (x,) has a subsequence converging to a point x € A.
x belongs to some O;, and, as O;, is open, there is an open ball B(x,r) C O;,. Let
us now take ng such that x,, € B(x, 5) and % < 3.If y € A, then

r r
Iy —xll =y = xupll + [Ixn, — x|l < §+§ =T

and so A,, C B(x,r) C O;,, a contradiction. The result now follows. O

If E and F are normed vector spaces, A a subset of £ and f a mapping from
A into F, then we say that f is uniformly continuous if the following condition is
satisfied:

for all € > 0, there exists « > O such thatif x,y € A and ||x — y|g < «,

then || f(x) — f(WF <e.

Clearly, if f is uniformly continuous, then f is continuous. It is easy to find ex-
amples of continuous mappings which are not uniformly continuous. For example,
the function f : R} — R,¢ +— % is continuous, but not uniformly continuous.
However, we do have the following result:

Proposition 1.13. If E and F are normed vector spaces, A C E sequentially
compactand f : A —> F continuous on A, then f is uniformly continuous.

Proof. Let € > 0. Suppose that f is continuous on A; then for each a € A, there is
an open ball B(a, r,) such that || f(x) — f(a)||r < 5if x € B(a,r,) N A. The balls
B(a, r,) form an open cover of A. If A is sequentially compact, then this cover has
aLebesgue number . If x, y € A and ||x — y||g < «, then x and y lie in some ball
B(a,r,) and so

1) = FDlr = 1F) = f@Ir + /@ = fOlr < 5+ 35 =

This proves the result. O

A subset A of E is totally bounded if for any € > 0 there is a finite collection of
open balls of radius € forming an open cover of A.

Exercise 1.14. Show that a totally bounded set is bounded.
Lemma 1.2. If A C E is sequentially compact, then A is totally bounded.

Proof. Let A be sequentially compact and suppose that A4 is not totally bounded.
Then there is an € > 0 and an infinite sequence (a,) C A such that
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ay+1 € A \ {U;’=IB(ai, 6)}
Clearly ||la; —aj|| > e if i # j, which implies that the sequence (a,) has no
convergent subsequence. We have thus obtained a contradiction. It follows that 4 is
totally bounded. |

We are now in a position to show that compactness and sequential compactness
are equivalent. In fact, we will prove a little more.

Theorem 1.2. If E is a normed vector space and A C E, then the following three
conditions are equivalent:

(a) A is compact;
(b) A has the Bolzano—Weierstrass property;
(c) A is sequentially compact.

Proof. We have already established that (a) = (b) (Proposition 1.12).

(b) = (c) Let (x,) be a sequence in A. If (x,) does not contain an infinite
subset, then (x,) contains a constant subsequence, which clearly converges to
an element of A. On the other hand, if (x,) contains an infinite subset, then by
hypothesis (x,) has a limit point x € A. It follows that (x,) has a subsequence
converging to x.

(c) = (a) Let {O;};c; be an open cover of A. By Lemma 1.1 this cover has a
Lebesgue number or. We now set € = % From Lemma 1.2 we can find a4, ...,a5 €
Asuch that A C U; _, B(ay, €). However, for each k

2
diamB(ay,€) = 2¢ = ?a <«

and hence each ball B(ay, €) lies in some O;,. We thus obtain
A C Uj_,Blax,e) CU_, 0,

i.e., {0; };_, is a finite subcover of A. |

We will see a little further on that in finite-dimensional spaces we can character-
ize the compact subsets in another way. These are precisely the subsets which are
closed and bounded. Before proving this we will establish some other results.

Exercise 1.15. Let E be a vector space, A C E and ||| and || ||* equivalent norms
on E. Show that A is compact in the normed vector space (E, || - ||) if and only if A
is compact in the normed vector space (E, || - [|*).

Exercise 1.16. Show that a closed subset of a compact set is compact.

Exercise 1.17. Let E and F be normed vector spaces, A a compact subset of E
and f : A —> F continuous. Show that f(A) is a compact subset of F'.

Proposition 1.14. If E is a normed vector space and A C E is compact, then A is
closed and bounded.
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Proof. Let A C E be compact. If (x,) is a convergent subsequence of A4, then (x,)
has a subsequence converging to an element x € A. However, x must be the limit
of (x,). Thus a convergent sequence of A has its limit in A and so A4 is closed.

If A is not bounded, then we can construct a sequence (x,) C A such
that ||x,|| > n. This sequence cannot have a convergent subsequence, because
convergent sequences are bounded. It follows that A4 is bounded. O

Exercise 1.18. Show that a nonempty compact subset of a normed vector space has
a boundary point.

It is difficult in general to know whether a real-valued function attains a
maximum or a minimum on a given set. However, for compact sets we have the
following result:

Theorem 1.3. If E is a normed vector space, A C E compactand f : A — R
continuous, then f is bounded on A and attains its lower and upper bounds.

Proof. If f(A) is not bounded, then there is a sequence (x,) C A such that
| f(xn)| > n. As A is sequentially compact, (x,) has a subsequence (y,) converging
to a point x € A. However, f is continuous and so lim f(y,) = f(x) and hence
the sequence ( f(y,)) is bounded, which is a contradiction. It follows that f(A) is
bounded.

Let (x,) be a sequence in A such that

flue) < fCx)  and L f(x,) = inf ().

The sequence (x,) has a convergent subsequence (y,) whose limit y belongs to A.
We have

inf f(x) = lim f(x,) = lim f(ya) = f(3)-

In the same way we can show that there is an element z € A such that f(z) =
SUPyeq f(x) |

We now turn our attention to the particular case of compactness in the normed
vector space (R”, ||.]/co)-

Lemma 1.3. A subset A of (R",||.||eo) Which is closed and bounded is compact.

Proof. First, let us consider the case where n = 1. As A is bounded, there is a closed
interval [a, b] such that A C [a, b]. Let (xx) be a sequence in A and for each k € N
letus set X = {x, : p > k} and a; = inf X. The sequence (ay) is increasing and
bounded above (by b) and so has a limit x. For each k we take y; € Xj such that
ar < yi < ar + %.Then

1
[ve — x| < |ye —ai| + |ar — x| < E+|ak_x|‘

Therefore lim y, = x and, as A is closed, x € A. We have established that A is
sequentially compact and so compact.
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Now let us consider the case where n > 2. A is contained in a closed rectangle
[ai,by] x --+ X [ay, by]. Let (xx) be a sequence in A. Using superscripts for the
coordinates of elements of the sequence, we have x; = (xli, el xg). The sequence
(x}) contains a subsequence (x|, ) converging to an element A' € [ay, b;], because
[a1,by] is compact. We now consider the second coordinate. The sequence (xlzk)
contains a subsequence (x%k) converging to an element A> € [a,,b,], because
[a», by] is compact. Notice that (x}, ), being a subsequence of (x/, ), convergesto A'.
We now take a convergent subsequence (x3, ) of the sequence (x3,). Continuing in
the same way we obtain a subsequence (yy) of (xx) such that (y;) convergesto A* €
[as,bg] fors = 1,...,n.Setting A = (A',...,1") we have lim || y;y — A||co = 0. As
A is closed, A € A. Therefore A is sequentially compact and so compact. |

At the beginning of this chapter we showed that certain norms on R" were
equivalent. We will now show that all norms on R” are equivalent and, as a corollary,
that all norms on a finite-dimensional normed vector space are equivalent.

Theorem 1.4. If || - || is a norm defined on R", then || - || is equivalent to the norm
I - lloo- It follows that all norms on R"™ are equivalent.

Proof. Let (e;) be the standard basis of R”. If x = Z;;l Xx;e;, then

n n
Il < el < (Z ||e,-||> I<lloo = Bllxlloo.

i=1 i=1

therefore || - || is continuous on (R”, || - ||o0). Let S be the unit sphere in this space:
S ={x e R": ||x]loo = 1}. S is closed and bounded and so compact. The function

f:8S — Rxr— ﬁ is continuous on S and so by Theorem 1.3 there is a

constant K > 0 such that ”17” < K,or|x| > % = «. For x # 0 we have

X

[l [loo

|z = llx[| = ofx]loo-

an inequality which is also true for x = 0. Therefore
afxfleo =[xl = Bllxlloo

for all x € R”, which establishes the equivalence of the two norms. O
Corollary 1.3. All norms on a finite-dimensional vector space E are equivalent.

Proof. Let (u;) be a basis of E. For x = Y/, x;u; we set ¢(x) = (x1,...,X,). ¢
is a linear isomorphism from £ onto R". If || - ||z and || - || are norms on E, then
we define norms || - || and || - |* on R” by

Iyl =16l and  [yI*=lo~ I

As |- | and || - ||* are equivalent, so are || - ||z and || - || 5. |
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We are now in a position to prove the characterization of compact sets to which
we referred above.

Theorem 1.5. The compact subsets of a finite-dimensional normed vector space
are the subsets which are closed and bounded.

Proof. We have already seen that a compact set is closed and bounded, so we
only need to prove the converse. Let A be a closed and bounded subset of an n-
dimensional normed vector space E. We suppose that ¢ and the norm || - || on R”
are defined as above. The set ¢(A) is closed and bounded with respect to the norm
|- || and therefore compact, because ||-|| is equivalent to |- || 0. As ¢! is continuous,
A is compact (Exercise 1.17). O

Exercise 1.19. Show that in a finite-dimensional normed vector space a bounded
subset is totally bounded.

Exercise 1.20. Let K be a closed subset of a finite-dimensional normed vector
space E and f areal-valued continuous function defined on K such that

lim |x,| = co = lim f(x,) = oc.
n—od

Show that f has a minimum on K.

Exercise 1.21. Let A be a noncompact subset of a finite-dimensional normed vector
space E. Show that there is a continuous real-valued function defined on A which
is not bounded.

Having shown that closed bounded sets in a finite-dimensional normed vector
space are compact, it is natural to consider such sets in an infinite-dimensional
normed vector space. We will take up this question in the next section.

1.5 Banach Spaces

The notion of a Cauchy sequence in R can be generalized to normed vector spaces.
We say that a sequence (xx) in a normed vector space E is a Cauchy sequence if it
satisfies the following property:

for all € > 0, there is an N(¢) € N such that |u,, — u,|| <€, if m,n > N(e).

It is easy to see that a convergent sequence is a Cauchy sequence and that a Cauchy
sequence is bounded. We say that a normed vector space E is complete, or a Banach
space, if every Cauchy sequence in E converges.

Theorem 1.6. The normed vector space (R", || - ||oo) is a Banach space.

Proof. Let (xi) be a Cauchy sequence in R". Using superscripts for coordinates
of elements of the sequence, we have x;, = (xll, - ,x,’j). Fori = 1,...,n, the
sequence (x,i) is a Cauchy sequence. As Cauchy sequences in R converge, for each



1.5 Banach Spaces 17

i there is an x’ such that limy o0 x; = x'. If we set x = (x',...,x"), then it is
easy to see that limy o0 X = X. O

Corollary 1.4. A finite-dimensional normed vector space is a Banach space. In

particular, the normed vector spaces (R", | - ||,), for 1 < p < oo, are Banach
spaces.

Proof. Let (u;) be a basis of the n-dimensional normed vector space (E, || - ||). If
X = Z?:l x;u; and we set ¢(x) = (xy,...,Xy), then ¢ is a linear isomorphism of

E onto R”. Now setting

le~™" DI = 11y lloo

for y € R" we obtain a norm on E. As (R”, || - ||eo) is complete, so is (E, || - ||*).
The equivalence of norms on E implies that (E, || - ||) is also complete. |

Corollary 1.5. A finite-dimensional subspace of a normed vector space is closed.

Proof. If F is a finite-dimensional subspace of a normed vector space (E, || - ||),
then (F, | - ||) is a Banach space. Let (x,) be a sequence in F' with limit x € E. As
(x,) is convergent, (x,) is a Cauchy sequence in F and so has a limit x’ € F. As
the limit of a convergent sequence is unique, x = x" and so x € F. It follows that
F is closed. |

We now return to the question of closed bounded sets in an infinite-dimensional
normed vector space. Let E be an infinite-dimensional normed vector space and S
its unit sphere:

S={xek:|x||=1}

We will construct by induction a sequence (1,) C S such that [u; — u;| > % if
i # j.Foru; we choose any element of S. Suppose now that we have constructed
the first n elements of the sequence and let F,, = Vect (uy, ..., u,), i.e., the vector
subspace generated by the vectors uy, ..., u,. As F, is finite-dimensional, S is not
included in F, and so there is an element x € S, which is not in F,. Also, F, is
closed and so
a = inf |x —y| > 0.
yEF,

We now take y € F, such that @ < ||x — J|| < 2o and set u,, 4] = ﬁ Clearly

up+1 € S.Fork =1,...,n,wesetzy =y + ||x — ¥|lux. Then zz € F, and so
llx —zl| o 1
”“n+1 _uk” = — = - > =
[x =yl = lx=yI 2

Therefore we have constructed a sequence (u,) with the required properties. The
existence of such a sequence implies that S, a closed bounded set, cannot be
sequentially compact. Hence a closed bounded subset of a normed vector space
is not necessarily compact. (Of course such a subset may be compact, for example,
a subset composed of a finite number of points.) In fact, we have also proved the
following theorem, referred to as Riesz’s theorem.
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Theorem 1.7. The unit sphere S of a normed vector space E is compact if and only
if E is finite-dimensional.

Exercise 1.22. Let E be an infinite-dimensional normed vector space and A a
subset of £ such that int A # @. Show that A is not compact.

Remark. The sequence (u,) constructed above shows that in an infinite-dimensional
normed vector space a subset may be bounded without being totally bounded: any
open ball of radius % can contain at most one element of the sequence (u,); hence a
finite number of such balls cannot cover S.

Let [*° be the collection of bounded sequences of real numbers. With the usual
operations on sequences:

(k) + (i) = (ke +yx) and  A(xx) = (Axz)

for A € R, [®° is a vector space. If we set

(i) lloo = sup |xkl,

then |- ||co defines a norm on /°°. We claim that /> with this norm is a Banach space.
To simplify the notation, let us write || - || for || - ||eo- Let (xx) be a Cauchy sequence
in /. As Cauchy sequences are bounded, there exists M > 0 such that ||x; || < M
for all k. If we write x; for the i th coordinate of xi, i.e., xy = (x},x7,...), then the
sequence (x; ) is a Cauchy sequence and so has a limit x*. As the Cauchy sequence
(x1) is bounded by M, so is the limit x’. If we now set x = (x',x?,...), then
x € [°°. We now show that lim x; = x.Lete > 0and N be such that |x; —x;|| < €
fork,l > N.Then forevery i and k,!/ > N we have

|x,i—xi| < |x,i—xf|+|xf—xi| <e+|xf—xi|.

However, lim; o0 |x] — x'| = 0 and so, for k > N, we obtain |x; — x'| < €. It
follows that || xx — x|| < €. We have shown that lim x; = x and so that (/°°, | - ||c0)
is a Banach space.

Now suppose that 1 < p < oo and let [” be the collection of sequences (x,,) of
real numbers such that Y o, |x,|? < oco. If (x,) and (y,) are two sequences in /7,
then, using the first section of this chapter, we have for m € N*

m I m L L e I e 1
Dlatyal” ) <Dl ) A (DSl ] DSl D al?
n=1 n=1 n=1 n=1 n=1

and it follows that (x, + y,) € [” and

1 1

(g % +yn|p)’l’ < (imw)p + <§|yn|p)”_

n=1
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With the usual operations on sequences, [? is a vector space and, if we set

1

e, = (Z |xn|P) :

n=1

then | - ||, defines a norm on /7. We leave it to the reader to show that (/7. | - || ,) is
a Banach space.

Exercise 1.23. Let A be a nonempty subset of a normed vector space E and C(A)
the set of bounded continuous real-valued functions defined on A. With the usual
operations

(f+90) =f()+gkx) and  (Af)(x) =Af(x)

for A € R, C(A) is a vector space. Show that a norm may be defined on C(A) by
setting

I/ 1l = sup|f(x)]
xX€A

and that C(A) with this norm is a Banach space.

Remark. We may generalize this exercise by taking A to be any metric space. If A
is compact, then the bounded continuous real-valued functions defined on A are just
the continuous real-valued functions defined on A.

1.6 Linear and Polynomial Mappings

As all norms on R” are equivalent, the continuity of a mapping from R” into a
normed vector space E or of a mapping from a normed vector space E into R” is
unaffected by the norm on R” we choose. In general, we will work with the norm

Il lloo-
Consider a linear mapping f from R” into a normed vector space E. If (¢;) is
the standard basis of R” and x = >_/_, x;¢;, then

[fE < Z Ixi fle)lle = Z lxi |l f el e < M x]loo,
i=1 i=1
where M = Y""'_, || f(e;)| g. Therefore
/()= FDlle = 1/ (x =y)lle = Mx = ylleo

and so f is continuous. More generally, a linear mapping from a finite-dimensional
normed vector space into another normed vector space is always continuous.
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We now consider the continuity of polynomials (in several variables). A constant
function f : R” — R is clearly continuous. As the projection p; : R" —
R, (x1,...,X,) —> X; is linear, p; is continuous. Also, a polynomial is a sum of
products of constant mappings and projections and so continuous.

Let £ and Fi,..., F, be normed vector spaces, A C E and f a mapping
from A into Fy x --- x F,. The vector f(x) has p coordinates which we may
write fi(x),..., fp(x). We thus obtain p mappings f; : A —> F;. We call these
mappings the coordinate mappings (or functions) of f. A particular case is when
F; = Rforalli;in this case Fy X --- x F, = R?.

Proposition 1.15. The mapping f : A — Fy x -+ x F, is continuous at a € A if
and only if its coordinate mappings are continuous at a.

Proof. Suppose first that f is continuous at a € A and let us take € > 0. There is a
§ > 0 such that
xeA and ||x —allg <d= | f(x)— fa)|lm <e,

where || - || 5 is the usual norm on Fy x - -+ x F,. This implies that, fori = 1,..., p,

I1fi (x) = fi(@)|F <€

and it follows that the f; are continuous at a.
Conversely, suppose that the f; are continuous at a and let us take € > 0. For
each i, there is a §; > 0 such that

x €A and |[x —alg <& = | fi(x) — fi(a)||lr, <e.
If we set § = miné;, thenfori =1,...,p

x€A and |[x —a|g <d= |fi(x) = fi(a)|lF, <€
= [[f(x) = f@)|u <e€

and it follows that f is continuous at a. O

Example. From the above, if f : R” — R is such that each coordinate function
is a polynomial, then f is continuous.

Let us return to linear mappings. We have seen that a linear mapping from a
finite-dimensional vector space into a normed vector space is continuous. However,
this is not in general the case. Here is an example. We may define a norm || - || on
the vector space of polynomials in one variable in the following way: for p(x) =
' a;x" weset || p|| = max |a;|. The mapping

¢:E— E, p+—— p,
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where p is the derivative of p, is clearly linear. Consider the sequence of polyno-
mials (p,) defined by p,(x) = %x”. Clearly lim p, = 0. However, ||p,|| = 1
for all n and so ¢ is not continuous. The next result characterizes continuous linear
mappings.

Theorem 1.8. Let E and F be normed vector spaces and ¢ a linear mapping from
E into F. Then the following statements are equivalent:

(a) @ is continuous;

(b) ¢ is continuous at 0;

(¢) ¢ is bounded on the closed unit ball B(0,1) of E;
(d) There exists u € Ry such that

¢l < plixle

forallx € E.
Proof. (a) = (b) This is true by the definition of continuity.
(b) = (c) If f is continuous at 0, then there exists & > 0 such that
[x =0llg =a = ll¢(x) =¢O)|r < 1,
i.e.,
Ixlle == ll¢)llF < 1.

If x € B(0, 1), then |lax||z < a and so ||¢(cex)||r < 1. Using the linearity of ¢ we
obtain «||¢(x)||r < 1 and hence the result.
(c) = (d) By hypothesis, there exists £ € R4 such that

x€B0.1) = llpW)llr =< p.

If x € E\{0}, then m € B(0,1) and so ||¢(”T"”)||F < w. Itfollows that ||¢ (x)|| r <

w|lx || g, which is also true when x = 0.
(d) = (a) If (d) holds and x, y € E, then

[¢(x) =dWr = ll¢x =WF = pllx = yle.

therefore ¢ is continuous. O
The continuous linear mappings between two normed vector spaces E and F

form a vector space L(E, F). If we set

|¢lcery = sup [[¢(X)|F

Ixlz<t

for¢ € L(E, F), then | - |z, ) is anormon L(E, F). Notice that for any x € E
we have



22 1 Normed Vector Spaces

l¢F = |plee.rllxle.
If G is another normed vector space and ¥ € L(F, G), then

[V o dlee.c) < |Vlere)ldloE.F

We usually write L(E) for L(E, E) and E* for L(E,R). E* is called the dual of
E and its elements are often referred to as linear forms . When there is no confusion
possible, we will usually write |¢| for |¢| 2z, F).

Exercise 1.24. Show that

[¢lcer) = inf{u € Ry @ [l r < pllxlle, x € E}

and, if dim £ > 1, then

[¢lcery = sup [l@(x)]|F.

Ixllz=1

There is a natural question, namely when is the space L(E, F') complete, i.e., a
Banach space. The following result gives us a sufficient condition.

Theorem 1.9. If E and F are normed vector spaces and F is complete, then the
space L(E, F) is complete.

Proof. Let (¢,) be a Cauchy sequence in L(E, F). Then for each x € E we have
¢ (x) = @) F < [dn — mlcce.p)lIxllE

and so (¢, (x)) is a Cauchy sequence in F. As F is complete, this sequence has a
limit, which we will write ¢ (x). It is easy to see that ¢ is a linear mapping. As (¢,)
is a Cauchy sequence, the norms |¢,| have an upper bound M . Therefore

¢ F = [[lim¢, (x)|r = lim ||g,(x) | < M| x]|£

and so ¢ is continuous. It remains to show that lim¢, = ¢. Lete > 0 and N € N*
be such thatm,n > N = ¢y — ¢u| < 5. 1f |x||g < 1 and m,n > N, then

ln (x) = |7 < 1w — Il x5 < g.

We may choose m > N such that [|¢h, (x) — ¢(x)[|r < 5 and so

60 (x) =@ F = [1fn(x) = Gm(X)[[F + [|pm(x) = Pp(X)[[F < €.

As ||¢n(x) — d(x)||F < € for every x such that || x|z < 1, we have |p, — | < €

and it follows that lim ¢, = ¢. This ends the proof. O
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Let E and F1, ..., F), be normed vector spaces and letus set F' = Fy x--- X F),.
The mapping f from E into F is linear and continuous if and only if its coordinate
mappings are also linear and continuous. Therefore the mapping ® : f +—
(fi...., fp), whenrestricted to L(E, F'), hasits image in L(E, F\)x---xL(E, F).
There is no difficulty in seeing that ® defines a linear isomorphism between the two
spaces. Also,

|fleer = sap [ f()llF

lxllz<1
= sup max(|| i) F. .- [ (0)E,)
lxllz<1
= max( sup || fi()[lr..... sup [[fp(X)[lF,)
lxllg=<1 Ixllg=<1
= (U fleE.Fys - L fpler) s
where || - ||as is the usual norm on the cartesian product of the spaces L(E, F;).

Therefore @ also preserves the norm.

If E and F are normed vector spaces and f : E —> F a continuous linear
isomorphism whose inverse f ! is also continuous, then we say that f is a normed
vector space isomorphism and that the spaces E and F are isomorphic (as normed
vector spaces). In this case, we write £ >~ F.If f : E — F is a linear
isomorphism which preserves the norm, i.e., || f(x)||r = ||x| g for all x € E, then
we say that f is an isometric isomorphism. Clearly an isometric isomorphism is a
normed vector space isomorphism. If there exists an isometric isomorphism from £
onto F, then we say that the two spaces are isometrically isomorphic.

Exercise 1.25. Show that two finite-dimensional normed vector spaces of the same
dimension are isomorphic.

Exercise 1.26. Let E be a normed vector space. Show that the mapping &
LR,E) — E, f +— f(1) is an isometric isomorphism and thus that L(R, E)
and E are isomorphic.

Exercise 1.27. Show thatif E, F, and G are normed vector spaces and ¢ : F —>
G is a normed vector space isomorphism, then the mapping ® from L(E, F) into
L(E,G), defined by ®(f) = ¢ o f, is a normed vector space isomorphism. Show
that ® is an isometric isomorphism if ¢ is an isometric isomorphism.

Suppose now that ¢ : E — F is a normed vector space isomorphism. Clearly,
if the dimensions of E and F are 0, then ¢ is norm-preserving. Suppose now that
this is not the case. We can define a norm || - |5 on E by setting

IxlE = ¢l

We have
Ixllz = loC)lr < lollxlle
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and
Ixlle = o~ @D Ie <o~ @) NIF = ¢~ x|

Because |¢~!| # 0, we can write

1
T llxlle = lxlz < lollxle.
¢~
We have shown that we can give E an equivalent norm such that f is an isometric
isomorphism.

1.7 Normed Algebras

A vector space £ may have a multiplication as well as its addition and scalar
multiplication. In this case, if E with its addition and multiplication is a ring and
satisfies the property:

Alxy) = (Ax)y = x(Ay)

for A € Rand x,y € E, then we say that E is an algebra. If the multiplication
is commutative, then we say that the algebra is a commutative algebra. We usually
assume that there is an identity for the multiplication, for which we use the symbol
1 (orjust 1). If E is an algebra and has a norm || - || satisfying the properties

eyl < Ixlilyll and  f1g] =1,

then we say that E is a normed algebra. If E is also complete, then we say that E is
a Banach algebra. If E and F are normed algebras and f € L(E, F) such that f is
also a ring homomorphism, then we say that f is a normed algebra homomorphism.
If f is a normed vector space isomorphism, then f is said to be a normed algebra
isomorphism and E and F isomorphic normed algebras.

Exercise 1.28. Show that if £ is a normed algebra, then the multiplication as a
mapping from E? into E is continuous.

Let us look at some examples. R has a natural vector space structure and, with the
usual multiplication, is a commutative algebra. The absolute value defines a norm on
R and, with this norm, R is a normed algebra. As R is complete, R is a commutative
Banach algebra.

IR? also has a natural vector space structure and, with the multiplication

(x,y) - (u,v) = (xu—yv,xv+ yu),

R? is a commutative algebra. If we give R? the norm || - ||, R? becomes a normed
algebra. As R? is complete, R? is a commutative Banach algebra. (Of course, the
multiplication we have here is that used in defining the field of complex numbers.)
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We have already seen that, if £ is a normed vector space, then we can define a
norm on L(E) by setting

|l e = “SUP o).

x|t

With this norm L£(E) is a normed algebra. From Theorem 1.9, if E is a Banach
space, then L£(E) is a Banach algebra.

Here is another example of a normed algebra. Consider the set R[X] of real
polynomials in one variable. R[X] is clearly an algebra and has the polynomial
P = 1 for multiplicative identity. If, for P € R[X] we set

[Pl = sup [P(x)],
x€[0,1]

then we obtain a normed algebra.

In Exercise 1.23 we introduced the Banach space C(A) of bounded continuous
real-valued functions defined on a metric space, in particular, on a nonempty subset
of a normed vector space. If we now add the multiplication defined by

(f - &) x) = f(x)gx),

then C(A) becomes a Banach algebra.

Notation. We will write M,,,,(R) for the set of m x n real matrices; if m = n, then
we will use the shorter notation M, (R) instead of M,,,, (R).

As a final example, let us consider the space M, (R), with n > 1. There is no
difficulty in seeing that M,,(R) with the usual operations on matrices is an algebra.
Suppose now that || - || is a norm defined on R”. If, for A € M, (R) we set

|A] = sup [[Ax]],

lxll=1

then we obtain a normed algebra. As M, (R) is finite-dimensional, M, (R) is a
Banach algebra. We say that the norm we have just defined is subordinate to the
norm || - .

An element x in a normed algebra E is invertible (or regular), if there exists
y € E such that xy = yx = 1. Otherwise we say that x is noninvertible (or
singular). If x is invertible, then the y is unique and we call this element the inverse
of x and write x~! for it. Clearly 0 is not invertible; however, other elements may
also be noninvertible. We will write E* for the set of invertible elements of E. E*,
with the multiplication of E, is a group.

Exercise 1.29. Let E be a normed algebra. Show that ||x"| < ||x||" forall x € E
and n € N. What can we say if x is invertibleandn € Z_ = {n € Z : n < 0}?
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1

We aim to look at the mapping ¢ : x —> x~ ' in some detail; however, we will

need a preliminary result.
Lemma 1.4. If E is a Banach algebra and |1 — x|| < 1, then x is invertible.

Proof. Letr = ||1 —x|. Thenforn € N
I =2)" | < 1T = x[" = r".

It follows that the partial sums of the power series ano(l — x)" form a Cauchy
sequence in E. As E is complete, the partial sums converge to an element of E,
which we will denote Y 72 (1 — x)". If weset y = Y oo (1 — x)", then

y—xy=(I-x)y=) (1-x)"=y-1,

n=1

which implies that xy = 1. We can show in the same way that yx = 1 and so x is
invertible and x ™! = Y2 (1 — x)". O

Theorem 1.10. If E is a Banach algebra, then E* is open and the mapping ¢ -
x +—> x~ ! is continuous and hence a homeomorphism from E* onto itself.

Proof. Leta € E* and let us set r = IIuITII If x lies in the open ball B(a, r), then

I —a='x| = lla™" (@ =x)| < la”"lla —x] <1,

therefore, from the lemma, a~'x € E*. This implies that x = a(a~'x) € E*. Thus
the ball B(a,r) C E* and it follows that E* is open. Also, as

oo
xla=(@'x)"' = Z(l —a'x)",
n=0
we have

o0
Ix™' —a M =l a=Da™" | < e IxT e =1 = lla M D J(1—aT o).

n=1

If we take x € B(a. %), then |1 —a~'x| < 1 and

o0
-1_ -1 —1 —1 - —1 —1)2
Ix' —a™ < la7 M) A —a' o))" < 2l [1—a x| < 2fa”" P lla—x].

n=1

and so ¢ is continuous at a. a
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Let £ and F be normed vector spaces. We will write Z(E, F) for the subset of
invertible mappings belonging to L(E, F). Clearly Z(E, E) = L(E)*. From what
we have seen above, if E is a Banach space, then £(E)* is an open subset of L(E)
and the mapping ¢ : u —> u~! is a homeomorphism from £(E)* onto itself. We
will now generalize this result.

Theorem 1.11. [If E and F are Banach spaces, then Z(E, F) is open in L(E, F)
and Z(F, E) is open in L(F, E). If Z(E, F) is not empty, then the mapping V :
u+—> u~" is a homeomorphism from Z(E, F) onto Z(F, E).

Proof. If Z(E, F) is empty, then it is open. If this is not the case, then let w €
I(E,F). If we set a(u) = w ' ouforu € L(E, F), then a(u) € L(E) and « is
a normed vector space isomorphism from L(E, F) onto L(E). As «(Z(E, F)) =
Z(E),Z(E, F) is open in L(E, F). In the same way we may show that Z(F, E) is
openin L(F, E).

The mapping ¥ may be written ¥y = f o ¢ o, where ¢ is the inversion mapping
on L(E)* and B the normed vector space isomorphism from L(E) onto L(F, E)
defined by B(v) = vow™!. As ¥ is a composition of three continuous mappings,
¥ is continuous. Also, as ' = a~! o ¢ o B7!, ¥~! is continuous and so V' is a
homeomorphism from Z(E, F') onto Z(F, E). O

In an algebra certain types of vector subspace deserve particular attention. An
ideal in an algebra A is a vector subspace [/ such that, whena € A and x € I,
then

(a) ax e I,
(b) xa e 1.

If the first (resp. second) condition is satisfied (and not necessarily both of them),
then [ is called a left-sided ideal (resp. right-sided ideal). An ideal I is a maximal
ideal if there is no ideal J # A which properly contains /. Using Zorn’s lemma it
is easy to show that a proper ideal is always contained in a maximal ideal. We may
define maximal left- and right-sided ideals in a similar way and obtain analogous
results. As {0} is an ideal, an algebra contains all three types of maximal ideal.

The intersection of all left-sided maximal ideals is a left-sided ideal. We have a
similar statement for right-sided ideals. It turns out that these intersections are the
same. This subset of A is an ideal, which is called the Jacobson radical of A4, usually
noted J(A). It is also the case that a € J(A) if and only if 1 — xay is invertible for
all x, y € A. (Proofs of the statements given here may be found in any standard text
on ring theory, for example [9].)

Exercise 1.30. Let A be an algebra and [ a left-sided ideal of A as aring, i.e., [ is
a subgroup of the group (A4, +) satisfying the condition (a). Show that [ is a vector
subspace of A and thus that / is a left-sided ideal of A as an algebra.

Exercise 1.31. Let E be a normed algebra and [ a left-sided ideal in E. Show that
I is a left-sided ideal and deduce that a maximal left-sided ideal is always closed. It
follows that the Jacobson radical is closed.
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We will finish this section with an introduction to the quaternion algebra. We
define a multiplication on R* by setting

Xy = (X1y1 —X2y2 — X3Y3 — X4y4)e€
= +(xX1y2 + X2y1 + X3y4 — X4)3)€2
= +(x1y3 — X2y4 + X3)1 + X4)2)e3
= +(x1ys + X293 — X3y2 + Xay1)es,

where ey, .. ., e4 is the standard basis of R*. With this multiplication and its standard
addition, R* is an algebra with e; as multiplicative identity. We usually write H for
this algebra (after William Hamilton who was the first to discover it) and, in this
context, (1,1, j, k) for the standard basis. It is easy to check that

and
ij = —ji =Kk, jk=-kj=i and ki = —ik =j.

Thus H is noncommutative. We may also check that, with the norm || - ||, H is a
normed algebra. Also, we have

eyl = NIy 1l

If x € H and we set
*
X" = (x1,—X2, —X3,—X4),

then we call x* the conjugate of x and we have

(xy)* = y*x* and [x]?> = x*x = xx*.

From the last property, we see that every nonzero element of H is invertible:
x = W, i.e., H* = H*. An algebra A such that A = A* is called a division
algebra. Other examples are R and C. It turns out that all Banach division algebras
are isomorphic to R, C, or H. (A proof of this may be found in [4].)

1.8 The Exponential Mapping

In this section we will see how the exponential mapping of elementary calculus
generalizes to Banach algebras. Let E be a Banach algebra and u an element of E.

We set

u? u"

— 44—
n!

Sn:1+u+2!
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If p > ¢q, then
» :
e’
sy =541l = | Z =)
i= q+1 i=q+1
Therefore (s,) is a Cauchy sequence and so converges. We write exp(u) for the limit
of the sequence (s,). The mapping
exp: E — E,ur+— exp(u)
is called the exponential mapping on E. Notice that || exp(u)| < el“l, where e is
the usual exponential mapping on R.

Lemma 1.5. If E is a normed algebra, u and v elements of E, M = max(||ul|, ||v|])
and n € N*, then
" = V"l < nM"Hu— .

Proof. For n = 1 the result is clear. Suppose that n > 2. Then we can write
W=V =" =) F "=+ " P — v 4 = !

and the result follows. |
Proposition 1.16. The exponential mapping is continuous.

Proof. Let E be aBanach algebraandu,v € E.If M = max(|Ju|, ||v||) andn € N*,
then from Lemma 1.5 we have

n—1

un
I = 7l = b=

and so

Vl—

o0
g _1),||u—v||=eM||u—v||.

[ exp(u) —exp(m)|| =

n=1

It follows that the mapping exp is continuous. |

Exercise 1.32. Generalize the real-valued functions sin, cos, sinh, and cosh to
Banach algebras and show that they are continuous.

The exponential mapping e defined on R has the property: e*¥ = e¥e”. This
property carries over to Banach algebras for commuting elements.

Theorem 1.12. If E is a Banach algebra and u and v commuting elements of E,
then

exp(u + v) = exp(u) exp(v).
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Proof. Form € N let

2 . .
"o(u+v)k 2u W
Ap = Z 0 Z = -
k! i! j!
k=0 i=1 j=1
Because uv = vu, we have
k
(u+v)k _ lz k! Uk = 1 wiv
! ! ik —i)! B il :
k! k! itk —i)! 2 !
Therefore
u vl u vl
S S
ilj! il
0<i+j<2m 0<i<m,0<j<m
m—1 2m— j m—1 2m—k j
uk u
=25 Z Z Z T
k=0 tj= m+l k=0 =m+1
and so

2m—k 2m—k
ul* vl <

|A||<Z”| T ZIIIV‘ZIIII’

!
! j=m+1 J! j=m+1

Z(” ||+||v||)k (Z ||u||') Zuvuf |

Letting m go to oo, we obtain

|| exp(u + v) — exp(u) exp(v)|| < ellull=+Ivll _ pllell IVl —

This proves the theorem. O

Corollary 1.6. If E is a Banach algebra, then the image of the exponential mapping
is contained in E*.

Proof. As x and —x commute, we have

exp(—x) exp(x) = exp(0) = 1
and so exp(x) € E*. |
Exercise 1.33. Establish the identity

oo = i (1)
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Appendix: The Fundamental Theorem of Algebra

Every nonconstant complex polynomial has a complex root. This is the so-called
fundamental theorem of algebra. This result can be proved using the existence
of a global minimum of a continuous function defined on a compact set. Before
beginning the proof, we recall that C, the field of complex numbers, is R? equipped
with the usual componentwise addition and the multiplication:

(x,¥).(u,v) = (xu— yv,xv + yu).

If z = (x, y), then the modulus of z, written |z|, is defined by |z| = /x2 + ¥, i.e.,
|z] = ||zll2. It is easy to see that a complex polynomial, i.e., a polynomial mapping
with complex coefficients, is a continuous function from R? into itself.

Lemma 1.6. Let P be a nonconstant polynomial of degree n and zo € C such that
P(z0) # 0. Then for any € > 0 there exists z € C such that |z — zo| < € and
|P@)] <[P (z0)l.

Proof. Let Q(z) = %P(ZO + 7). Then deg Q@ = n and Q(0) = 1. Hence we can
write

0@ =1+4a,z +ap+1z‘”+l +tad =1+4a,2" +2T(2),

where a, # 0, p > 1 and T'(0) = 0. To simplify the notation let us write a for a,.

As T is continuous, there is an @ > 0 such that |7 (z)| < % for |z| < «. For such z
we have

1
0@ = |1 +az”| + Slallz|”.

We now set § = %(]T — arga), where arga is the argument of a in the interval
[0,27). We take € > 0 and choose r such that

. 1
0 <r <min (e,a, —1)
la|?

1p0

and set u = re'?. Then

— arpez(n—arga) —

au? = arle —lalr?,
which implies that
lau?| = |a|r? < 1,
because r < ——. It follows that
la| P

14+au” =1—|a|r? > 0.
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Now, |u| < « and so
1 1 1
10 = 1+ au| + Slallu| = 1= lalr? + Slalla’| = 1 = Slallu’| <1

If z = z9 + u, then we have

P(2) = P(20) Q) = [P Q)| = [Pz0)|[Qw)| < |P(z0)].

In addition,
lz—z0l = ul =71 <e.
This ends the proof. |

Lemma 1.7. If P is a nonconstant complex polynomial and M > 0, then there is
anr > 0 such that | P(z)| > M whenever |z| > r.

Proof. If P(z) = ao +a1z+ ---+ a,7", with a, # 0, then forz # 0

PR) = apd" [(?) s (%) e (“Z“) T+ 1} = 4,2 (fD)+1).

Let A € RY be such that 4 > maxo<;<,—1 |Z—;| Then

a 1 a,—1| 1 1 1
|f(z)|§—0—+---+ ! —<A(—+---+—).
an | |z|" an | |zl |z|" |zl
For |z| > max(1,2nA) we have
1 1
/@ <An— <=
lz] =2
and so
1 1
N+ /@I=1-(f@I=[1-fQIl=1-1f()]> 1->=3.
This implies that if 7 is such that |z| > max(1,2nA), then
n 1 n
[P(2)| = |a, 2"l f(2) + 1] = ElanHZl .
To conclude, it is sufficient to notice that lim,_,  |a, [t" = oo. O

Having proved the above two lemmas, we are in a position to establish the result
stated at the beginning of the appendix.
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Theorem 1.13. A nonconstant complex polynomial P has a root.
Proof. Suppose that | P(z)| > 0 for all z € C. From Lemma 1.7 there exists r > 0
such that | P(z)| > |P(0)] if |z] > r. As the closed disc

D@O,r)={zeC:|z| <r}

is compactand P is continuous, there exists zo € D(0, ) such that | P(z)| > | P(z0)|
whenz € D(0,r). If z ¢ D(0,r), then |z| > r and so |P(z)| > |P(0)| > |P(20)|-
Hence | P(z)| > | P(z0)| for all z € C, which contradicts Lemma 1.6. |

A quite different proof of the fundamental theorem of algebra may be found in
[19]. This proof is algebraic in nature, in contrast to the analytical proof given here.



Chapter 2
Differentiation

In this chapter we will be primarily concerned with extending the derivative defined
for real-valued functions defined on an interval of R. We will also consider minima
and maxima of real-valued functions defined on a normed vector space.

2.1 Directional Derivatives

Let O be an open subset of a normed vector space E, f a real-valued function
defined on O, @ € O and u a nonzero element of E. The function f, : t —
f(a + tu) is defined on an open interval containing 0. If the derivative dd—’;“(O) is

defined, i.e., if the limit
i J@ 10— /(@

t—>0 t

exists, then we note this derivative d, f(a). It is called the derivative of f at a in
the direction u. We refer to such derivatives as directional derivatives. Notice that,
if 3, f(a) is defined and A € R*, then d,, f(a) is defined and

O f(a) =240, f(a).

If E = R” and (e;) is its standard basis, then the directional derivative d,, f(a)
is called the ith partial derivative of f at a, or the derivative of f with respect to

x; at a. In this case we write d; f(a) or %{i(a). Ifa = (ay,...,ay,), then
af . fla, a0 a) — flar, . an)
——(a) = lim .
ax; 1—0 t

If for every point x € O, the partial derivative % (x) is defined, then we obtain the
function 7 th partial derivative % defined on O. If these functions are defined and
continuous for all 7, then we say that the function f is of class C'.

R. Coleman, Calculus on Normed Vector Spaces, Universitext, 35
DOI 10.1007/978-1-4614-3894-6_2, © Springer Science+Business Media New York 2012
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Example. If f is the function defined on R? by f(x,y) = xe*”, then the partial
derivatives with respect to x and y are defined at all points (x, y) € R? and

9 f af

S = +xye” and  (ry) = xe.

2

As the functions (x, y) +—> (1 + xy)e*” and (x, y) —> x~e*’ are continuous, f is

of class C!.

Remark. 1f I is an open interval of R, @ € [ and f : I —> R has a derivative at a,
then f is continuous at a. We have

L0 D=1 8

where lim;_, €(¢) = 0. This implies that

fla+1t)— f(a) = t%(a) + te(t),

and the continuity of f at a follows. However, a function of two or more variables
may have all its partial derivatives defined at a given point without being continuous
there. Here is an example. Consider the function f defined on R? by

x6

o= i (x») #(0,0)

S(x,y) = .
0 otherwise
We have
16
lim o Cs/i=0 mdlim /=0
and so
d d
l(O 0) = l(O 0) =0.

However, lim, ¢ f(x, x*) = oo, which implies that f is not continuous at 0.

The next result needs no proof. It is simply an application of the definition of a
partial derivative.

Proposition 2.1. Let O be an open subset of R", a € O and f and g real-valued
functions defined on O having partial derivatives with respect to x; at a. Then

WED )= Liye 38 ) = Lawg@+r@zE @.
X; B.X,'

o, ox, (a) and
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In addition, if A € R then

=17 w.
Xi

Suppose now that O is an open subset of R” and f a mapping defined on O with
image in R’" f has m coordinate mappings fi,..., fn. If a € O and the partial
derivatives —(a) for] <i <mand1 < j < n, are all defined, then the m x n

matrix
%(a) L (a)

8x1
Jy(a) = :
Yo (a) ... Lo(a)

3)(1

is called the Jacobian matrix of f ata.

Example. If the mapping f of R? into R? is defined by f(x.y.z) = (xy,ze*),
then all partial derivatives are defined at any point (x, y,z) € R? and

Jf‘(x»%Z):( Yoo 0')'

yze™ xze™ e*Y

It is easy to generalize the definition of class C! to a mapping having its image
in R”. We say that such a function is of class C' if its coordinate mappings are all
of class C'!.

Remark. We do not need to restrict the directional derivative to functions defined on
open sets of a normed vector space. Let A be a nonempty subset of a vector space
E, f areal-valued function defined on A, and a € A. If u is a nonzero element of
E and there exists € > 0 such that a 4+ tu € A, when |t| < ¢, then the function
fu:t —> f(a + tu) is defined on the open interval (—e, €). If the derivative dd—’:“ 0)
is defined, then as above we note this derivative df,(a) and call it the derivative of
f at a in the direction u.

2.2 The Differential

Let E and F be normed vector spaces, O an open subset of E containing 0, and g
a mapping from O into F such that g(0) = 0. If there exists a mapping €, defined
on a neighbourhood of 0 € E and with image in F, such that limj,_,¢ €(h) = 0 and

g(h) = ||kl ze(h),
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then we write g(h) = o(h) and say that g is a “small o of K. If || - |5 ~ || - ll&
and || - |5 ~ || - |, then g(h) = o(h) for the norms || - ||z and || - || ¢ if and only if
g(h) = o(h) for the norms || - |5 and || - || 7. In particular, if E = R" and F = R",
then the condition g(#) = o(h) is independent of the norms we choose for the two
spaces.

Let O be an open subset of a normed vector space E and f a mapping from O
into a normed vector space F. If a € O and there is a continuous linear mapping ¢
from E into F such that

fla+h) = fla) +¢(h) +o(h)

when 4 is close to 0, then we say that f is differentiable at a.
Proposition 2.2. If f is differentiable at a, then

(a) f is continuous at a;
(b) ¢ is unique.
Proof. (a) As ¢ is continuous at 0, limj—¢ ¢(h) = 0 and so limy—¢ f(a + h) =

f(a).
(b) Suppose that

fla+h) = f(a)+ ¢i(h) +o(h) = f(a) + ¢2(h) + o(h)

and let x € E. Fort > 0 small we have

fla+1x)— fa) = t1(x) + t]x|per(tx) = tda(x) + t]| x| pea(rx),

where lim;_,¢ €; (tx) = 0. This implies that

$2(x) — @1(x) = |l x[|£ (€1 (tx) — e2(1x))

Letting ¢ go to 0, we obtain ¢ (x) — ¢2(x) = 0. |

This unique continuous linear mapping ¢ is called the differential of f at a,
written f”'(a), d f(a) or Df(a). If f is differentiable at every pointa € O, then we
say that f is differentiable on O. If in addition f is a bijection onto an open subset
U of F and the inverse mapping f ! is also differentiable, then we say that f a
diffeomorphism. Clearly a diffeomorphism is a homeomorphism.

Notation. We will use the notation f” for differentials. If considering the derivative
of a real-valued function f defined on an open interval of R, then we will use
the notation %~ or f. To simplify the notation, we will usually write f'(a)h for

; dr
S (@)(®h).
Examples. If E and F are normed vector spaces and f : E —> F is constant,

then f’(a) is the zero mapping at any pointa € E.If f : E —> F is linear and
continuous, then f’(a) = f at any pointa € E.
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Exercise 2.1. Let £ be a normed vector space and f a real-valued function defined
on E such that | f(x)| < ||x||%. Show that f is differentiable at 0.

Proposition 2.3. If we replace the norms on the spaces E and F by equivalent
norms, then the differentiability at a € O and the differential are unaffected.
In particular, if E and F are finite-dimensional, then we may choose any pair
of norms.

Proof. 1f f is differentiable at ¢ and

g(h) = fla+h)— f(a) = f(a)h,

then g(h) = o(h). If we replace one or both the norms of £ and F by an equivalent

norm, then with respect to the new pair of norms, we have g(h) = o(h). It
follows that f is differentiable with respect to the second pair of norms and that
the differential at a is the same. |

Example. Let A € M, (R) be symmetric, b € R” and f : R"” — R defined by
1
f(x) = Ex'Ax —b'x.

(Here, as elsewhere, when employing matrices, we identify elements of R" with
n-coordinate column vectors.) Let @ € R”. A simple calculation shows that

fla+h)= f(a)+ (@ A—b")h+ %h’Ah.

The function ¢ : h —> (a’ A — b")h is linear. As R” is finite-dimensional, ¢ is also
continuous. We also have

1" Ah| < [|AR|2]|k]2 < |AL]R5,
where | - |, is the matrix norm subordinate to the norm || - ||,. Hence f'(a) = ¢.

Exercise 2.2. Show that the mapping
f i MR — M,R),X — X'X
is differentiable at any point A € M,,(R) and determine f”(A).

Proposition 2.4. Let f be a mapping defined on an open subset O of a normed
vector space E with image in the cartesian product F = Fy X ---x F,. Then f is
differentiable at a € O if and only if the coordinate mappings f;, fori =1,...,p,
are differentiable at a.

Proof. Suppose first that the coordinate mappings are differentiable at a:

fita+h) = fila) + f(@h + |[h] g€ (),
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where limj,_,¢ €; (h) = 0. The mapping
¢ E— F.h+— (fl’(a)h,...,f];(a)h)

is a continuous linear mapping. If we set e(h) = (€i(h),...,€,(h)), then
limj; ¢ €(h) = 0 and

fla+h) = fla) + ¢(h) + |[h]|ge(h).

Therefore f is differentiable at a.
Suppose now that f" is differentiable at a:

fla+h) = fla) + f(@h+ ||| geh).
where limj, o €(h) = 0. Then
fita +h) = fi(a) + Li(h) + | Al g€ (h),

where f’(a)h = (Li(h),...,L,(h)). For each i the mapping L; is linear and
continuous and limy,_ €; (k) = 0; hence f; is differentiable at a. O
Remark. The differential f’(a) is a continuous linear mapping from E into F. In

the above proof we have shown that the coordinate mappings of f’(a) at a are the
differentials at a of the coordinate mappings of f, i.e.,

(@)= (fl(@),.... f,().

Proposition 2.5. If O is an open subset of a normed vector space E and f : E —
R is differentiable at a € O, then the directional derivative df,(a) is defined for
any nonzero vector u € E and 9f,(a) = f'(a)u. In particular, if E = R", then the
partial derivatives %(a}, cee, %(a} are defined.

Proof. We have
fla+tu) = f(a) +tf (@)u+ o(tu)

and so

_ fla+tu) — f(a)
m

_rr
rh—>o ; = f'(a)u.

This ends the proof. O

Suppose that dim £ = n < oo and that (e;) is a basis of E. If x = Z?=1 X;e;,
then

fl@x =Y xifl(@e; =Y b, fla)e] (x),

i=1 i=1
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where (e) is the dual basis of (e;). We thus obtain the expression

fl@) =0, f@e].

i=1

If E = R" and (e;) its standard basis, then we usually write dx; for . This gives
us the expression

/
a) = —(a)dx;.
f'(a) Z (@
i=1
What we have just seen has practical importance. If we wish to determine
whether a real-valued function f defined on an open subset of R” is differentiable
at a given point a, then first we determine whether all its partial derivatives at a
exist. If this is not the case, then f is not differentiable at a. If all the partial
derivatives exist, then we know that the only possibility for f’(a) is the linear
functiongp = >/, %(a)dxi. To conclude, we consider the expression

fla+h) — fl@) - gy _
7]

e(h).

If limj, ¢ €(h) = 0, then f is differentiable at a, otherwise it is not.

Example. Let f : R> — R be defined by

3 3

L2 () #(0,0)

f(x.y) = ,
0 otherwise
A simple calculation shows that
af af

500.00=1  and 5(0,0):—1.

Therefore, if f/(0, 0) exists, then f'(0,0) = dx — dy. However,

-k |hk(h — k)|
——(h—k h k)|, = ——5.
peane il Gl (Ll B 0+ )

Setting k = —h in the expression on the right-hand side of the equation, we

obtain \/LE Therefore we do not have the necessary convergence and so f is not
differentiable at (0, 0).

The previous example shows that a function may have partial derivatives at a
point without being differentiable at that point. This however is not the case for
functions of a single variable.
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Proposition 2.6. Let I be an open interval of R. Then [ : I —> R is differentiable
ata € I ifand only if f has a derivative at a.

Proof. From Proposmon 2.5,if f is differentiable at a, then f has a derivative at a.
Now suppose that —(a) exists. Then

fla+h)—fl@ df

7 o @ =€),

where limj,_,o €(h) = 0. Multiplying by # we obtain

fla+h)= f(a)+ %(a)h + he(h).

. . . _ df
It follows that f is differentiable at @ and that f'(a)h = F-(a)h. |

If O is an open subset of R” and f : O — R” is differentiable at a € O, then
f’(a) is a linear mapping from R” into R™. Let us write (e}) (resp.(e;")) for the
standard basis of R” (resp. R™). We have f'(a) = (f/(a)..... f, (a)). However,
fl(a)e = ;)Tf"/(a) and so

r@e = (Fra..... ) - é‘?i

Therefore the jth column of the matrix of f’(a) with respect to the bases (e”.) and

e™) has for elements ﬂ a,... af”’ a). It follows that this matrix is the Jacobian
i dax
J
matrix J 7 (a).

Notation. If £ and F are finite-dimensional vector spaces, B and Bf bases of
these spaces and L : E — F alinear mapping, then we will write mat g, 3, L for
the matrix of L with respect to the bases By and Br. So we could write

mat . em f'(a) = Tz (a).

The proof of the next result is elementary.

Proposition 2.7. Let E and F be normed vector spaces, O an open subset of E and
a an element of O. If f and g are differentiable at a, then [ + g is differentiable
ata, asis Af, forany A € R, and

(f+8'@=f(@+g@ ad @Af)(a)=Ar(f"().
If F is a commutative normed algebra, then fg is differentiable at a and
(f8)'(a) = f(a)g'(a) + g(a) f'(a).

Suppose that £ and F are normed vector spaces, O an open subset of E and
f + O — F differentiable at a € O. If F is a vector subspace of F' and the
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image of f lies in F, then f is differentiable at a as a mapping from O into F if
the image of f’(a) lies in F. The following result gives us a sufficient condition for
this to be so.

Proposition 2.8. If F is closed, then f is differentiable at a as a mapping from O
into F.

Proof. Forany h € E

. fla+1th) — f(a)
m

t—0 t

= f'(a)h.

Let (¢,) be a sequence in R* with limit O and such that @ + 1, € O. If we set

u, = w, then the sequence (u,) is a convergent sequence contained in

F. As F is closed, its limit f'(a)h is an element this subspace. This ends the proof.
|

2.3 Differentials of Compositions

In this section we consider the differentiability of mappings which are compositions.
Let E, F and G be normed vector spaces, O an open subset of E, U an open subset
of Fand f : O — F, g : U — G be such that f(O) C U. Then the mapping
g o f isdefined on O.

Theorem 2.1. If f is differentiable at a and g is differentiable at f(a), then g o f

is differentiable at a and

(go f)(a) =g (f(a) o f'(a)
Proof. To simplify the notation let us write b = f(a). We have

fla+h) = f(a)+ f'(@h+ |[hlgei(h)
and

g +k) =g®) + g Bk + ||kl e (k).

with limj,_,¢ €;(h) = 0 and lims_, €2(k) = 0. For h sufficiently small we may
write

g(fla+h) =g+ f@h+|hllze(h))
=g(®) + & O)(f'(@h + |l g€ (h))
+If @h + |hllzec W Fex(f'(@h + |17l e ()
=g(b) +g'(b)o f'(@h + |[h]|z&(h),
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where

h
1721l

é(h) = g'b)er(h) + 11 f'(a) +eaMllre(f @h + ] pei(h)).

To finish, we only need to show that limj,_,o €(h) = 0. However,

o limp—g €1 (h) = 0 = lim;—o g’ (b)e1(h), because g’(b) is continuous;
||f’(a)”hhT + €1(h)| r is bounded for small values of &, because f’(a) is
continuous and so bounded on the unit sphere;

o limy—o e2(f'(@)h + ||h||ge1(h)) = 0, because f”(a) is continuous.

Therefore limj,_,¢ €(h) = 0. |

Corollary 2.1. If in the above theorem the normed vector spaces are euclidian
spaces, then

Jgor(a) = Jo(f(a))J s (a).
Proof. f E = R", F = R", G = R* and B", B", B° their standard bases, then
we have

Jeor(a) = matpip (g o f) (a)

= matgipsg'(f(a) o f'(a)

= mat gns g (f (a))mat gopn f'(a)

=l (f(a)]y(a),
which is the result we were looking for. |

Remark. The expression

(go f)(a) =g (f(a)o f'(a).

is often referred to as the chain rule.

Example. Let f : R? — R? and g : R> — R be defined by

f(x,y,2) = (xy,e¥) and gu,v) = .

Then

y x 0
ZeXZ 0 xeXZ

Ji(x,y,2) = ( ) and  Jo(u,v) = (2uv u?).

Setting u = xy and v = e** in the second matrix, we obtain

Jo(f(x,p.2)) = (2xye™ x2y?).
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Multiplying the matrices J,(f(x, y.z)) and J s (x, y, z), we obtain
Joor(x,3,2) = ((2xy? + x2y2z)e*® 2x2ye’ x3y2e'?).

Exercise 2.3. Let I be an open interval of R, O an open subset of R™, f a mapping
of I into R and g a real-valued function defined on O. We suppose that f(/) C O.
Ifa € I and f'(a) and g’(f(a)) exist, show that

d . “ ag df;
L8010 = ; o SO 5O

dr

For the functions
fR— Rt (12,¢°) and g:R?— R, (x,y)+— xy

calculate f—t g o f(t) using the formula. Find an expression for the function g o f
and then confirm the result.

Exercise 2.4. Let £ and F be normed vector spaces, O an open subset of E, U
an open subset of F and f : O — U a diffeomorphism. Show that, for any
point x € O, f’(x) is a normed vector space isomorphism from E into F and that

ST = o7

2.4 Mappings of Class C!

If O C R" is open and f a real-valued function whose partial derivatives are

defined and continuous on O, then we say that f is of class C'. More generally,

if f: O — R™ is such that the mn functions % are defined and continuous on
J

O, then we say that f is of class C'. In this section we will obtain a result giving

necessary and sufficient conditions for a mapping to be of class C!. This will enable

us to generalize this notion to mappings between any pair of normed vector spaces.

Consider a real-valued function f defined on an open subset O of R”. We have
seen that if f has partial derivatives at a point @ € O, then this does not imply
that f is differentiable at a. However, if we add a condition, then we do obtain
differentiability.

Theorem 2.2. [fthe functions %, cee % are defined on a neighbourhood V of a
and continuous at a, then f is differentiable at a.

Proof. As V is a neighbourhood of a, there is an open cube

Cla,e) ={x eR": |x; —a;| <€}
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contained in V. If & lies in the open cube C(0, €), thena + h € C(a, €) and

fla+h)— fla) = flar+hi,....an + hy) — flar,....an)
= flar+hi,....an +hy)— flar + hy, .o an—1 + hy—1,a,)
+far +hi,...,an—1 + hy—1,ay)
—flar +hi, ... an—2 + hy—,an—1,an)

+f(ar+hi,az,....a,) — flai,...,a).
Suppose that i, # 0 and consider the function
gn 0,0, — Rt —> f(a; + hy,...,ay—1 + hy—1,a, +1).

From the mean value theorem there exists 6 € (0, 1) such that

dg
80 (1) = 8(0) = (01, ).

It follows that there exists y” € C(a, €) such that

d
ax,

flay+hy,....,an +hy)— flar +hy,...,a40—1 + hy—1,a,) =

Y.

(If h, = 0, then we may take y" = a.) We proceed in the same way for each line on
the right-hand side of the above expression to obtain y!,...,y" € C(a, €) such that

n 9 4
flat - f@) = Y h ()
i=1 !

Therefore
fla+h) - f()—Zh U—Zh (£00-@).

Now,

—f( )—%(a)

(—( - i(a))‘ <l S

i=1
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and limj,—¢ yi = qa for each i. As the functions % are continuous at a, we have
L |lof af

li —0") - = =0.

hl—rH) = 8x,~ (y ) 8x,~ (Cl))
It follows that

of
fla+h)— fa )—Zh o (@ = o)
i=1

and so f is differentiable at a. a
Corollary 2 2. Let O be an open subset of R" and f : O —> R such that the
funcnons for 1 <i <mandl < j < n, are defined on a neighbourhood V' of

aeO and cantlnuous ata. Then f is differentiable at a.

Proof. From the theorem above each coordinate function is differentiable at a and
so f is differentiable at a. |

Examples. 1. If f : R? — R? is defined by

f(r,0) = (rcos,rsinf),

then we have
%— 0s 6, %z—rsinG, %=Sin9 and %=FCOSQ.
or a0

or ¢ 20
The four partial derivatives are clearly continuous; therefore f is differentiable
at any point (r, 8) and
f'(r,0) = (cos Odr — r sin 0d6, sin Odr + r cos 6dH).
2. If f: R" — R is defined by

f(xlv---,x,,):xlxz...xn’

then

af A
g(x) = X1 Xi—1 X X410 Xy,
1

where the “hat” indicates that the variable is absent. The n partial derivatives are
clearly continuous; hence f is differentiable at any point x and

n
f(x) = le C X1 X Xy s X dX

i=1
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It is relatively easy to extend Theorem 2.2 to general finite-dimensional normed
vector spaces. Let E be an n-dimensional normed vector space, (v;) a basis of E,
(e;) the standard basis of R” and L the linear mapping which sends v; to ¢;. Consider
a real-valued function f defined on an open subset O of E and suppose that the
directional derivatives d,; f(x) are defined and continuous on a neighbourhood V/
of apointa € O.If weset f = f o L™}, then f is defined on the open subset
L(O) of R" and L(V) is a nelghbourhood of L(a). A simple calculation shows

that g—){:(L(x)) = 0,, f(x) an~d it follows that f is differentiable at L(a). As L is
differentiable ata and f = f o L, f is differentiable at a and

f'(@) = f'(L@)oL'(a) = f'(L(a))oL.

Example. Suppose thatn > 1 and let us consider the mapping det : M,,(R) — R,
where det(X) is the determinant of X. We will write E (i, j), with 1 < i, j < n, for
the elements of the standard basis of M, (R), i.e.,

1 if i=kj=I

E@, jks =
0 otherwise

For X € M, (R) we have
det(X +tE(i, j)) —det(X) = ty; (X),
where y;; (X) is the (i, j)-cofactor of X. It follows that
k. det X = yi; (X).
As y;;(X) is a polynomial in the entries X;; of X, dg( j)X is a continuous function

of X and so the mapping det is differentiable at any point X € M, (R).

Proposition 2.9. Let O be an open subset of R", f and g real-valued functions of
class C' defined on O andk € R. Then f + g, Af and fg are of class C'. If g

does not vanish on O, then L s of class C.

Proof. We have the relations

d (A
WD =L+ Ew aa =il

Also,

WD ) = L g0+ f(x)a—g_(X)-

As f and g are of class C', the functions f, g, 3 and are continuous; hence
the right-hand sides of the above expressions are contmuous and so the functions
f + g, Af and fg are of class C!. If g does not vanish and we set h = ﬁ, then
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Oy 8O 7 () = f(0) 75 ()
0x; (g(x))? ’
and so 5'_;2 is continuous. Thus /% is of class C. O

Corollary 2.3. Let O be an open subset of R", f and g mappings of class C'
defined on O with image in R™ and A € R. Then f + g and Af are of class C".

Proof. As f and g are of class C', so are their coordinate mappings. Now

(f+8i=/fi+g and  (Af)i=Afi

and so the coordinate mappings of f + g and Af are of class C'. It follows that
f + g and A f are C'-mappings. |

Remark. From the above proposition and corollary, we see that the C'-mappings
defined on O form a vector space if the image space is R™ and, in the case where
m = 1, this is an algebra.

Proposition 2.10. Let O be an open subset of R", U an open subset of R", f a
mapping from O into R™ and g a mapping from U into R*. If f(O) C U and f
and g are of class C1, then g o f is of class C.

Proof. For x € O we have
Jgor (x) = Jg(f(x)) 0 J (),

therefore

—a(ga" I3 2 D).
XJ

As f and the partial derivatives y/lc and af"

3(g°f)l

are continuous, the partial derivative
is continuous. It follows that g o f is of class C'. O

We now prove the characterization of C'-mappings referred to at the beginning
of the section.

Theorem 2.3. Let O be an open subset of R" and f a mapping from O into R™.
Then f is of class C" if and only if f is differentiable on O and the mapping f'
from O into L(R",R™) is continuous.

Proof. Letusset E = R", F = R™ and fix norms on these spaces. Suppose that f
is of class C''. From Theorem 2.2, we know that f is differentiable on O. Also, for
x € O and u € R" we have

S u=17Ts(x)u.

Now
Lf' () zery = 1T ()],
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where | - | is the norm defined on M,,,(R) by

|Al = sup [[Ax|F.

lxllz=<1

If we let
|A|py = max |a;;|.

where A = (a;;), then | - |y also defines a norm on M., (R). As f is of class C',
we have

}lll_I)I}) Jr(x+h)=Jr(x)|m =0.
However, the norm | - | is equivalent to the norm | - | and so

]lin%)llf(x +h)=Jr(x)| =0.

It follows that f” is continuous at x.

Now suppose that f’ is defined and continuous on O. From Proposition 2.5 we
know that the partial derivatives of f are defined on O. Also, forx € O andu € R”
we have

fx)u=17Ts(x)u.

As f’is continuous, we have
llin%)IJf(x +h)-Jrx)=0= %in})IJf(x +h)=Jr(x)|m =0,

which implies that the partial derivatives are continuous at x. |

The preceding theorem suggests the following generalization of the notion
of class C!. If E and F are normed vector spaces and O is open in E, then
f : O — Fisofclass C'if f is differentiable at every point x € O and the
mapping ' : O —> L(E, F) is continuous.

In closing this section we mention that the exponential mapping is of class C'.
This can be shown directly. However, the calculations are rather long. Later on we
will prove this result in a simple way, avoiding arduous calculations.

2.5 Extrema

Let us recall the notions of minimum and maximum. Suppose that f is a real-valued
function defined on a set X. We say that a € X is a (global) minimum if, for all
xeX,

fla) = f(x);
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a € X is (global) maximum if, for all x € X,

fla) = f(x).

If the inequality is strict when x # a, then we speak of a strict minimum or strict
maximum. A point which is either a minimum or a maximum is called an extremum.
A function may have no minimum, a single minimum or several minima. The same
is true for maxima.

Examples. 1. f : R — R, x —> x has neither a minimum nor a maximum.
2. f:R—R,x+— x2 has a minimum but no maximum.

3. f :R — R, x —> —x? has a maximum but no minimum.

4. f :R —> R, x +—> cos x has an infinite number of minima and maxima.

Let us now turn to normed vector spaces. We have already seen that if £ is a
normed vector space, X C E compact and f : X —> R continuous, then f has
a minimum and a maximum (Theorem 1.3). This result is one of existence: it does
not tell us how to find the extrema. We now introduce a related notion which can
often help us in this direction. Let X be a subset of a normed vector space E and f
a real-valued function defined on X. We say that a € X is a local minimum if a has
a neighbourhood N such that

fla) = f(x)

for all x € N N X. We define a local maximum in an analogous way (reversing
the direction of the inequality). As above, if the inequality is strict when x # a,
then we speak of a strict local minimum or maximum. A point which is either a
local minimum or maximum is called a local extremum . Clearly a global minimum
(resp. maximum) is a local minimum (resp. maximum); however, the converse is
not true. As a first step in looking for an extremum, it can be useful to look for local
extrema. We will present a fundamental result which helps us to do so.

Let a and b be elements of a vector space E. We call the set
[a,p]={xe€e E:x=Xa+ (1 —-A)b,A€][0,1]}
the segment joining a to b. We write (a, b) for [a, b] — {a,b}.If X C E is such that

the segment [a, b] always lies in £ when a,b € E, then we say that X is convex.

Exercise 2.5. Show that segments and affine subspaces are convex and that in a
normed vector space closed and open balls are convex.

Theorem 2.4. Let E be a normed vector space, O C E open and X C O convex
and suppose that f is a real-valued function defined on O. If f restricted to X has
a local minimum at x and f is differentiable at x, then

S &)y —x)=0

forall y € X.
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Proof. Let A € (0,1). As X is convex, x + A(y — x) € X and for A sufficiently
small we have

S+ =x) = f(x) = f1()A —x) + oAy —x))
= A/ () (y = x) +1Allly — xlle(A(y = x)).

where lim;,_,¢ €(h) = 0. Dividing by A, we obtain

A
S )0 =x) + Sy = xlle@(y —x)) = 0,
because x is a local minimum. Letting A go to 0, we obtain the result. |

Remark. The above inequality is called Euler’s inequality . If x is a maximum, then
x is a minimum of the function — f restricted to X and so we obtain the inequality
in the opposite direction.

Corollary 2.4. Let O be an open subset of a normed vector space E and X an
affine subspace of E: X = a + V, where V is a vector subspace of E anda € X.
We suppose that O N X # Q. If f is a real-valued function defined on O such that
f restricted to X has a local extremum at x and f is differentiable at x, then

f(x)y=0

forallveV.

Proof. We will prove the result for a local minimum; the other case can be proved
by considering — /. Suppose that f/(x)v # 0 for some v € V. Replacing v by —v
if necessary, we may suppose that f’(x)v > 0. Let B be an open ball centred on
x and lying in O. If we set X; = B N X, then X is a convex subset of O. There
exists A > O such that y = x — Av € X and

F' @) —x)==Af'(x)p 2 0= f'(x)r <0,

a contradiction. Hence f’/(x)v = O forallv e V. |
Remarks. 1. A special case of the above result is when the function f is defined on

E:if f, hasalocal extremum at x, then

f(x)y=0

forallve V.
2. If E = R”, then we have
Vfx)yv=0

forallv e V,ie., Vf(x) e V<t
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Corollary 2.5. Suppose that O is an open subset of a normed vector space E. If
f 1 O — R has a local extremum at x € O and f is differentiable at x, then

f'(x) = 0.

Proof. This result follows immediately from Corollary 2.4: it is sufficient to set
X=EFE. O

Suppose that O is an open subset of a normed vector space E and that the
mapping f : O —> R is differentiable at a point x € O. If f'(x) = 0, then
we say that x is a critical point of f. From what we have just seen, if x is a local
extremum, then x is a critical point; however, the converse is false. For example,
0 is a critical point of the mapping f : R — R,x > x>, but 0 is not a local
extremum.

Example. Consider the function
f:]R2 — R, (x,y) |—>x3y2(1—x—y)
defined on the set

X:{(x,yeRz:xZO,yEO,x—f—yfl}.

As X is closed and bounded, X is compact. Therefore f has a minimum and a
maximum on X . Clearly f(x,y) > 0and f(x,y) =0ifandonlyifx =0,y =0
orx +y = l,i.e., if and only if (x, y) lies on the boundary of X . Hence the minima
of f are those points lying on the boundary of X. As there are points (x, y) such
that f(x, y) > 0, any maximum (x, y) of f must lie in the interior O of X, an open
set. Such a point is a maximum of the function restricted to O and so a critical point
of this function. We have

af

ax

af

(x,y) = x*y%(3 — 4x —3y) and a—(x,y) =x3y(2 —2x — 3y).
y

Setting the partial derivatives equal to 0, we find a unique solution to these equations
in the interior of X, namely the point A = (%, %), so this must be the unique
maximum of f. (If we had found more than one critical point, then it would have
been necessary to calculate the value of f at each one of them and then choose the
point(s) giving the maximum value.)

Exercise 2.6. (An extension of Rolle’s Theorem) Let £ be a normed vector space,
X a compact subset, whose interior is not empty, and f a real-valued continuous
function defined on X, which is differentiable on the interior of X. Show that if f
is constant on the boundary of X, then f has a critical point in the interior of X .
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2.6 Differentiability of the Norm

If E is a normed vector space with norm ||-|, then ||-|| is itself a mapping from E into
R and we may consider its differentiability. We will write ||x||" for the differential of
the norm at x (if it exists). We should first notice that the norm is never differentiable
at the origin. Suppose that ||0]|" exists. Then for small nonzero values of &, we have

h
1Bl = [0 + o(h) —> lim (1 - ||0||’—) —0
h—0 2]l

and

. h
Il = 11 il = =10k + 005 = Jim (1-+ 0l 77 ) = 0.

Summing the two limits we obtain 2 = 0, which is clearly a contradiction. Hence
|0]]” does not exist.

The norm may or may not be differentiable at a point other than the origin. For
example, the norm || - ||, defined on R” is differentiable at all points other than the
originif p € (1, 00); however, this is not the case if p = 1 or p = oco. We will study
these norms more in detail at the end of the section. At points where the differential
exists, we have the following interesting result:

Proposition 2.11. Let E be a normed vector space and || - || its norm. If || - || is
differentiable at a # 0 and A > 0, then || - || is differentiable at Aa and |Aa|’ =
lall'. In addition, |lla|'| g~ = 1.

Proof. If || - | is differentiable at a, A > 0 and i € E \ {0} small, then we have

h
1Aa +hll = Alla + |

— (||a|| a4 o (%))

= lAall + llal'h + o(h).

It follows that || Aa||’ exists and || Aa|’ = |a||’.
Now let us show that |||a||’'| g+ = 1. Consider the function

f iR — R, A +—> [[Aa].
For a given A € R% and & € R sufficiently small, we have
A+ hal = (A + h)lal|
and so

. N+ mal —Aall . hfall
lim = lim

= ||a]|.
h—0 h h—0 h ” ”
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Therefore f () = ||la|| for all values of A. On the other hand, f = | - || o ¢, where
¢(A) = Aa, and so
f'W)s = llAal'sa = s|jall'a.

This implies that f(1) = |la|’a and hence ||la|'a = |a|. It follows that
llall'lz= = 1.
Now let us show that |||a]’|g+ < 1. As | - || is differentiable at @, we may write

la +Ax| = llall = lall'’Ax = ||Ax]le(Ax),
where lim;,—¢ €(h) = 0. This implies that
llal'Ax] < flla + x|l = llalll + [IAx[le(Ax)],
hence

allx| < lx]I(1 + [e(Ax))).
Letting A go to 0 we obtain
allx| < lIx],
which implies that |||a||’| g= < 1. This finishes the proof. |

Corollary 2.6. The norm is differentiable on E \ {0} if and only if it is differentiable
on the unit sphere.

We have already briefly spoken of the differentiability of the norms || - || , defined
on R”. We will now consider these norms in more detail. We will use the notation
i ||x|| , for the ith partial derivative at x, which is simpler than ag Iy (x). There are

three cases to consider, namely || - ||,, with 1 < p < oo, || - || and || Iloo-
Casel. ||-||,, 1 < p < oo: all partial derivatives exist and are continuous on the
open set R” \ {0}.
If x; > 0, then
_1 P Py Pl — (e[l P
ai”x”p—;(lxll oA P e =,

and, for x; < 0, we have
1 P Pyl p—1 1-p p—1
dillxll, = —;(IMI o )P p(=x)P T = xll, P (X)) P

The case where x; = 0 is a little more delicate. We are interested in the following
limit (if it exists):

1 1 H
i (1 + teil, = el = tim 1 (117 + 1) = el ).
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where ¢; is the ith element of the standard basis of R”. If we divide the numerator
of the expression on the right-hand side by ||x||, we obtain

((ubL)p+l);_1:=(1+“%(WZL)p+”((n;L)p))_l

P
=l( i ) +o(1]7).
p \xl,

1 t\?
MJMM(_(II) +MM@):Q
o ¢t \p \xll,

di x|, =0.

we have

Hence the partial derivatives are defined and continuous on R” \ {0} and so the norm
|| -1l is of class C' on this set.

Case 2. | - ||;: all partial derivatives are defined and continuous on the open set
S={xeR":x; #0 foralli}.
We have
Ixlle = lxi] 4+ - =+ [xal.
If x; = 0, then
1 |t
(e +regll = ) = =

and so d;]x||; does not exist, which implies that the differential is not defined at a
point x with a coordinate whose value is 0. Now suppose that this not the case and
that ¢ € R is such that |¢| < |x;|. For x; > 0

1
T +reill = lxf) =1

and for x; <0

1
Tl +teilly = flxf) = —1.

It follows that in the first case d;||x||; = 1 and in the second 0;|x|; = —1. If all
the coordinates of a point x are nonzero, then we may find a neighbourhood N of x
such that, if y € N, then each coordinate y; of y is nonzero and has the same sign
as that of x;. Hence all partial derivatives of the norm are defined and continuous on
N . It follows that || - || is of class C! on S.

Case 3. | - ||oo: all partial derivatives are defined and continuous on the open set
T ={x €eR":|xi| = ||x|loo for a unique i}.
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Let x # 0 with |xx| = ||x||co- First let us suppose that x; is not unique, i.e., there
is an index [, with [ # k, such that |x;| = |xi|. We now take hy, h; € R* with
the same absolute value and such that /; has the same sign as x; and h; the sign
opposite to that of x;. We set h = (hy,...,h,), where h; = 0 fori # k,[. Then
we have

[ + Alloo = lxk + hil = x| + |he| = [l xlloo + [1A]loo

and
[x = hlloo = |x1 — | = |x1] + || = lIx]loo + 17]|co-

By addition we obtain
[ + Alloo + ¥ = Alloo = 2] xlloo = 2[|A]co- 2.1)
If we suppose that the differential exists at x, then we have
1 + 2lloe = lIxlloo — llx[loah = 0 ()

and
[x = Alloo = Ixloo + X5/ = o(h).

An addition of the two expressions gives us
X + Alloo + llx = Alleo = 2[lx[lec = 0(h). (2.2)
Now, from the (2.1) and (2.2) we obtain

2|l = 0(h) = lim —— = 0,
(1A (h) iS50

which is clearly false. It follows that the norm is not differentiable at x.
Now let us suppose that x; is unique. Let e; be the ith member of the standard
basis of R” and ¢ € R* small. Then

Xk fori #k
x +teilloo = Pl ,7é :
|xk + ¢] fori =k
Therefore
0 ifi #k
dillxlloo = 41 ifi =kandx; >0.

—1 ifi =kandx; <0
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Also, there is a neighbourhood N of x such that, if y € N, then y is nonzero, has
the same sign as x; and ||y|lcc = || for a unique k. It follows that 9; ||y|co =
0;||x||co for all i. Thus the partial derivatives are defined and continuous on N and
so the norm is of class C' on 7.

Remark. We have seen above that certain norms on R” are differentiable at all points
other than the origin and others not. Thus equivalent norms on a vector space may
have different differentiability properties.
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Appendix: Gateaux Differentiability

There is another differential which is often used. We have already defined the
directional derivative at a point with respect to a nonzero vector for a real-valued
function. In fact, we can extend this definition to mappings whose image lies in any
normed vector space. Let O be an open subset of a normed vector space E, f a
mapping defined on O whose image lies in a normed vector space F,a € O and u
a nonzero element of E. If the limit

N el L) A C))
im

t—>0 t

exists, then we note this derivative d, f (a). It is called the directional derivative of
f at a in the direction u. If the directional derivative is defined in all directions and
there is a continuous linear mapping ¢ from E into F such thatforallu € E

0 f(a) = o (u),

then we say that f is GAiteaux-differentiable at a and that ¢ is the Gdteaux
differential of f at a. If a mapping f is differentiable at a point a, then clearly
all its directional derivatives exist and we have 9, f(a) = f'(a)u. Thus f is
Gateaux-differentiable at a. However, the Gateaux differential may exist without the
differential existing. Here is an example. If the mapping f : R? —> R is defined by

6

m if (x, y) # (0,0)

X,y) = )
fee) if (x,y) =(0,0)
then 0, f(0,0) = 0 for all (u,v) € R? and so the Gateaux differential exists at
the origin. However, f(x,x?) = x~2 and so f is not continuous at the origin and a
fortiori not differentiable.

Another point should also be made, namely that the existence of directional
derivatives at a point does not imply that the mapping is Gateaux differentiable.
Let us consider the mapping g : R — R defined by

2_12.2 .
D (x.y) # (0.0)

glx,y) = _ .
0 if (x,y) = (0,0)
Then 0(,,)8(0,0) = g(u,v) for all (u,v) € R2. As g is not linear, g is not Gateaux
differentiable at (0, 0).

To distinguish the differential from the Gateaux differential, the differential is
often referred to as the Fréchet differential. From what we have seen, we have the
implications:
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Fréchet differentiable — Gateaux differentiable — existence of
directional derivatives

and the implications are not reversible.
In fact, the Gateaux differentiability of the norm is closely related to the geometry
of the unit sphere. The book by Beauzamy [3] handles this subject in some detail.



Chapter 3
Mean Value Theorems

In elementary calculus we learn the mean value theorem:

Theorem 3.1. Let f be a real-valued function defined on a closed bounded interval
[a,b] C R.If f is continuous on [a, b] and differentiable on (a, b), then there is a
point ¢ € (a,b) such that

f(b)— f(a) = f(c)(b—a).

In this chapter we introduce some generalizations of this mean value theorem, which
are also often called mean value theorems. These theorems have many applications,
some of which we will introduce here.

We will need a generalization of the usual derivative of a real-valued function
If A € R* and x € E, a normed vector space, we will often write § for 1 X, ie.,
the scalar product of + 1 with x. Suppose that / C R is an interval and that fis
a mapping whose image lies in a normed vector space E. Then we can define a
derivative in the usual way. If ¢ € I and the limit

i S+ = f@)
m-———--

t—0 t

exists, then we call this limit, which we write —(a) or f (a), the derivative of f
at a. If the interval [ is open, then we can prove, as in Proposition 2.6, that f is
differentiable at a € [ if and only if f has a derivative at a. In this case we have

flae =tf(a),

If the function f is differentiable at all points x € I, then we have a function
f I —> E defined in a natural way. We should also notice that the norm of f’(x)
is equal to that of f (x) and so the continuity of f at x is equivalent to that of f’
at x. Therefore f is of class C!, if f is continuous.

R. Coleman, Calculus on Normed Vector Spaces, Universitext, 61
DOI 10.1007/978-1-4614-3894-6_3, © Springer Science+Business Media New York 2012
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Remark. We may extend the term “differentiable” to a mapping defined on any
interval I. If f : I —> E has a derivative f(x) at every point x € /, then we say
that f is differentiable. In this case if the mapping f is continuous, then we say that
fisofclass C!.

3.1 Generalizing the Mean Value Theorem

Our first result is very close to the classical mean value theorem.

Theorem 3.2. Let O be an open subset of a normed vector space E and a and b
elements of E with [a,b] C O.If f : O —> R is differentiable, then there is an
element ¢ € (a, b) such that

fb) = f(a) = f(c)(b—a).

Proof. Letu : [0,1] —> E be the mapping defined by u(t) = a +t(b —a). u
is continuous on [0, 1] and differentiable on (0, 1). It follows that the real-valued
function g = f ouis continuous on [0, 1] and differentiable on (0, 1). For ¢ € (0, 1)
we have

) =g 1= fu®)ou' ()l = f'(u)(b—a).

From Theorem 3.1 there exists 6 € (0, 1) such that

g(1) —g(0) = g(O)(1 - 0) = &(0).

This can be written
f(b) = fla) = f'w(®)(b—a)
and hence the result. O

Remark. If E = R”, then this result can be written

" (0
16 - 1@ =Y (3@ -

i=1

Let S be a subset of a normed vector space. If A, B C S are nonempty and
form a partition of S and there exist open subsets U, V' C E suchthat A = S NU
and B = S NV, then we say that the pair (A, B) is a disconnection of S. If S
has a disconnection, then we say that S is disconnected, otherwise we say that S
is connected. Clearly, if S is open, then S is disconnected if and only if it is the
disjoint union of two nonempty open sets.

Exercise 3.1. Show that, if £ is a normed vector space and S a convex subset of
E, then S is connected. (This exercise generalizes Proposition 1.10.)
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If S is a subset of a normed vector space E and y a continuous mapping from
[0,1] into S, then we say that y is a path in S. If there is a partition P : 0 =
fy <t <--- <t, =10f[0,1] such that y restricted to each subinterval [;,#; 1]
is affine, then we say that y is polygonal. In this case the image of y restricted to

[¢:, ti41] is the segment [y (#;), y (1 +1)].

Lemma 3.1. If O is an open connected subset of a normed vector space E and
a,b € O, then there is a polygonal path lying in O joining a to b.

Proof. We define a relation “~” on O by writing x ~ y if there is a polygonal path
joining x to y. There is no difficulty in seeing that this is an equivalence relation.
It is sufficient to show that there is a unique equivalence class. To do so we take
a € O and let [a] be its equivalence class. Let x € [a]. As O is open, there is
an open ball B(x,r) included in O. If y € B(x,r), then the path y : [0,1] —
E,t —> x + t(y — x) is affine, has its image in B(x,r) and connects y to x. It
follows that y € [a]. Hence B(x,r) C [a] and so [a] is an open set. Therefore, if
there is more than one equivalence class, O has a disconnection, namely a given
equivalence class and the union of the others. This is a contradiction and the result
follows. O

We are now in a position to generalize a result from elementary analysis, namely,
if the derivative of a real-valued differentiable function defined on an open interval
of R vanishes, then the function is constant.

Theorem 3.3. If O is an open connected subset of a normed vector space E,
f + O —> R a differentiable function and the differential [’ vanishes, then f
is constant.

Proof. Fix a € O and let x be any other element of O. From the lemma there is
a polygonal path y connecting a to x. From Theorem 3.2 and using the notation
above, we have

S@i+) — fy(t) =0
fori =0,...,p—landso f(x) = f(a). 0

Let us consider the mapping
f R — R%t —> (cos(2mt), sin(27t)).

Here f(1) — f(0) = 0. However, f'(t) = (—2m sin(m¢)dt, 27 cos(mt)dt), where
dt is the identity on R, and so we cannot find ¢y € (0, 1) such that /(1) — f(0) =
f’(to)(1 — 0). Therefore we cannot generalize Theorem 3.2 to mappings whose
image lies in a general normed vector space. However, a consequence of this
theorem is:

|f(b) = fla)] = sup |/ @+ (b —a).

z€(a,b

This can be generalized as we will soon see. We will proceed by steps.
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Theorem 3.4. Let [a,b] be an interval of R, F a normed vector space and f :
[a,b] — F and g : [a,b] —> R both continuous on |a, b] and differentiable on

(@.b). 1/ OllF < @) forallt € (a,b), then | f(b) = f(@)]|F < g(b) - g(a).

Proof. Let us take € > 0. We define A(¢€) to be the set of elements x € [a, b] such
that for all y € [a, x] we have

I/ ) = f@llr = g(y) —gla) +€(y —a).

Clearly a € A(e). Also,if x € A(e) and X € [a, x], then X € A(¢€), and so A(€) is an
interval. Let ¢ be the least upper bound of A(€). We claim that ¢ € A(e). If ¢ = a,
then there is nothing to prove, so suppose that this not the case. If x € (a, c¢), then

[f(x) = f@)F = g(x) —g(a) + e(x —a).

Using the continuity of f and g, we see that this inequality applies for x = ¢ and
therefore ¢ € A(e).
We will now show that ¢ = b. If ¢ < b, then, given the hypothesis on the
derivatives, we may find 1 € (0, b — ¢) such that
L8 —glo)

Jx) - f(©)
lr =<

X —=C X —cC

for x € (¢, ¢ + n), from which we obtain

1/ (x) = f(O)llFr = g(x) —glc) + e(x —0).
Now, using the triangle inequality, we have
1f ) = f@llr < 1/ (x) = f )l + 11/ () = f@)llF

< (8(x) —g(e) + e(x — ) + (g(c) — g(a) + e(c —a))
=gx) —gla) +e(x —a),

which implies that (¢, ¢ + 1) C A(e). This contradicts the definition of c. It follows
that ¢ = b and we may write

I/ () = f@)llr = gb) —gla) + (b —a).

Letting € converge to 0 we obtain the result. O

Corollary 3.1. Let a,b € R, with a < b, F a normed vector space and [ :
[a,b] —> F continuous on [a, b] and differentiable on (a, b). If there is a constant
K suchthat | f(t)|r < K, then

I/ () = f@)lr = Kb —a).
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Proof. To establish this result, it is sufficient to set g(t) = Kt and apply the
theorem. a

The next result, often called the mean value inequality, is the generalization
referred to above.

Corollary 3.2. Let E and F be normed vector spaces, O an open subset of E and
f 1 O — F differentiable on O. If the segment [a,b] C O, then

If@) = f@lr = sup |f'(Dlcenlb—alk.

x€(a,b)

Proof. 1f sup, ¢, |.f'(X)|c(e.F) = 00, then there is nothing to prove, so suppose
that this is not the case. Let u : [0, 1] —> E be defined by u(¢) = (1 —t)a + tb. If
g = f ou,then g is continuous on [0, 1] and differentiable on (0, 1), with

g) = f'u@®)ou' ()l = f'w@®)(b—a).

Therefore
lgOlF < sup |f'(X)|cErmlb—alk.

x€(a,b)

From Corollary 3.1 we have

lg(1) — gl = S:lpb) |£' () ee.mllb —allp(1-0),
X€(a,

i.e.,

1) = f@llr = sup |f')leerlb—ale.

x€(a,b)
This is what we set out to prove. O

Exercise 3.2. Let £ be a normed vector space and f a differentiable mapping from
E into itself. Suppose that there exists k € (0, 1) such that | f'(x) —idg|zE) < k
for all x € E. Prove that f is injective and that the inverse image of a bounded set
is bounded.

Exercise 3.3. Let E and F be normed vector spaces, O an open subset of E, a an
element of O and f a continuous mapping from O into F, which is differentiable
on O \ {a}. Suppose now that there is a continuous linear mapping / from E into F
such that

lim | f'(x) =] ze.r) = 0.
xX—>a
Show that f is differentiable at a, with f'(a) = [.

Corollary 3.2 can be used to prove another useful result.
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Corollary 3.3. Let E and F be normed vector spaces, O an open subset of E and
f : O — F differentiable. If the segment [a, b] lies in O, then we have

1f ()= fla) = fll@®-a)lr = sup |f'(x) = f(@lcenlb—ale.

x€(a,b)

Proof. Tf we set ¢(x) = f(x) — f'(a)x, then ¢ is differentiable and ¢’(x)
(f'(x) — f’(a)). Applying the previous corollary we obtain the result.

ol

Using Corollary 3.2 again, we can generalize Theorem 3.3. The proof i
analogous to that of Theorem 3.3.

w2

Theorem 3.5. Let E and F be normed vector spaces, O an open connected subset
of E and f : O —> F a differentiable mapping. If f' vanishes, then f is constant.

Exercise 3.4. Let E and F be normed vector spaces, O an open connected subset
of E and f a differentiable mapping from O into F with constant differential o €
L(E, F). Show that there is a constant ¢ € F such that f(x) = ax + c.

3.2 Partial Differentials

In this section we will generalize the notion of partial derivative and then extend
certain results concerning partial derivatives.
Let Ey, ..., E, and F be normed vector spaces. We set

E=E x---xE,
and define a norm on E as usual by

Gt )z = max[lxil| s,

Now let O be an open subset of £ and f a mapping from O into F. If we take a
point @ € O and let the kth coordinate vary and fix the others, then we obtain a
mapping f, from Ej into F, defined on an open subset of Ej containing ay. If
fax is differentiable at ay, then we call the differential fu/k (ax) € L(Ek, F) the
kth partial differential of f at a and write di f(a) for f], (ax). In the case where
E = R", f has a kth partial differential at a if and only if f has a kth partial
derivative at a.

Exercise 3.5. Why is the mapping f, ; defined on an open subset of Ej?
We now extend certain results found in Chap. 2. We begin with Proposition 2.5.

Proposition 3.1. If f : O — F is differentiable at a € O, then all the partial
differentials oy f(a) exist and
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fl@h =Y "0 f(@h,
k=1

where h = (hy,...,h,) € E.

Proof. Fork = 1,...,n, we define the mapping i, s from Ej into E by

fai () = (@1, ..t ay),

where ¢ is in the kth position. i, 4 is an affine mapping and so differentiable. Also,
fak = f oigk. Therefore, if f is differentiable at a, then the partial derivative
Ok f(a) is defined and

I f(@)hi = f(@)(ix(a)he) = f'(@)(O,... hg.....0).

Using the linearity of f’(x), we obtain
fl@h =" 0 fa)h.
k=1

This finishes the proof. |

If f : O — F is differentiable, then for each k we have a mapping d; f from
O into L(Ey, F), which is called a partial differential (mapping). If f is of class
C'anda € 0O, then

10 f(a + x) = f@)hi|lr = I(f'(a@+x)— f(@)O..... 7, ....0)|g
< |f'@a+x)— f(@l|ceErlhll g

which implies that

10k f(a + x) — Ok f(@)| 2.y < | f (@ + x) = f/(@)|zeer)-

It follows that the partial differential 0y f* is continuous at a. To sum up, we have
proved the

Proposition 3.2. If f is of class C', then its partial differentials exist and are
continuous.

The converse of this proposition is also true, namely, if f has continuous partial
differentials, then f is of class C'. We will prove a preliminary result, which
generalizes Theorem 2.2, and the converse will follow directly. To do so, we will
employ a mean value theorem, namely Corollary 3.2.

Theorem 3.6. Let Ey, ..., E, and F be normed vector spaces, O an open subset
of E = Ey x---x E,anda € O.If f is a mapping from O into F having
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continuous partial differentials on a neighbourhood V of a, then f is continuously
differentiable at a.

Proof. Leth = (hy,...,h,) € E. We set

°=(,...,00 and K = (hy,...,h;,0,...,0)

fori =1,...,n. Clearly h" = h_. Let§ > 0 be such that the open ball B(x, 3) cV.
If || <8, thena + h' € B(a.§) foralli. For x € B(a,§) we set

g(x) = f(x) = f@) = Y _ 3 f@)(xi —ar).
i=l1

Then g(a) = 0 and all the partial differentials of g are defined on V:

d;ig(x) = 9; f(x) — 8i f(a).

Let us fix € > 0. As the pz_irtial differentials d; f* are defined and continuous on V,
thereisa d > 0, with § < §, such that

7l <8 = 19; fla+h) =8 f(@)|cE.r) <€

fori =1,...,n. Now, using Corollary 3.2, we have

lg@+mlr <) lgla+h)—ga+hr <) ellhile <nelhle,

i=1 i=1
i.e.,

If(a+h) = f(@) =0 f@hillr <nelhl|s.

i=1

It follows that f is differentiable at a and
n
fl@h =" f@h;.
i=1
We also have

I(f (@ + k) = f@)hlle < D18 fla+k) =8 f(@] e lihillg

i=1

< Z [0; fla+k)—0; f(@)lce.mhlE.

i=1
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which implies that

1S @+ k)= f1@leer < Y100 f(a+ k) = 0 f(@)] e )

i=1
and so f” is continuous at a. a

Corollary 34. If E\,..., E, and F are normed vector spaces, O an open subset
of E = E\ x---x E, and f a mapping from O into F having continuous partial
differentials on O, then f is of class C.

Putting our work in this section together, we obtain the following generalization
of Theorem 2.3:

Theorem 3.7. IfE|,..., E, and F are normed vector spaces, O an open subset of
E = E| x---x E, and f a mapping from O into F, then f is of class C' if and
only if f has continuous partial differentials defined on O.

3.3 Integration

In elementary calculus courses one learns the following result:

Theorem 3.8. Let I and [a, b] be intervals of R, with [a, b] closed and bounded,
and f a continuous real-valued function defined on [a, b] x 1. Then the function

b
g:1 —>R,x»—>/ f(t,x)dt

is continuous. If, in addition, the partial derivative g-—f is defined everywhere on I
X

and is continuous, then g has a derivative at all points of I and

dg . bof
a(x) —/{; a(l‘,x)dl

We will now generalize this result. However, before doing so, we need to define the
integral of a mapping whose image lies in a Banach space. This we will do in this
section and in the next we will handle the generalization.

We first recall the definition of the Riemann integral. Let [a, b] be a closed
bounded interval of R and f a real-valued bounded function defined on [a, b]. For
apartition P :a = xg < x; <---<x, =bandi = 1,...,n, we define

m; = inf  f(x) and M; = sup f(x)

XE[xj—1,X{] XE[xj—1.x;]
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and then

L(P,f) =) mi(xi—xi—) and  U(P,f) =) Mi(x—xi-1).

i=1 i=1

Now we set

b b
ﬁ/ f =supL(P,f) and Z/l/ f=infU(P, ),

where the sup and inf are taken over all partitions of [a, b]. These expressions are
called respectively the lower and upper integrals of f. If these two integrals have
the same value, then we say that f is (Riemann) integrable and we write

/ub f or /ab f(x)dx

for the common value of the lower and upper integrals. This common value is called
the (Riemann) integral of f.

It is not possible to generalize directly this definition of integral if we replace the
image space R by a general normed vector space E, because there is no notion of
inf or sup in such a space. However, if ( f,) is a sequence of real-valued integrable
functions converging uniformly to a real-valued function f, then f is integrable
and the sequence ( fab fn) converges to fab f. Ttis this property which allows us to
generalize the integral.

Let [a, D] be a closed bounded interval of R and E a Banach space. We define a
norm | - || on B([a, b], E), the vector space of bounded mappings defined on [a, b]
with image in E, by setting

Il = Sup]llf()C)IlE-

x€la,b

The normed vector space B([a, b], E) is a Banach space. We say that f : [a,b] —>
E is a step mapping if there is a partition P : a = xo < x| < --- < x, = b of
[a, b] and elements ¢y, ...,c, € E such that f(x) = ¢; on the interval (x;_1, x;).
The set of step mappings, which we denote S([a, b], E), forms a vector subspace
of B([a,b], E). The closure of S([a, b], E), for which we will write R([a, b], E),
is also a vector subspace of B([a,b], E) and its elements are called regulated
mappings. We can characterize regulated mappings in the following useful way.

Proposition 3.3. An element of B([a, b, E) is regulated if and only if it has a left
limit at any point x € (a, b] and a right limit at any point x € [a, D).

Proof. Let f be a regulated mapping and (f,) a sequence of step mappings
converging to f. Take € > 0. There exists an f, such that
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OEFAGI PR

forall t € [a,b]. We now fix x € (a, b]. For n sufficiently small, f, is constant on
the interval (x — 7, x) and so, for s, € (x — n, x), we have

1£() = FOlEe =1/ ) = fu@ e + 1) = faOlE

€ €
0 = fOls <5 +0+5 =€
It follows, using the fact that £ is a Banach space, that lim,—,— f(¢) exists.
A similar argument shows that lim,—, . f(¢) exists if x € [a, D).
Now suppose that the mapping f satisfies the condition on left and right limits
and let us take € > 0. For each point x € (a, b] there exists ¢, < x such that

$.1 € (cx. x) = [|f(5) = O <e,

and for each point x € [a, b) there exists d, > x such that

5.1 € (x,dy) = || f(s) = fDe <e.

Using the compacity of [a, b], we see that there are elements xi,...,x, € [a,b]
such that
la.b] C la.da) U (cs.b]U | ) (cxydy,).

1<i<n

We now set
Y = {a,da,cb,b,cxl,...,cxn,dxl,...,dxn}

and write P : a = yo < y1 < -+ < y, = b for the partition of [a, b] obtained by
arranging the elements of Y in increasing order. If s,¢ € (yi—1, y:), then || f(s) —
f(@®)|le < € and it follows that there is a step mapping ¢ such that || f — ¢| < e.
Hence f is a limit of step mappings and so is regulated. O

A regulated real-valued function is integrable. From the above proposition,
piecewise-continuous and monotone functions are regulated and so integrable.
However, there are integrable functions which are not regulated.

Exercise 3.6. Show that the real-valued function f defined on the interval
sinl x#£0

T =10 1o

is integrable, but not regulated.

We will now show how it is possible to define the integral of a regulated mapping
whose image lies in a general Banach space E. We first consider step mappings. If
f is a step mapping defined on an interval [a, b], then there is a partition P : a =
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Xg < X1 < -+- < x, = b of[a,b] and elements ¢y, ...,c, € E such that f(x) = ¢;
on the interval (x;_1, x;). We define the integral of f by

b n
1) = [ f = =i
a i=1
The mapping Z : S([a, b], E) — E is linear and
IZHNe <D i —xiDleille < B —a)| £,

i=1

therefore Z is also continuous. If ¢ < u < b, then f : [a,u] — E and f :
[u, b] —> E are step mappings and

b u b
[r=f ]
Fora <u <v <b, we set

/uuf:() and /Vuf:—/uvf.

With these conventions, for u, v, w € [a, b] we have the relation

/vazfuwar/va,

which is called Chasle’s Law.

Suppose now that f is any regulated mapping. Then f is the limit of a sequence
of step mappings (f;). As Z is linear and continuous, the sequence (Z(f,)) is a
Cauchy sequence and so has a limit /, because E is a Banach space. If (g,) is
another sequence of step mappings converging to f, then

Ifn = gnll = Ifo = I+ 1F = gull.

and so the sequence ( f, — g,) converges to 0 when n goes to infinity. This implies
that the sequence (Z(g,)) also has / for limit, so we can define without ambiguity

the integral of f by
b b
S Y

where (f,,) is any sequence of step mappings converging to f. We also use the

notation fab f(s)ds for fab f. It is easy to see that the mapping Z extended to
R(la,b), E) is linear. As Z( f,) converges to Z(f) and | f,| converges to || £,
we have
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IZ(HNe = G =a)lf,
and so Z is also continuous on R([a, b], E).

Exercise 3.7. This exercise generalizes what we have just seen. Suppose that E is a
normed vector space, F' a Banach space, S a vector subspaceof £ and f : § — F
a continuous linear mapping. Show that S is a vector subspace of £ and that f has
a unique extension to a continuous linear mapping f : § — F.

Exercise 3.8. Show that Chasle’s Law can be extended to the space of regulated
mappings.

Exercise 3.9. Show that if f is a regulated mapping defined on the interval
[a, b], then

b b
|| [ F(s)dslle < / 1 £(5)l| .

As with real-valued functions defined on an interval of R, there is a relation
between integrals and derivatives. Let E be a Banach space and f : [a,b] — E
regulated. Suppose that ¢ € [a, b] and for x € [a, b] let us set

Foo= [

Theorem 3.9. F is a continuous function. If f is continuous at a point x € [a, b,
then F has a derivative at x and F (x) = f(x).

Proof. We have

F(x+h)_F(x):lx+hf_[xf:/Xx+hf

and so
[F(x+h)—F(x)|lg <|hl sup ]Ilf(t)IIE <Al fllEe-

t€[x,x+h

This implies that F is continuous.
Suppose now that f" is continuous at x € [a, b]. Then

F(x +h)— F(x) _ L
) —fw =1 / (/) ~ f(x))dr.
This implies that
h —
H Fx + 2 F(x) —f| < sup [f@)—fO)lE
E t€[x.x+h]

and it follows that F(x) = f(x). |
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If the mapping F is such that F = f, then we say that F is a primitive of f.
Clearly, if F is a primitive of f and ¢ € E, then so is F + c. The previous theorem
has the following corollary:

Corollary 3.5. If f : [a,b] —> E is continuous, then f has a primitive.

We saw above that, if a mapping f has a primitive F, then the addition of a
constant to F gives us another primitive. The following result shows that there are
no other primitives.

Proposition 3.4. If F and G are primitives of a mapping f : [a,b] —> E, then
there is a constant ¢ € E suchthat G = F + c.

Proof. The derivative of F — G has the value 0 at all points ¢ € (a, b) and so the
differential (F — G)’ has the value 0. Using Theorem 3.5 we obtain F — G = c,
where ¢ is constant. However, F and G are continuous, so F — G = ¢ on [a, b],
and hence the result. O

Remark. If f : [a,b] —> E is continuous, then from Theorem 3.9 we know that
the mapping

F:[a,b]—>E,xr—>/axf

is a primitive of f. If G is a primitive of f, then from Proposition 3.4 there is a
constant ¢ such that G = F + c. Therefore

b
G(b) — Gla) = F(b) — F(a) = / £

This result generalizes the classical fundamental theorem of calculus. We will refer
to it also as the fundamental theorem of calculus.

Before closing this section we draw attention to an elementary property of the
derivative of a mapping whose image lies in a normed vector space. Let F' be a
normed vector space, I an interval of R, f a mapping from / into F and « a real-
valued function defined on /. Then ¢«f is a mapping from / into F.

Proposition 3.5. Ifo and f have derivativesatt € I, thenaf also has a derivative
att and

@) = o) )+ 60 1(0).
Proof. As
at +h)ft+h)—a@)f@t)=alt+h)f(t +h)—al +h)f@E)
+alt+h)f(1) —a@)f2)
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and the dérivatives ¢ (¢) and f () existent, we can write

hrn (oz(t +h)f(t+h)— ot(t)f(t)) = hrn alt +h)— (f(t + h) — f(t))
+ hm (oc(t +h) —a(t)) f(1)

and the result follows. O

3.4 Differentiation under the Integral Sign

We suppose that O is an open subset of a normed vector space E, F a Banach space,
[a, b] a closed bounded interval of R and f : [a, b] x O —> F continuous.

Lemma 3.2. Foreachxy € O ande > 0, thereis ad > 0 suchthat forallt € [a, b]
we have
[x —xolle <8 = [f(t.x) = f(t, x0)llF <e.

Proof. Lett € [a, b]. As f is continuous at (z, x¢), there is a §; > 0 such that

l[Gs, x) = (&, x0) [exe < 8 == [/ (s, %) = f(z. x0)l|F < %

The intervals (t — §;,¢ + &;) form an open cover of the compact interval [a, b].
We may extract a finite open subcover: [a,b] C U/_,(; — 8;.t + 8;). We set
§ = min ;. Suppose now that ||x — xo||g < § and let us fix ¢ € [a, b]. Thereis a ¢;
such that |t —#;| < &;,. We have

If @ x) = f@. xo)llr < [Lf (. x) = f&. x0)ll F

€ €
1S x0) = St x0)|F < 5+ 5 =¢

This ends the proof. O

We now consider the mapping
b
g:0— F,x »—>/ f(t,x)de

Proposition 3.6. The mapping g is continuous.

Proof. Letus fix x € O. From the previous section (Exercise 3.9)

=(b-a) SUP If@ x +h) = f(&.0)lF.

t€lab

b
/ ft,x +h)— f(t,x)dt

F
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We now fix € > 0. Applying Lemma 3.2 we obtain § > 0 such that

2z <8 = sup [ f(t.x +h) = f(t.x)|F <,

t€fa.b]

which implies that
lgx +7) —g()r = (b—a)e

for ||i||g < &. It follows that g is continuous at x. |

Shortly we will add a hypothesis, which will enable us to strengthen this property.
However, before doing so, we need a preliminary result.

Proposition 3.7. Suppose that E is a normed vector space, F a Banach space,
[a,b] a closed bounded interval of R and A a regulated mapping from |[a, b] into
L(E,F).Ifh € E, then A(t)h is a regulated mapping from [a, b] into F and

/ub A(t)hdt = (/b A(t)dt) h.

Proof. Let S be a step mapping from [a, b] into L(E, F). We have a partition P :
a =xy) <Xy < -+ < x, =bof[a,b]suchthat S(t) = [; € L(E, F) for
t € (ti—1,t). Clearly S(¢)h is a step mapping from [a, b] into F and

(/b S(t)dl) h = (2”:(1‘1‘ — l,'_l)l,'> h

i=1

= Zn:(li —ti-)lih
i=1

= /ab S(t)hdt.

Now let A(¢) be any regulated mapping from [a, b] into L(E, F) and (S;(¢)) a
sequence of step mappings converging to A(¢). Then (S;(z)h) is a sequence of step
mappings converging to A(t)h. Hence

b b
( / A(z)dt) h = <1im / S; (t)dt) h

b
= lim / S; (t)hdt

= /ab A(t)hdt.

This ends the proof. |
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Now we suppose that the partial differential d, f is defined and continuous on
the set [a, b] x O. Then we have the

Theorem 3.10. The mapping
b
g:0— F,x |—>/ f(t,x)de

is of class C' and
b
gx) = / 0, f(¢t, x)dt.

Proof. Letus fix x € O and consider the mapping
b
O FE— F.h+—> / d, f(¢, x)hdt.
a

®, is clearly linear. Also,

102/ (2, )|l F < 102/ (2, X) | cemyllhlle < sup [0z f (&, X)|cemlhlESs

t€fa.b]

which implies that

< (b —a) sup |02, X)|cErlhlE.

t€fa.b]

b
/ 0, f(t, x)hdt

F

Therefore ®, is also continuous. We will now show that ®, = g’(x). First we have

b
lg(x +7) —g(x) = Sx(M)||F = /f(l,x+h)—f(l,X)—3zf(t,X)hdl

F
<(®b-a) S}le] /@ x+h)— f(t.x)
—82f(t,x)h||p.

From Corollary 3.3, for any ¢

If (. x+h)—f(t.x)=02 f (1, x)h|F < [Supm 102 £ (2, y) =02 f(t. %) | ce.my Ml E-
YE[x.x+h

Let us fix € > 0. By hypothesis 9, f is continuous, so from Lemma 3.2 we know
that there is a § > 0 such that, for all ¢ € [a, b]

Ihlle <8 = 102/ (. x +h) = 02 f(t. X)|ceF) <€
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Therefore
lg(x +h)—g(x)— D (M)|r < (b—a)e|hl|E.

This proves that @, is the differential of g at x. However, from Proposition 3.7,

we have
b b
/ 0, f(t,x)hdt = (/ azf(t,x)dt) h

and so we may write
b
g (x) = / 02 f(t, x)dt.
a

To see that g’ is continuous it is sufficient to apply Proposition 3.6. O



Chapter 4
Higher Derivatives and Differentials

Let O C R”" be open and f a real-valued function defined on O. If the function
af is defined on O, then we can consider the ex1stence of its partial der1vat1ves If

ax, )(a) exists, then we write for this derivative —— ax ax (a) ifi # j, and (a) if

i = j. We also write 3?1‘ f(a), or 3%, f(a), in the case where i = j. This derlvatlve
is called the (j, i )th second partial derivative of f at a. If the given partial derivative
is defined for all x € O, then we obtain a real-valued function on O, also called the
(J, i)th second partial derivative. If these functions are defined and continuous for
all pairs (j,7), then we say that f is of class C>.

Example. Consider the real-valued function f defined on R? by f(x,y) = sinxy.
We have

a a
l(x, y) = ycosxy and l(x, y) = XCosxy
ax ay

for (x, y) € R?. Differentiating the functions & 3 and , we obtain

02 02
f(x y) = —y?sinxy and f(x y) = —x?sinxy
and also
o/ (x,») i o/ (x,»)
X,y) =CcoSXy —Xxysinxy = X, V).
yox y y y y oxdy y
The functions %XJ; s aayza’; s aajgy and are defined and continuous on R? and so f

is of class C?2.

We can now consider the partial derivatives of the second partial derivatives of a
real-valued function f and so possibly obtain third partial derivatives. If these are all
defined everywhere and continuous, then we say that f is of class C3. Continuing
in the same way we obtain the definition of a function of class C* for any k > 1.

R. Coleman, Calculus on Normed Vector Spaces, Universitext, 79
DOI 10.1007/978-1-4614-3894-6_4, © Springer Science+Business Media New York 2012
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We say that continuous functions are of class C°. If a function is of class C* for all
k € N, then we say that f is of class C*°, or smooth.

Exercise 4.1. Show that a polynomial function defined on R”" is of class C *°.

In the example above we saw that the partial derivatives 33 3{( and Baxafy had the
same expression. In the next section we will see that this was not an accident.
Before closing this section, notice that we extend these definitions to mappings

with image in R, with m > 1, by considering coordinate functions.

4.1 Schwarz’s Theorem

Under certain conditions we may change the order of differentiation without
affecting the result. For example, we may differentiate a function f : R?> —>
R, (x,y) —> f(x,y) first with respect to x then with respect to y, or vice versa,
and obtain the same expression. The next result is known as Schwarz’s Theorem.

Theorem 4.1. Let O C R? be open and f : O —> R be such that the second
partial derivatives 33 23f
yax

at (a,b) € O, then

32f > f
( ,b) =
axdy
Proof. As O is open, there is an € > 0 such that closed square S = [a —€,a +

€] x [b—¢€,b + €] lies in O. Let (h, k) be an element of the closed square S’ =
[—€, €] X [—¢, €] and suppose that & # 0 and k # 0. We set

S (a.b).

A(h,k) = fla+h,b+k)— fla,b+k)— fla+h,b)+ f(a,b).
Ifop(s) = f(s,b+k)— f(s,b),then A(h, k) = ¢(a + h) — ¢(a). The function

¢ is defined and continuous on [a,a + h] and differentiable on (a,a + h). From
Theorem 3.1 there exists 6 € (0, 1) such that

¢(a+h)—¢(a) = hd(a + 0h),
or

Alhk) =h (%(a 4+ 6h,b+k)— %(a + Gh,b)) .
dax ox

We now set ¢ (t) = Bf ~(a + 60h,1). The function ¥ is defined and continuous on
[b.b + k] and dlfferentlable on (b, b + k). Using Theorem 3.1 again, we see that
there exists 6’ € (0, 1) such that

V(b +k) = y(b) = ki (b +6'k),
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or

2
%(a-‘r@h b+k)—l( + 0h,b) = a;;(a-f-@h,b-}-@/k).

Therefore

32f

A(hk)—hk —(a+6h.b+0'k).

P

As the function ox

is continuous at (a, b), we have

A(h, k) 02 f
1m =
(hk)—>©00)  hk dydx

(a,b).

We can also write A(h, k) = ¢1(b+k)—¢1(b), where ¢, () = f(a+h,t)— f(a,t1).

Proceeding as above, we obtain

Ah k) 02 f
im
(k=00 hk  9xdy

(a.b)

and hence the result. O

Corollary 4.1. Let O C R" be open and f O —> R be such that the

. L 2 f .
second partial derivatives W and ax 3X are defined on O. If these functions
are continuous at a € O, then

P w=
a) = a).
8xj axi axi 8xj

Proof. Leti : R> — R” be defined by
i(u,v) =a +ue; +ve;,

where e; (resp. e;) is the ith (resp. jth) element of the standard basis of R". i is
continuous and so the set U = i ~'(0) is open inR2. If weset g = f oi,then g is

. 2
defined on U, as are the functions % and 83 s, with

g ’f g ’f
m(u,v) = o, 0%, (a+ue;+ve;) and m(u,v) = Ixi0x; (a+ue;+vej).
As
g ’ ro g ’ o
= oi and — = ———o0]

dvou - an axi Judv 8x,~ 8xj ’
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. 2 2 .
the functions 2-£ and -2£ are continuous at (0,0) and so
dvdu dudv

g
dvou

g
dudv

0,0) = (0,0)

and the result follows. O

Example. Consider the real-valued function f defined on R? by

ey 2 R @0 A 0.0
0 (x,) = (0,0)

It is not difficult to see that f is continuous. Simple calculations show that

0 a
—f(O, y)=-y and —f(x, 0) =x
ax dy
and so ) )
o f 9 f
——(0,0) = —1 and ——(0,0) = 1.
Byax( ) axay( )
It is clear that outside of the set {(0,0)} the second derivatives exist. Therefore,
from Schwarz’s Theorem, at least one of the functions gyz—afx or gjgy is discontinuous
at (0,0).

The next result follows directly from what precedes and needs no proof.

Theorem 4.2. If O is an open subset of R", f : O —> Ris of class C*> and a € O,
thenfori,j =1,...,n we have

9 9
/iy S

8xj8xi B axi 8xj

(a).

It is possible to extend the preceding result to functions of class C¥ with k > 3.
Let us write ax,?k—fax,k for the partial derivative of f obtained by differentiating with
respect to the variable x;, , then with respect to the variable x;,_, and so on up to the
variable x;,. We write Sy for the group of permutations of the set {1, ..., k}. Then

we have the following result, which we will prove further on:

Theorem 4.3. Let O be an open subset of R", f : O —> R of class C* and
(i1,....ix) e NFwith 1 <iy,....ix <n.Ifo € S, then fora € O we have

k k
o f (@) = o f

8x,~1 . axik 8x,~a(1) e 8x,~a(k)

(a).
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4.2 Operations on C*-Mappings

In this section we will consider the sum, product and so on of mappings of class C¥.
We have already handled this subject for the case k = 1; here we will extend the
results to k > 1.

Proposition 4.1. Let O C R" be open, f.g : O — R of class C* and 1 € R.
Then the functions f + g, Af and fg are of class C*. If g does not vanish on O,
then h = f is of class C*.

Proof. We have already proved the result for k = 1. Suppose that the result is true
for a given k and that the functions f and g are of class CK*!. We have

a(f + d(A d
WAy Ly By e DY
Bx,- axi B.X,'
and also 2 fo) o
—g< ) =g g+ S )—(x)
As the functions f, g, 5= and are of class C*, so are the functions 3(’5 fg), agxx{ )

and %f). It follows that f + g, )kf and fg are of class C¥T!. If g does not vanish,
then

(x)af (x) = f(X) £ (x)
g(x)? '

therefore % is of class C¥ and so £ is of class C**!. The result now follows by
induction. O

Corollary 4.2. Let O C R” be open, f.g : O —> R" of class C* and A € R.
Then the mappings f + g and A.f are of class C¥.

Proof. As f and g are of class C¥, so are their coordinate functions f; and g;, for
alli.Now (f + g)i = fi + g and (Af); = Af;, hence (f + g); and (Af); are of
class C*. Tt follows that f + g and A f are of class C*. O

Remark. We have shown that the C*-mappings defined on open subset of R”, with
image in R™, form a vector space. If m = 1, then this space is an algebra.

We now consider the composition of mappings.

Proposition4.2. Let O C R", U C R" beopenand f : O — R", g : U — R*
of class C* with f(O) CU.Thengo f : O — R is of class C*.

Proof. We have already proved the result for k = 1. Suppose that the result is true
for some k and that the functions f and g are of class C**!. For x € O we have

Jgor (X) = Jo(f(x)) 0Ty (x),
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therefore

L )= %(f( D).

As ag, and f are of class Cck, % o f is of class C*. From Proposition 4.1,
Yk Vi

3go i
ij
induction. O

is of class C* and hence g o f is of class C¥*!. The result follows by

4.3 Multilinear Mappings

Second and higher differentials are more difficult to define than second and higher
derivatives. The natural way of defining a second differential would be to take the
differential of the mapping x +— f”’(x). Unfortunately, if E and F are normed
vector spaces and f a differentiable mapping from an open subset of E into F,
then the image of f” lies not in F butin L(E, F). This means that the differential
of f/ lies in L(E,L(E, F)). If we take third and higher differentials, then the
mappings obtained become unwieldy. We get around this problem by identifying
differentials with multilinear mappings. In this section we will therefore look into
such mappings, before handling higher differentials in the next section.

Let Eq, ..., Ex and F be vector spaces and f a mapping from E; X - - - x Ej into
F. We may fix k — 1 coordinates and so obtain a mapping from an E; into F. If such
a mapping is linear for each E;, then f is said to be k-linear. A 1-linear mapping is
just a linear mapping. We use the general term multilinear mapping for any k-linear
mapping. In the case where k = 2, we say that f is bilinear and, in the case where
k = 3, trilinear. If E = E| = --- = E, then we speak of a k-linear mapping from
E into F.If F = R, then we use the term multilinear form for multilinear mapping.

Let us now suppose that the vector spaces Ej, ..., Ex and F are normed vector
spaces. Setting £ = E; x -+ X Ej, then as usual we define a norm on E by

[Gers- o)l = max(flx gy - el g

We can characterize continuous multilinear mappings in a way analogous to that
used to characterize linear mappings (Proposition 1.15). We will write B for the
closed unit ball of E.

Proposition 4.3. The following statements are equivalent:

(a) f is continuouson E;

(b) f is continuous at 0;

(¢) f is bounded on B;

(d) There exists u € Ry such that

It x)lle < pllxilley - Ixell g, -
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Proof. (a) = (b) This is true by the definition of continuity.
(b) = (c) By hypothesis there exists & > 0 such that || f(x)[|r < 1if [[x|r < a.
If y € B, then ||ay| g < « and so

N fDIF =l S = I f@n)llr < 1.

Hence | f(D)IF < -
(¢) = (d) By hypothesis there exists . € Ry such that || f(¥)||r < pif |¥||z <

— 1 . ; — X1 Xk
1_. If x = (x1,...,x¢) € E,withx; #0foralli, then y = (”M”E1 e ”Xk”Ek) €
B and so
I/ )l 7
IfDlF = n T <
il -~ llxkll 2
Therefore || f(x)||r < pllx1l|lg, -+ [ xk| g, . Clearly this is also true when one or

more of the X; is equal to 0.
(d) = (a) Letusfixa € E and take h € E. We set

h°=(0,...,00 and K" = (hy,....h;,0,...0)

fori =1,...,k. Then

k
fla+h) = fla)y=Y fla+h)— fla+n".

i=1

However,
fla+h"y— fa+h’) = f(hi,a....a).

for2 <i <k-—1,
fla +hi)—f(a+hi_l) = flai+hi,...,ai-1 +hi— hiyaiga, ..o ak)
and

fla+h) = fla+ " = flar+h.oaemn + b ).

Therefore

If@a+h) = f@llr < plhille llale, - lal g
k-1
+u Z lar + hillg, - lai— + hicillg Vil g @il £ - a2
i=2

+ullay + hillg, - la—1 + hi—tll ge—, 1Akl £ -
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If ||h||g <6, then ||h;| g, < & foralli. This implies that ||a; + h;|| g, < |laillg + 8.
The continuity of f at a now follows. O

The continuous k-linear mappings from £ = Ey x--- X Ej into F form a vector
space, which we will write L(E; X --- X Ey; F),or L(E; F). If f € L(E; F) and
we set

Ifl= sup [[fC)F,

Ixllz=<1

then we obtain a norm. If E; # {0} for at least one 7, then

|f1= sup [[f(X)]F.
llxll z=1
Notice that
I/ Cens e xidlle < [ flllxlle, - llxll g, -
If £, = --- = Ex = E, then we will write L(E*; F) for L(E x --- x E; F).

The space L(EK F ) is not in general the same as the space L(E k F ), which is
composed of the continuous linear mappings from E* into F.

Exercise 4.2. Let Ey, ..., Ey be finite-dimensional normed vector spaces and £ =
E | x.--x Ei. Show that any multilinear mapping from E into a normed vector space
F is continuous.

Exercise 4.3. Let f be a k-linear form on R”". Show that f may be written

f(xl, S XE) = Zail,...,ikxl,il co e Xy

where the sum is taken over all sequences (iy, ..., i), such that i; € {l,...,n}
and the a;, _; are real constants. Show that Z” _____ i |aj,..i,| defines a norm on
L(R"Y;R).

Exercise 4.4. Let Ey,..., Eyand F,. .., F, be normed vector spaces. We set £ =

Eyx---xEyand F = F; x---x F,.For f € L(E; F), we define the mapping
O:L(E;F)— L(E;F) x - X L(E; Fp), f +— (fi.... fp).
where fi,..., f, are the coordinate mappings of f. Show that @ is an isometric

isomorphism, if E and F have their usual product spaces norms.

Consider two normed vector spaces E and F and let us write £(E, F) for
L(E,F),Ly(E, F)for L(E, L(E, F))and so on. We will define linear continuous
mappings ®; from £, (E, F) into L(E*; F). We let ®; be the identity on L(E, F)
and, for k = 2, we set

Dy(f)(x1,x2) = f(x1)x2 € F.



4.3 Multilinear Mappings 87
There is no difficulty in seeing that ®,( f') is 2-linear. Also,

| fxDxallr 1 feDleiemlxlle S 1 floeEnlxillelxe,

hence ®,(f) is continuous. Therefore ®,(f) € L(E?; F). The mapping ®, is
linear and continuous with

[D2( ) ee2;m) = S |eae.F)-

For k = 3 we set

S3(f)(xr, x2,x3) = (f(x)x2)x3 € F

and show, in a similar way, that ®; is a linear continuous mapping from L;3(E, F)
into £(E?; F) with
|D3()eesiry = | flesE.r)-

For higher values of k we proceed in an analogous way, in each case obtaining

[Pk () eersry < S |epEer).-

Exercise 4.5. Give the details of the construction of ®3( f) for f € L3(E, F).

We may also define a mapping Wy from £(E*; F) into £; (E, F). This is a little
more difficult. As for @, we let | be the identity on L(E, F'). Suppose now that
g € L(E* F).If we fix x; € E, then the mapping g(x;) : xo —> g(x1.,x;) is
linear. In addition,

g(x)x2llF < |g|£(E2;F)||xl”E”xZ”E-
Therefore g(x;) € L(E, F) and
1§(x)| ey <18l ce2m Xl e

Now, the mapping
Z:E— L(E,F),x; —> g(x1)

is linear and continuous, with

1Zlcoe.F) < 18l 2eE2:r)-

If we set W,(g) = g, then W, is a linear continuous mapping, with

|W2(8)| o, F) <18l ce2;F)-
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For higher values of k we proceed in an analogous way, in each case obtaining

|k (&)| 2 B.F) < 18l e(Er;F)-

Exercise 4.6. Give the details of the construction of W3(g) for g € L(E3; F).

Theorem 4.4. If E and F are normed vector spaces, then the mappings ®y from
Li(E, F) into L(EX; F) defined above are isometric isomorphisms.

Proof. Tt is sufficient to notice that Wy is the inverse of ®. O
We will refer to the mappings ®; and Wy as standard isometric isomorphisms.

Exercise 4.7. Show that, if £ and F are normed vector spaces and F complete,
then for all k > 1 £(EX; F) is complete.

We say that a k-linear mapping f between vector spaces E and F is symmetric

if for any permutation o € Sy we have

S x) = f(Xoys -0 Xok)

for x1,...,xx € E.In particular, if f is bilinear and symmetric, then

fxy) = f(y.x)

for all x,y € E. The symmetric k-linear mappings from E into F clearly form a
vector subspace of the vector space of k-linear mappings from E into F'.

Let us now consider continuous symmetric multilinear mappings. It is easy to
see that the continuous symmetric k-linear mappings from E into F form a vector
subspace of E(Ek; F), which we will note Lg (Ek; F). In fact, we can say a little
more.

Proposition 4.4. The space Ls(E*; F) is closed in L(E*; F).
Proof. Let (f,) be a sequence in Ls(EF; F) converging to f € L(EF;F). If
X1,...,Xx € E and o € Sy, then using the symmetry of f,, we have
If e xi) = oy oo Xom l = 1 G- xi) = fu(xr, o x|l
I fo X1y, - -+ s Xoik))
—f (o) - Xo) |
< 1f = Salllxall - [l
+1f = fallxemll -+ [ xoao
=2[f = fullleall -~ llxe [l
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It now follows easily that

S xk) = f(Xeqy -5 Xok))-

This ends the proof. O

Remark. If F is a Banach space, then so is L(E¥; F) (see Exercise 4.7). As a closed
subspace of a Banach space is itself a Banach space, it follows that Lg(EX; F) is a
Banach space if F' is a Banach space.

In the next section we will apply our work here to the study of the differential.

4.4 Higher Differentials

Let £ and F be normed vector spaces and O an open subsetof E.If f : O — F
is differentiable on an open neighbourhood V' of @ € O, then the mapping

f Vi L(E,F),x —> f'(x)

is defined. As we said in the previous section, if f’ is differentiable at a, then
we would be tempted to define the second differential f®(a) of f at a as
f"(a) = (f')(a). However, in this way f®(a) € £,(E, F) and, if we continued
the process, we would find f®(a) € L;(E, F), spaces which are not easy to
handle. Hence we proceed in a different way.

If f/ is defined on some neighbourhood of @ € E and its differential /" (a) €
L>(E, F) exists, then we say that f is 2-times differentiable (or 2-differentiable) at
a and we define the second differential £ (a) of f ata to be the 2-linear mapping
®,(f"(a)) € L(E? F), where ®, is the standard isometric isomorphism from
Lo(E, F) onto L(E 2: F), which we defined in the previous section. Continuing in
the same way we define k-differentiability and the kth differential f*)(a) for higher
values of k. We will sometimes write £V for f’. To distinguish the differential in
Ly (E, F) corresponding to £ (a), we will write f¥1(a) forit, i.e., ®;(f¥(a)) =
f®@).

Proposition 4.5. Let E and F be normed vector spaces, O an open subset of E
and f a mapping from O into F. Then f is (k + 1)-differentiable at a € O if and
only if f® is differentiable at a and in this case

SO @hh, .. ) = fE @) R, )

forh,hy,...,h € E.

Proof. Suppose first that f® is differentiable at a. Then f* is defined on a
neighbourhood U of a and we have fl(x) = W; o f®(x) for x € U. It follows
that £+ (q) exists.
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On the other hand, suppose that f is (k + 1)-differentiable at a. Then f* is
defined on a neighbourhood V of @ and we have f®)(x) = & o f(x) forx e V.
This implies that £ ®)'(a) exists.

As f®'(a) = & o fEH1(a), we have

SO @hh, .. ) = (S @O (i)
= Q10 [N (. )
= f Dy, hy).

This ends the proof. O

We will now see that a k-linear form f*)(a) is in fact symmetric. First we will
handle the case where k = 2.

Theorem 4.5. Let E and F be normed vector spaces, O an open subset of E and
f a mapping from O into F. If f is 2-differentiable at a € O, then f®(a) is a
symmetric bilinear mapping.

Proof. For h,k € E small we set
A(hk) = fla+h+k)— fla+k)— fla+h) + f(a).
Then
A(h, k) — fP(a)(h,k) = fla+h+k)— fla+k)— f'(a+hk + f(ak

—(fla+h) — f(a)
+(f"a+m) = @ = fP@)k.

Now we fix / and set
Hk)= fla+h+k)— fla+k)— f'(a+hk+ f(a)k.
Then
1AG k) = f P @) (k)| < [[H(k) = HO)|F +1.f"(@ +h) = f(a)

— B @) ez 1K 2

= Sup |H' K| ce.mllklle + 1@ +h) — f'(a)

A OO 13 P
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from the mean value inequality (Corollary 3.2). However,

H'w) = f'la+h+u)— f'la+u)— f'(a+h)+ ')
= flla+h+u— f'@)— fP@a)(h+u
—(f"(a+uw) ~ f'(@) ~ fPa)u)
—(f"a+h) - f'(@) - fPUa)h).
Now, writing | - | for | - | £(£,F), we obtain
|H' )| < |f'(@+h+uw)— f'(@)— fP@)(h+w)|

+(f (@ +u) = f'(@) — fPUaw)|
+(f @+ h) = f@) = fP@hn)).

Let us fix € > 0. If & and u are sufficiently small, then we have
|H'(u)| < €lh 4+ ule + €llullz +ellhlle < 2(|hlle + llullg).
If A € [0, 1], then

|H'(Ak)| < 2e(llhll g + 1Ak £) < 2e(lAllz + [kl

and so
OSl;p1 |H'(Ak)| < 2e([|hll£ + IkllE).
Therefore
IAGh. k) — fP (@) (. k)|lF < (2e(hle + IkllE) + €llhle) ke
= e@llnlle + 2lkle)lkle
< 2¢(lhlle + Ikle)*.
Now,

1/ P @) k) = f P @G mF < /P @) b k) =AM k) F
+ 1A k) = fP @k Bl F-

As A(k,h) = A(h, k), we obtain

1f P @) (h, k) = fP (@) (k. b F < 4e(lhlle + Ik]£)*.
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Suppose now that x,y € E \ {0}. If « > 0 is small, then so are h = 5 ”Xx”E and
k = %2 andso
2 Iyl

T I P @& y) = FP @) 0) | F < ded?,

4xlelyle
which gives us

1f @@ (x, y) = fP @, x)lr < 16€llx] £ ylle,

and hence the result. a

We now turn to the general case.

Corollary 4.3. Let E and F be normed vector spaces and O an open subset of E.
If f : O — F is k-times differentiable at a € O, then f*®(a) is symmetric.

Proof. The question only arises for k > 2 and we have already handled the case
k = 2. Suppose that the result is true up to a given k and consider the case k + 1. If
fis (k +1)-differentiable ata € E, then f*) is defined on a neighbourhood V' of a
and by hypothesis f*(x) € Ls(EF; F) forall x € V.Now, 4 = W (Ls(E*; F))
is closed in £y (E, F) and so from Proposition 2.8 the image of /' (a) lies in
A, i.e., for any x, ®; (¥ (a)x) is symmetric. This means that, if we fix the first
variable of 1 (q), then the resulting k-linear mapping is symmetric.

Next we notice that Ly (E, F) = Lo(E, Li_1(E, F)). If we set g = fk=11,
then gPl(a) = f¥+(a) and gPl(a) € Lo(E, Li—i(E, F)). Using Theorem 4.5
we have

gP(a)(x1.x2) = g?(a)(x2. x1)

for x1, x, € E and it follows that

FE G x0, x3, X)) = O (o, 3, x5, Xe)

for x1,x2,x3,...,xXk41 € E.
Suppose now that o € S, and consider the expression

FEED@) X1y, - - s Xotet1))-
Ifo(1) =1, then
f(k+l)(a)(xo(l)vxo(2) . ~s-xa(k+l)) = f(k+l)(a)(x17xa(2) . -,xg(k+1))
= f(k+1)(a)(x1,x2,...,xk+1).

Now suppose that (1) # 1. By hypothesis we can commute the last k variables to
obtain

FEF @) oty Xorry) = LEV@) (o). X10 - ).
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However, we can commute the first two variables. This followed by a second
commutation of the last k variables gives us

FEY@) (xpqy, x15-.) = LE @ (e X0y, -2

= f(kH)(a)(xl,Xz, ce Xkt 1)

The result follows by induction. |

4.5 Higher Differentials and Higher Derivatives

We will now use the work of the previous section to obtain results on higher
derivatives of functions defined on open subsets of R”.

We recall the definition of the directional derivative. Let O be an open subset of
anormed vector space E, f a mapping defined on O whose image lies in a normed
vector space F', a € O and u an element of E. If the limit

i L@t —fla)
im

t—>0 t

exists, then this derivative, written d, f(«a), is called the directional derivative of f
at a in the direction u. If a mapping f is differentiable at a point a, then all its
directional derivatives exist and f'(a)u = 9, f(a). If F is a product of m normed
vector spaces, in particular R”, then

auf(a) = (aufl(a)v DRI aufm(a))a

where the f; are the coordinate mappings of f.
Suppose now that f is 2-differentiable at a. Then, for v € E we have

Py = %f’(a +1v),_, € L(E, F).

However,
(d%f/(a + tv),_o) u= %(f/(a + 1)) .
As
fla+tvu= %f(a + v+ su)| .
we obtain

FO@ 0.0 = 2 fat s,



94 4 Higher Derivatives and Differentials

More generally, if f is k-times differentiable and vy, ..., v, € E, then we have
FO@ ... ov) = i"'if(a F OV VR ey o
dry dtx N=r=ik=0

As f® is symmetric, changing the order of derivation on the right-hand side does
not change the result.

If we now take £ = R", F' = Randv; = €, for j = 1,...,k, where the e
are elements of the standard basis of R”, then we see that

akf (k)
m(a) = fa)(ei,....ei),

i.e., all kth order partial derivatives exist and permutation of the order of differenti-
ation does not affect the value of the partial derivative. Also, if iy, ..., h; € R” and
h; = Z’;’=1 hijej, then

FO@ ) = D@ [ Y e, Y ey
j=1

=1

a*f
= ilX:ik m(d)h”l .. 'hk,ik,

where the sum is taken over all sequences (iy, ..., i) such thati; € {1,...,n}.
An important case of the above is when k = 2. Then the result can be written in
matrix form:

S Pa)(hi, hy) = BYH f(a)h,
where )
9 f
0x;0x; (a))
i0Xj 1<i.j<n
and we have identified the vectors &; and &, with column vectors. The symmetric
matrix H f'(a) is called the Hessian matrix of f ata.

wa)z(

Example. In the example after the corollary to Schwarz’s Theorem, the second
partial derivatives ;j—s’;(0,0) and af);_a};

cannot be 2-differentiable at the origin.

(0,0) are not equal; therefore the function

Let us now consider mappings f from an open interval / C R into a normed
vector space F, i.e., curves in F. We have already seen that_a curve f is
differentiable at a point of a € [ if and only if f has a derivative f (a) at a. Also,
in this case

fl(a@)s =sf(a).

We will now show that the situation is similar for higher derivatives.
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Theorem 4.6. Let I € R be an open interval, F a normed vector space, f a
mapping from I into R and k € N*. Then f is k-differentiable at a if and only if f
has a kth derivative at a. In this case we have

dk
dik

/P @) = f(a)

Proof. Fork = 1 we have already proved the result, so let us consider higher values
of k. First suppose that f is k-differentiable at a. We have seen above that, if f is a
mapping from an open subset O of a normed vector space E into a normed vector
space F and k-differentiable at a point a, then

d d
FE@,..ow) = d_tlmd_tkf(a + 0V + e V)| 2y o

If we now take £ = R, O an open interval of R and v; = 1, then we obtain

dk
fP@,....n= 35/ @

and so the kth derivative is defined ata.
Now suppose that the derivative ;7 f(a) exists. We set

dk
glay(hy,....hx) = hk“‘hlﬁf(a)a
with A1, ..., h; € R. We claim that g(a) = f®(a). First we have
f@+hhy = f'(@hy = ha f (a + hy) — ha f (@)

d2
=hy (@f(a)hl + O(hl)) .

The mapping h, —> hyhy C‘lit—zzf(a) belongs to L(R, F). Thus the mapping /; +—

hl@‘lez2 f(a) is a mapping from R into L(R, F)). As this mapping is linear and
continuous, we have

d2
fPa)(hi. hy) = fP(@)(h)hy = h2h1@f(a)‘
Continuing in the same way we obtain

k
FO@ ) = iy S fa).
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This proves that g(a) = f®)(a), i.e., f is k-differentiable at a. Proving that

dk
1P @) = ‘ ﬁf(a)

is elementary. O

Remark. We may extend the term “k- differentiable” to a mapping defined on any
1nterval I.1f f : I — E has derivatives - T f (a) at every pointa € I fors =
., k, then we say that f is k-differentiable.

4.6 Cartesian Product Image Spaces

In Chap.2 we saw that if £ and F' are normed vector spaces, with F' a cartesian
product of p normed vector spaces, and f a mapping from an open subset of E
into F, then f is differentiable at @ € O if and only if the coordinate mappings
fi...., fp are differentiable at a. In this case we can write

fa)=(f@)..... f(a)).

We will now show that we have an analogous result for higher differentials.

Proposition 4.6. Let O be an open subset of a normed vector space E and [ a
mapping from O into a normed vector space F, which is a cartesian product of
p normed vector spaces. Then f is k-differentiable at a € O if and only if the
coordinate mappings fi, ..., fp are k-differentiable at a. In this case we have

9@ =K @)..... [Py

Proof. We have already proved the result for k = 1, so let us assume that k > 2.
Suppose that the differentials fl(k) (a),. k) (a) exist. From Proposition 4.5
f; =1y (a) exists for all i and so f*=1’ (a) exists. Using Proposition 4.5 again, we

see that %) (q) exists.
Now suppose that the differential f®)(a) exists. This implies that f*~D"(a)

exists and it follows that fi(k_l) /(a) exists for all ;. From this we deduce that fi(k) (a)
exists for all 7.
As

f(k—l)/(a) — (fl(k_l)/(a)’ ey fp(k_l)/(a))s

from Proposition 4.5 we obtain

9@ = (K @)..... fP(@).

This ends the proof. O
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Remark. The differential f*)(a) is a mapping from EX into F. We have shown that
the coordinate mappings of f*)(a) are fl(k)(a), e, p(k) (a), i.e., the coordinate
mappings of the kth differential at a are the kth differentials at a of the coordinate
mappings of f. Thus f is k-differentiable on an open subset U of E if and only if

its coordinate mappings are k-differentiable on U, and in this case we have

FO@) = ([ @), .. f00)

for all x € U. This implies that f*) is continuous on U if and only if the mappings
fl(k) e p(k) are continuous on U.

4.7 Higher Partial Differentials

We have seen that a C'-mapping defined on a cartesian product space has
continuous partial differentials (Proposition 3.2). It is natural to ask what can be
said in the case where the mapping has a higher class of differentiability. In this
section we will study this question.

Let Ey, ..., E, and F be normed vector spaces and letus set £ = E; X---x E .
For f € L(E,F)andi =1,..., p, wedefine f; : E; — F by

£i(x) = £(0,...,0,x,0...,0),

where the x is in the ith position. For each i, f; € L(E;, F) and the mapping
G: f v+ (fi,.... fp) is alinear mapping from L(E, F) into L = L(E;, F) x
~X L(E,, F).Infact, G is a linear isomorphism with G~ ! defined by

G_l(ﬁ,...,f,,)(xl,...,x,,) = filx)) + -+ fr(xp).

We can say a little more.

Proposition 4.7. G is a normed vector space isomorphism.

Proof. We have

Ifl="sup [[f G- xp)l

Gernexp) 11

sup || f(x1,.. ., xp)l

max [|.x; | <1

sup [l fiCx))[ +--- 4+ sup [ fp(xp)]-

lxili=<t lxpli<t

IA
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However,

1G-Sl = max (LAl ... [fp])
=max ( sup [|i(x)l..... sup [[f(xp)]D-

i<t lxpli<t

Therefore

A= pICA - Fp)lle

and so G~! is continuous. In addition,

IAGOIN = 1/, 0,. O = [F G, 0, O) = [ f 1l

hence | fi| < | f|. In the same way, for any other i, | f;| < | f| and so

G flle = 1 £

Thus G is continuous. We have shown that G is a normed vector space
isomorphism. |

We now consider partial differentials.

Theorem 4.7. If E1, ..., E, and F are normed vector spaces, O an open subset
of E=E\x---x E, and f a mapping of class C*, with k > 1, from O into F,
then the partial differentials 3, f, ..., d, f are of class C*~1.

Proof. For k = 1 we have already proved the result (Proposition 3.2), so suppose
thatk > 2.Ifa € O, then f'(a) € L(E, F) and

fl@(x1,...,x,) =01 f@)x1 + -+ 3, fla)x,.

As
f(),...,0,x;,0,...,0) = 0; f(a)x;,

we have, in the notation of the previous proposition,
G(f'(@) = (01 f(@)..... 0, f(a)).

The mapping a — f'(a) is of class C*~! and G continuous (and hence smooth),
therefore the mapping a > G(f’(a)) is of class C¥~! and it follows from
Proposition 4.6 that the partial differentials d; f are of class C*~!. |

4.8 Generalizing C* to Normed Vector Spaces

We have seen that a mapping f defined on open subset of R” with image in R”
is of class C! if and only if it is differentiable on O and the differential /' is a
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continuous mapping from O into L(R", R™). Our aim in this section is to show that
this result may be extended to mappings of class C¥ for any k. In the following we
will suppose that R” is endowed with the norm || - |0, which we will write | - ||. We
will first consider the case of real-valued functions, i.e., where m = 1.

Proposition 4.8. Let O be an open subset of R" and f : O —> R k-differentiable.
If £%) is continuous, then f is of class C*.

Proof. As f is k-differentiable, f has all partial derivatives of order k at any point
a € 0. Given that £®) is continuous at a, for x sufficiently small and &, ...,k €
R" we can write

1f O @+ x) (1, ) — f @0, )]
< 1f®P@+x) = fO@D] gy Il - I

If we take iy = ¢;,,..., hy = e;,, where the e;, are members of the standard basis
of R”, then we obtain
ok f ok f
(a+x) @|=<1f®@+x)- f(k)(a)|c((Rn)k;R)

axil s 3x,~k axil s axik

and so the partial derivatives are continuous at a. We have proved that f is of
class C*. a

We now turn to the converse of this result. Let f* be a real-valued function of
class C* defined on an open subset O of R". For x € O we set

o £
S )(hy, ..o hy) = Z a—(x)hl,il ool

Xip * e 3x,~k

where the sum is taken over all distinct sequences (i1,...,i) such that i; €
{1,....k}. fu is clearly a k-linear form. We have already seen that f*)(a) =
Jw(a) if f is k-difterentiable at a.

Proposition 4.9. Let f be a real-valued function defined on an open subset O of
R". If f is of class C*, then f is k-differentiable on O, f*® (x) = fu(x) for all
x € 0, and f(k) is continuous.

Proof. We will establish this result by induction on k. We have already proved the
statement for k = 1. Suppose now that it is true for k and consider the case k + 1.
f® is a mapping from O into £((R")*;R), which has partial derivatives at all
points x € O:

2O ) = X S S
aXi Iy k aXI ax” . ax1k Lij ki -
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As f is of class CK*! the partial derivatives of f*) are continuous on O. It follows
that £ ®) has continuous partial differentials on O:

. ak+1f
i fO)si(h, ... hy) = s E FTrT—— (i =Dy, -
i

Hence f® is differentiable on O. However, from Proposition 4.5, f is (k + 1)-
differentiable on O and

FO )shy, .. he) = FEYQ) (s, b k).

Thus f**D has the required form and the differential f**1 is continuous
on O. a

Example. Multivariate polynomials are of class C* for every k > 1 and so are
k-differentiable for every k > 1.

We have shown that, if f is a real-valued function defined on an open subset
of R”, then f is of class C¥ if and only if f is k-differentiable and the kth
differential is continuous. We now suppose that the image of f lies in R", with
m not necessarily restricted to the value 1. However, f is k-differentiable at a point
x and the kth differential is continuous at x if and only if this is the case for the
coordinate mappings. We thus obtain the following more general result:

Theorem 4.8. If O is an open subset of R" and f is a mapping from O into R™,
then f is of class C* if and only if f is k-differentiable and the mapping f® is
continuous.

This theorem suggests the following generalization of the notion of class C*. If E
and F are normed vector spaces, O an open subset of £ and f a mapping from O
into F, then we say that f is of class C¥ if f is k-differentiable and the mapping
f® is continuous. If f is of class C¥ for all k > 1, then we say that f is of class
C or smooth. The mappings of class C* from O into F form a subspace of the
vector space of mappings from O into F.

Examples. 1. Let E and F be normed vector spaces and f : E — F a
continuous linear mapping. Then f'(x) = f for all x € E. As the mapping
x +— f/(x) € L(E, F) is constant, f is of class C*® and f*) = 0, for k > 2.

2. Suppose now that £, E, and F are normed vector spaces and that f : E; x

E, — F is a continuous bilinear mapping. f is differentiable and at any point
(x,y) € E| x E; and we have

Sy hk) = fx. k) + f(h.y)
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for (h,k) € E| x E,. The mapping [’ : E; X E; —> L(E| X E,, F) is clearly
linear and continuous and so f® exists and is constant. It follows that f is of
class C* and f ® = 0 for k > 3.1If E is a normed vector space, then the
addition and scalar multiplication are both bilinear and continuous, therefore of
class C°.

Exercise 4.8. Let Ey,..., E, and F be normed vector spaces and [ : £ x --- X
E, — F a continuous p-linear mapping. Show that f is of class C* and that
f® =0fork > p+ 1.

We now state a result which follows directly from our previous work and the
definition of a mapping of class C* which we have just given.

Proposition 4.10. Let E and F be normed vector spaces, where F is the Cartesian
product of the normed vector spaces Fy, ..., F,. If O is an open subset of E and
f is a mapping from O into F, then f is of class C* if and only if the coordinate
mappings fi,..., f, are all of class C*.

Remark. We have seen that we may extend the term “k -differentiable” to a mapping
defined on any interval /. We may also extend the term class “C > 1 f:1 — E
is k-differentiable and the mapping % f is continuous, then we say that f is of
class C¥.

4.9 Leibniz’s Rule

If f and g are real-valued functions defined and differentiable on an open interval
I of R, then the product fg is differentiable and

d d d
Lo = Lmee + foE

for x € I. This is known as Leibniz’s rule. Clearly, if f and g are of class C', then
so is fg. In Proposition 4.1 we generalized this: if f and g are of class C* then
so is fg. The function (1, v) —> uv from R? into R is a continuous and bilinear
and so we are naturally led to consider mappings of the form x —> b( f(x), g(x)),
where b is a continuous bilinear mapping and f and g mappings of class C*. The
following generalization of Leibniz’s rule proves to be particularly useful.

Theorem 4.9. Let E, F\, F, and G be normed vector spaces, O an open subset of
Eand f : O — Fy, g : O —> F, mappings of class C*. Suppose also that the
mapping b . Fy x F, —> G is a continuous bilinear mapping. Then the mapping
¢ : O —> G defined by

P (x) = b(f(x).g(x))

is of class C*.
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Proof. We will prove this result by induction on k. Let us first consider the case
k = 1. ¢ is a composition of the differentiable mappings x — (f(x), g(x)) and
b, hence ¢ is differentiable and

@' (0)h = b(f(x). g (x)h) + b(f"(X)h. g(x)).

If we set

Li(x)h = b(f(x).g'(x)h) and L(x)h =b(f'(x)h. g(x)).

then [ (x), l(x) € L(E,G) and ¢'(x) = [1(x) + L>(x). For u sufficiently small we
have
Lix +wh—1L(x)h =b(f(x +u), g (x +uwh) —b(f(x), & (x)h)
=b(f(x) + f'()u+ o), g (x +uh) —b(f(x),g'(x)h)
= b(f(x), (g'(x +u) = &' (xDh) +b(f'(x)u, &' (x + u)h)
+b(o(u), g'(x + u)h).

If ||| < 1, then

I171Cx +wh — Lio)R] < [bIILF (Mg (x + u) — &' (w)]
+IIL Olllulllg’ (x +w) + [blllo@ g’ (x + w)].

As the right-hand side of this expression converges to 0 when u converges to 0, [ is
continuous at x. In the same way [, is continuous at x and so ¢’ is continuous at x.
It follows that ¢ is of class C.

Suppose now that the result is true up to order k and that f and g are of class
C*t1.For A € L(E,Fi)and y € F5,letly, : E —> G be defined by

Lay(h) = b(A(R), y).

Clearly I4, € L(E,G).If we set «(A, y) = l4,, then « is a continuous bilinear
mapping from L(E, Fy) x F, into £(E, G). However, f’ and g are of class C*,
therefore by hypothesis the mapping x — a(f’(x), g(x)) is of class C¥. If we
now set, for y € Fy and B € L(E, F>),

lyg(h) = b(y. B(h)).
then [, p € L(E,G). The mapping B defined by B(y, B) = [, p is a continuous

bilinear mapping from F; x L(E, F,) into L(E, G). Using the induction hypothesis
again, we see that the mapping x — B(f(x), g’(x)) is of class C¥. However,

¢'(x) = a(f'(x),g(x)) + B(f(x).&'(x))
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and so ¢’ is of class C¥. It follows that ¢ is of class C**!. This finishes the induction
step and so the proof. |

As a first application of this result we will prove that a composition of class
C*-mappings is of class C*.
Theorem 4.10. Let E, F and G be normed vector spaces, O an open subset of E,

U an open subset of F and f : O — F, g : U —> G mappings of class C* with
f(0) C U. Then the mapping g o f : O —> G is of class C¥.

Proof. For A € L(E,F)and B € L(F,G),leta(A,B) = BoA € L(E,G). Then
« is bilinear and continuous. As f and g are differentiable, go f is differentiable and

(g0 /) (x) =g'(f(x) o f'(x) = alf'(x).8" o f(x)).

If k = 1, then we see immediately that (g o f)’ is continuous and hence that g o f
is of class C!. If k > 2, then from the previous theorem (g o f)’ is of class C*~!
and it follows that g o f is of class C¥. O

As a second application of Theorem 4.9, let us return to the inversion mapping
¢ : x —> x~! defined on the open group E* of invertible elements of a Banach
algebra E. We have already seen that this mapping is a homeomorphism from E*
onto itself (Theorem 1.10). We now consider the differentiability of ¢.

Theorem 4.11. Let E be a Banach algebra and ¢ : E* —> E the inversion
mapping, i.e., $(x) = x~L. Then ¢ is of class C*®.

Proof. First let us show that ¢ is differentiable. For x € E* we define the

mapping [, from E into itself by [,(h) = —x"'hx~!. [, is clearly linear. Also,
| —x"'hx™! < || — x~")|?||A|, and so I, is continuous. In addition, for 4 small
we have

lpGx +h) —p(x) =L = [[(x + )™ —x7" +x7"hx™!|
= |(x + )" (x — (x + h) + (x + h)x""h)x7!|
=[x +m)7 x|
< lc + )7 I PR

This shows that ¢ is differentiable, with ¢'(x) = [,.

We will now show that ¢ is of class C'. For a,b € E we define an element
a(a,b) of L(E) by setting a(a,b)(h) = —ahb for h € E. «a is clearly a
bilinear mapping from E? into L(E). As |la(a,b)(h)|| < |alllb|l||%], we have
le(a,b)|zey < llallllb]l, which implies that « is a continuous bilinear mapping.
However, ¢'(x) = a(x~",x7!). As ¢’ is a composition of continuous mappings, it
is continuous. It follows that ¢ is of class C.
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Suppose now that ¢ is of class C*. As the bilinear mapping « is of class C*, the
mapping x — a(x~', x7!) is of class C*, i.e., ¢’ is of class C¥. It follows that ¢
is of class C**!. By induction, ¢ is of class C*°. O

Now suppose that £ and F' are Banach spaces and let us consider again the
subset G(E, F) of L(E, F) composed of invertible mappings. We have already
seen that this subset is open and that the mapping ¥ : u — u~' is continuous
(Theorem 1.11). We can say more about this mapping.

Corollary 4.4. [fZ(E, F) is not empty, then the mapping
V:I(E,F) — I(F.E),u+— u""

is of class C*°.

Proof. As in the proof of Theorem 1.11, we fix w € Z(E, F). We have already
seen that the mapping ¢ may be written ¥ = f o ¢ o «, where « is the normed
vector space isomorphism from L£(E, F) onto L£(E) defined by a(u) = w™! o u,
¢ is the inversion mapping on £L(E)> and § the normed vector space isomorphism
from L(E) onto L(F, E) defined by B(v) = v o w™!. From the theorem, ¢ is of
class C*°. Also B and « are continuous linear mappings and so are of class C*°. It
follows that v is of class C*°. |

Suppose now that £ and F are normed vector spaces, O C E and U C F
open sets and f : O —> U a diffeomorphism, i.e., f is bijective and f and f~!
are both differentiable. If f and f~' are of class C, then we say that f is a C*-
diffeomorphism . If f : O — U is a diffeomorphism, then

flof=idp and fof'=idy,
therefore, for x € O and y € U, we have
ST o f'(x) =idg  and £/ (fT ) o (ST (y) = idp,
With y = f(x), we obtain
F'x) e (f7N (f(x) =idr.
It follows that f”/(x) is invertible and that
') =TS ).

Now let us suppose that E and F are Banach spaces. If y € U, then

Y0 = (6 on)
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Therefore we have the composition (f~!) = o f'o f~1.If f is of class C', then
all three mappings are continuous and it follows that f is a C !-diffeomorphism. We
can generalize this result.

Theorem 4.12. Let O (resp. U) be an open subset of a Banach spaces E (resp. F)
and f : O —> U a diffeomorphism. If f is of class C*, then f~" is also of class
Ck ie., f isa C*-diffeomorphism.

Proof. We will prove the result by induction on k. For k& = 1 we have already
established the result. Now suppose that the theorem is true for k and consider the
case k + 1. As f isclass CK*t!, f is also of class C¥, so by the induction hypothesis
fVis of class C¥. Also, f” is of class C¥, because f is of class C¥*!. As ¥ is
smooth, the composition (') = ¥ o f’ o f~!is of class C*. This proves that
f1is of class C**1, O

Remark. Suppose that f is a differentiable mapping from an open subset O of a
normed vector space £ with image in a normed vector space F.If dim £ = n < 0o
and dim F = m < oo and n # m, then f cannot be a diffeomorphism onto its
image, because f’(x) is a linear isomorphism for any point x € O. This is also the
case if one of the normed vector spaces is finite-dimensional and the other not.



Chapter 5
Taylor Theorems and Applications

In elementary calculus we learn certain polynomial approximations of a real-valued
function in the neighbourhood of a point. These depend on the degree of differ-
entiability of the function and, given certain conditions, it is possible to bound or
estimate the error. The aim of this chapter is to generalize these approximations to
mappings between normed vector spaces. In the case where the function concerned
is a real-valued function defined on an open subset of R”, we obtain a polynomial
approximation, with the polynomial being in several variables.

5.1 Taylor Formulas

We will begin with some notation.

e Let E and F be normed vector spaces, O an open subset of E containing 0 and g
a mapping from O into F such that g(0) = 0. If there exists a mapping ¢, defined
on a neighbourhood of 0 € E and with image in F, such that lim,_.¢e(h) = 0
and

g(h) = [|hllze(h),

then we will write g(h) = o(||h ||]j5), or o(]|1]|¥) when the norm is understood. If
k = 1,theno(||h]]) = o(h).

e If E is a normed vector space and / is a vector in E, then we will write h* for
the vector (h,...,h) € E*X.

Lemma 5.1. Let E and F be normed vector spaces, ¢ : EX —> F continuous
k-linear and symmetric and ® : E —> F defined by ®(x) = ¢(x¥). Then ® is
differentiable and

O (x)h = k¢ (x*=", h)

forx,h € E.

R. Coleman, Calculus on Normed Vector Spaces, Universitext, 107
DOI 10.1007/978-1-4614-3894-6_5, © Springer Science+Business Media New York 2012
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Proof. We have

Sdx+h)=¢(x+h,....,x+h)
= ¢(x*) + k¢p(x*~', h) + terms of the form ¢ (x?, h?),
with p + ¢ = k and ¢ > 2. The mapping h —> k¢ (x*~' h) is linear and
continuous; also,
lpCP D) F < 1l peersr) x5 111 %
The result now follows. O

Theorem 5.1 (Taylor’s formula, asymptotic form). Let E and F be normed
vector spaces, O an open subset of E anda € O.If f : O — F is (k — 1)-
differentiable and f®(a) exists, then for x sufficiently small

flat0 = f@ + fO@x+ 3 @) + o+ 2 fP@ ) + o),

Proof. We will prove this result by induction on k. First, by the definition of the
differential, it is true for k = 1. We now suppose that it is true up to order k — 1 and
consider the case k. We set

B = f(@+x) ~ f@~ f@x =3 fO@E) ~ = 2 [P

Using Lemma 5.1 we obtain

1
k —1)!

' h = f'a+x)h— f(@h— fP@)(xh) -~ FO@ " h).

By hypothesis, for the mapping f’ : O —> L(E, F) we can write

a0 = @+ @x + 5@ + -

1 N B B
@G ol .

therefore

flat o = f'@h+ fO@00h + 5 fO@ )+

1

- 1)!f(k)(CI)(xk_lJl) +o([x[<"h.

+

Hence ¢/(x)h = o(||x||*~")h and so ¢’(x) = o(]|x|*"). Let us fix € > 0. From
what we have just seen, there exists § > 0 such that |¢'(x)|ze.r) < €]x|571if
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|lx]|g < 8. From Corollary 3.2 we have

lp () = llp(x) —pO) | F < €llx||%,

or

k
< ellx]%-
F

1 1
a0 - 1@ = f@x = 3 rP@0) = P @6

It follows that
flat0 = f@ + fO@x+ 3 @) + o+ 2 fO@E) + o),

Hence the result is true for k. This ends the proof. |

Remark. If E = R" and F = R, then a consideration of the expression for ) (a)
shows that f*)(a)(x*) is a homogeneous polynomial in the variables xi, ..., xi.
Hence f can be approximated in a neighbourhood of a by a polynomial P, x
defined on R”. However, with the above result we have no way of estimating the
error committed in taking Py, x (x) for f(a + x).

Let E and F be normed vector spaces, O an open subsetof £ and f : O — F
k-differentiable. If we fix &, ..., h; € E, then we may define a mapping ¢ from O
into F by

p(x) = fO) (... k).

Proposition 5.1. If f %+ (a) exists, then ¢'(a) exists and

¢'@h = " @0 h. ... k).
Proof. Let a be the mapping from L(EX; F) into F defined by

a() =y (h, ... «hi).
Then « is linear and continuous; also, ¢ = « o f ). Hence
'@ =o' (fP@)o f* @) =ao ).
Therefore
¢'@h =a(f ' @h) = fO @h(h..... ) = fED @GR ).

This ends the proof. |

Lemma 5.2. Let E and F be normed vector spaces, O an open subset of E and
f : O — F a (k + 1)-differentiable mapping. Suppose thata € O and h € E are
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such that the segment [a,a + h] € O. Then the mapping
. [0, 1]—>Ft|—>f(a+th)+z( f(’)( + th)(h')
i=1

is continuous on [0, 1] and differentiable on (0, 1) with

Nk
%( ) (1 k!t) f(k+l)(a + th)(hk+l).

Proof. There is no difficulty in seeing that ¢ is continuous on [0, 1]. If, for i =
.k, we set

¢i(x) = [P0,

then from Proposition 5.1 ¢; is differentiable and
d .o i d / (i+1) i+1
Ef (a+th)yh') = aqb,-(a +th)y =¢/(a+th)h=f (a+thy(h'™).

Applying Proposition 3.5 we obtain

SO0 o g myiriy = L= 040 1y
_ £)i—1 ) )
—(l(i_—l)l)!f(’)(a + thy(h').
Hence the result. |

Theorem 5.2 (Taylor’s formula, Lagrange’s remainder). Let E and F be
normed vector spaces, O an open subset of E and f : O — F a (k + 1)-
differentiable mapping. Suppose that a € O and that x € E is such that the
segment [a,a + x| is contained in O. Then

fla+x)= fa)+ fVa)x + %f(z)(a)(xz) 4.4 %f(k)(a)(xk) + R(a, x),

where .
_ Ixlle

R(a, x)
” ” (k + 1)' 0</\<1

p | V(@ + AX) | (grt1;F)-

Proof. If

sup | f* TV (a + AX)| p(gprt1,py = 00
0<A<l
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then there is nothing to prove, so let us suppose that this is not the case. Let ¢ be
defined as in the preceding lemma. Then

. 1 —1)k 1 —1)k
TIGTIE k,” sup 115+ 20 gty el = & k,” c.
too0=<ac<l !
If we set ( )k+1
1—t¢
V() = —WC,
then .
1—
in="""c
Therefore, from Theorem 3.4,
C
[¢(1) =) < ¥ (1) —¥(0) = 7S

Observing that

k
B~ 40) = fla+ 0~ f@ - Y & /P@E),

i=1
we obtain the result. O

Remark. If we know C, then we can set a bound on the remainder R(a, x). This is
not possible with the previous Taylor formula (Theorem 5.1).

In the case where F = R we may obtain a particular expression for R(a, x)
which reminds us of the remainder in the classical Taylor formula for a real-valued
function defined on a compact interval of R.

Theorem 5.3. Let E be a normed vector space, O an open subset of E and f :
O — R a (k + 1)-differentiable function. Suppose that a € O and that x € E
is such that the segment [a,a + x] is contained in O. Then there is a real number
0 € (0, 1) such that

fla+x) = fl@) + fO@x + 3 fO@) + -

f(k)(a)(xk) 4+ f(k+1)(a + 9x)(xk+l).

k + 1)

Proof. If we set g(t) = f(a + tx), then g has continuous derivatives up to order k
on [0, 1] and a (k + 1)th derivative on (0, 1). An induction argument, with the help
of Proposition 5.1, shows that

o= r®
(0= fOa+ ().
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From Taylor’s formula for a function defined on a compact interval of R, we know
that there is a real number 6 € (0, 1), such that

1 dk+1g 0
(1)—8(0)4'; 'dt’ +mw( )
or
fla+x) = fla) +Z f"’(a)(x T 1),f‘k+”(a + 60 ().
z—l
This ends the proof. |

In Theorem 5.2 we obtain a bound on the remainder R(a, x). We do not however
determine its value. If we strengthen the hypotheses slightly, then we do obtain a
precise measure of the value of R(a, x).

Theorem 5.4 (Taylor’s formula, integral remainder). Let E and F be normed
vector spaces with F complete, O an open subset of E and f : O —> F of class
CK*' Ifa € O and x € E is such that the segment [a,a + x] is contained in O,
then

fa+x) = f@) + 0@+ 3 fO@e) + -
S O@E + / A= 6y 4wy

Proof. Let ¢ be the mapping defined in Lemma 5.2. As f is of class C¥t!, ¢ is
of class C'!' on an open interval containing [0, 1]. Using the fundamental theorem of
calculus, we have

l .
(1) = $(0) + /0 $(t)di

or
fla+x) = f@+ fO@x + lf<2>(a)(x2) b

S TP@0h + / A= et 4y,

which is the result we were looking for. O
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5.2 Asymptotic Developments

Let £ and F be normed vector spaces, O an open subset of £ and f a mapping
from O into F. We say that f has an asymptotic development of order k at a point
a € O if there are symmetric continuous i-linear mappings 4;, fori = 1,...,k,
such that for small values of x we have

Fla+x) = fl@) + A+ 3 A0 + o4 A o)

From Theorem 5.1, if f is k-differentiable at a, then f has an asymptotic
development of order k at a. By definition, if f has an asymptotic development
of order 1 at a, then f is differentiable at a; however, f may have an asymptotic
development of order k > 1 without being k-differentiable. Here is an example. Let
f : R — R be defined by

x3 sin xX#0

X

f(x)=§0 x=0

For x close to 0 we can write
2 1 2
f(x) = x| xsin— | = x“e(x),
X

where lim,_,o €(x) = 0. Therefore f has an asymptotic development of order 2
at 0. Also,

: 3x%sin L — xcos 4 x#0
ﬂm={ s
x=0
and so
fO-jO© 1
-2~ = 3xsin— — cos —,
X X X

which has no limit at 0. Therefore f (0) does not exist and it follows that f®(0)
does not exist.

In the appendix to this chapter we define and briefly study homogeneous
polynomials. We use a result from this appendix in the proof of the next theorem.

Theorem 5.5. Let E and F be normed vector spaces, O an open subset of E and
f amapping from O into F. If [ has an asymptotic development at a € E of order
k, then this development is unique.
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Proof. Suppose that

k 1 ' k 1 ‘
fla+x) - fla)=7" A + o(lxI) = 8O+ o(llx]%).

i=1 " i=1
Then
£
_ 2O (i k
0= =G +o(lx[).
i=1
where C; = A; — B;. We will prove by induction on k that if this condition applies,
then C; = O for all i. If k = 1, then the uniqueness of the differential implies that

C; = 0. Suppose now that the result is true up to order k and consider the case
k + 1. Then we have

K+ ‘ ko 4
0=2 GO +o(lxl™) =3 S G + o).

i=1 i=1

By hypothesis C; = - -+ = C; = 0, therefore
1
0= C ktly 4 k+1y
7Y k1 (7)) Fo(llx]FT)
If ||x|| = 1, then we may write
1 k1| — k+1
H mckﬂ((”x) )| =€er)r™™,
where lim,,oe(r) = 0. On dividing by r**! we obtain Cjy(x**!) = 0.
As Cpy1(x**1) = 0 for all x of norm 1, it is so for all x. If we now apply
Corollary 5.2 (see appendix), then we see that C4; = 0. By induction the result is
true for all k. O

Corollary 5.1. Let E and F be normed vector spaces, O an open subset of E and
f amapping from O into F. If f has a kth differential ata € O and

k
1 .
fla+x)=f@) + Y A& +o(lx]),
i b
then A; = f9(a) foralli.
Proof. 1t is sufficient to apply Theorem 5.1 and the theorem we have just proved.[]

Remark. This result may be useful in calculating higher differentials or derivatives.
It may well be easier to determine an asymptotic development than to calculate a
higher differential or derivative directly. This is particularly the case when handling
compositions of mappings.
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5.3 Extrema: Second-Order Conditions

We have previously seen that a local extremum of a differentiable function is always
a critical point. We now suppose that the function is 2-differentiable at the critical
point. We will concentrate on local minima; analogous results for local maxima can
be easily obtained by slightly modifying the arguments.

Proposition 5.2. Let O be an open subset of a normed vector space E, a € O and
f a real-valued function defined on O having a second differential at a. If a is a
local minimum, then for h € E

@@/, h) = 0.

Proof. If h = 0, then f®(a)(h,h) = 0.1If h # 0, then there is an € > 0 such that,
if [t| < e,then f(a+th) > f(a). Using Theorem 5.1 and the fact that a is a critical
point, we have

0= fla+th) = f(x) = fP@yih+ %f(z)(a)(lh,th) +o(?|hlE)

1‘2
= 5 /P @) + o@|h[E).
For t # 0, we obtain
2
0= f@ @ h) + S k).
As Tim, o 2D — 0 we have £ @) (a)(h, h) > 0. 0

Remark. 1t is sufficient to study the function f : R — R, x +—> x3 to see that the
converse of this proposition is false.

The above result gives a necessary condition for a point to be a minimum. We
now give two sufficient conditions, which however are not necessary.

Proposition 5.3. Let O be an open subset of a normed vector space E, [ a real-
valued 2-differentiable function defined on O and a € O a critical point of f. If
there is an open ball B centred on a such that

SO ) =0

forx € Bandh € E, then a is a local minimum.

Proof. Leta+h € B.From Theorem 5.3 and using the fact that a is a critical point,
we know that there is a @ € (0, 1) such that

fla+h) = fla) + %f(z)(a + Oh)(h, h).

Asa + 6h € B, wehave fP(a 4 6h)(h,h) > 0andso f(a + h) > f(a). O
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Exercise 5.1. By studying the function f : R> — R, (x, y) — x?y?2, show that
the converse of the above proposition is false.

Theorem 5.6. Let O be an open subset of a normed vector space E, a € O and
f a real-valued function defined on O having a second differential at a. If a is a
critical point and there is an a > 0 such that forh € E

FP@)(h, h) > a|h|?,

then a is a strict local minimum of f.

Proof. From Theorem 5.1 and taking into account that « is a critical point, for A
sufficiently small we may write

S+ 0= £@ = 5 fO@0 D) + IR = 30+ 2em)lAl

where lim;,_, €(h) = 0. Let B be an open ball in E centred on O such that |e (k)| <
7 when i € B. Then o + 2¢(h) > 5. If h # 0, then

fa+m = f@>ZhP >0,

therefore a is a strict local minimum. O

Exercise 5.2. By studying the function f : R — R,x > x*, show that the
converse of the above theorem is false.

As above suppose that a is a critical point of f and that f is 2-differentiable
at a. Let us consider f®(a) € £,(E,R) = L(E, E*), where as usual E* is the
dual £(E,R) of E. If the mapping f?/(a) is an isomorphism and has a continuous
inverse, then we say that a is non-degenerate. Notice that, if a is a non-degenerate
critical point, then the norm of f?l(a) is nonzero and hence so is that of f@(a).

Example. Let f be a real-valued function defined on an open subset O of R" and
suppose that f is 2-differentiable at a critical point a € O. If H is the Hessian
matrix of f at a, then for any x € R” f(a)x is the mapping

L, :R" —-R,h+— x"Hh.

Now [/, = 0 if and only if x' Hh = 0 for all 1 € R", which is equivalent to saying
that Hx = 0, because H is symmetric. It follows that f?/(a) is injective (and so
bijective) if and only if H is invertible. In other words, a is non-degenerate if and
only if the Hessian matrix H of f ata is invertible.

Theorem 5.7. Let f be a real-valued function defined on an open subset of
a normed vector space E. If a is a non-degenerate critical point of f and
F@@a)(h,h) = 0 for all h € E, then there exists a real number o > 0, such
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that, forh € E,
FP(a)(h, h) = al|lh| £

and therefore a is a local minimum.
Proof. To simplify the notation, let us set L = f?l(a), M the norm of L~! and
B = f@(a). First we have ||h| g < M|L(h)|g*. Also,

|IL(W)|gx = sup [L(h)k|.
ellz=1

If h # 0, then L(h) # 0 and there exists k such that ||k|g = 1 and |L(h)k| >
%|L(h)|E*. It follows that, for any i € E, there is a k € E such that ||k| g = 1 and

2[L(h)k| = |L(1)| g,
hence
Ihlle < 2M|L(h)k|.

We also have
0 < B(h + tk,h + tk) = t*B(k. k) + 2tB(h, k) + B(h, h)

fort € R. The right-hand side of this expression is a second degree polynomial in 7.
As it is positive for all 7, its discriminant is negative, hence

B(h,k)* < B(k,k)B(h,h) < |B|c2p B(h,h).

Therefore
2]l < 4M2|B|L(E2;R)B(hvh)-

As |B|z(g2r) # 0, we can write
fP(a)(h,h) = B(h,h) = a|h|%,

where o = (4M2|B|L(E2;R))_l' -

Let us return to the case where £ = R”". However, first we will recall some
elementary algebra. Let M € M, (R) be symmetric and Q the quadratic form
defined by M, ie., Q(x) = x’Mx for x € R". We say that Q is definite if
detM # 0. As M is symmetric, all its eigenvalues are real and so Q is definite
if and only if the eigenvalues of M are either positive or negative real numbers. If
all the eigenvalues are positive (resp. negative), then we say that Q is positive (resp.
negative) definite. A basis (e;) of R” is said to be orthonormal if the dot product
e; - e; has the value 1 if i = j and 0 otherwise. For any symmetric matrix M there
is an orthonormal basis (e;) of R” composed of eigenvectors of M .
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Lemma 5.3. Let M € M, (R) be symmetric and Q the quadratic form defined by
M. Suppose that Q is definite and let S be the unit sphere in R" for the norm || - ||.
If Q is positive (resp. negative) definite, then there is an m > 0 (resp. m < 0) such
that Q(x) > m (resp. Q(x) < m)forall x € S.If Q is neither positive nor negative
definite, then there exist x, y € R" \ {0} such that Q(x) = 1 and Q(y) = —1.

Proof. Let (e;) be an orthonormal basis of R” composed of eigenvectors of M and
(A;) the corresponding eigenvalues. If x = >"7_ | x;e;, then Q(x) = Y7 A;x2. If
all the eigenvalues are positive (resp. negative) and x € S, then Q(x) > minA; > 0
(resp. Q(x) < maxA; < 0). Suppose now that there are eigenvalues A; > 0 and
) = ¢ = Y = =—
Aj <0.If wesetx = v and y = \/__Aj,then QO(x)=1and Q(y) = —1. a
Theorem 5.8. Let O be an open subset of R", f a real-valued 2-differentiable
Sunction defined on O, with a non-degenerate critical point a, and Q the quadratic
form defined by the Hessian matrix H = H r(a). We have:

e if Q is positive definite, then f has a strict local minimum at a;

e if Q is negative definite, then f has a strict local maximum at a;

e if Q is neither positive nor negative definite, then [ does not have a local
extremum at a.

Proof. As a is non-degenerate, Q is definite. Also, Q(x) = f@(a)(x, x). Suppose
first that Q is positive definite. From the above lemma, there is an m > 0 such that
Q(x) > mforall x € S, where S is the unit sphere for the norm || - ||,. This implies
that Q(x) > m||x|3 for all x € R". From Theorem 5.6 a is a strict local minimum.

If Q is negative definite, then there is an m < 0 such that Q(x) < m for all
x € S, which implies that —Q(x) > —m for all x € §. However, —Q is the
quadratic form defined by the Hessian matrix of — f* at a. Therefore — f has a strict
local minimum at ¢ and so f has a strict local maximum.

Suppose now that Q is neither positive nor negative definite. From the
lemma there exist x,y € R” \ {0} such that Q(x)=1 and Q(y)= — 1. From
Proposition 5.2, because Q(y)= — 1, a cannot be a local minimum. Because
—Q(x)= — 1, — f does not have a local minimum at a, hence f does not have a
local maximum at a. O

Remark. A non-degenerate critical point which is neither a local minimum nor a
local maximum is called a saddle point.

Example. Let f be the real-valued function defined on R3 by f(x,y.z) = z2(1 +
xy) + xy. Then

a i) i)
—f =y +y, —f =x2+x and —f = 2z(1 + xy).
0x dy 0z

The only solution of the system % =0, % =0, % = 0 is the pointa = (0,0, 0),

so this is the unique critical point of f. The function f is 2-differentiable and
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0 Z+1 2yz
Hix,y.20)=|22+1 0 2xz
2yz 2xz  2(1 + xy)

If H = Hy(a), then a simple calculation shows that det H(a) = —2 # 0 and so
the associated quadratic form Q is definite. The matrix H has the eigenvalues 1, 2
and —1 and so a is a saddle point.

Exercise 5.3. Find the critical points of the real-valued function f defined by
f(x,y.2) = x* = 2x7y + 2y = 2yz + 227 — 4z + 5.

Show that they are non-degenerate and determine the nature of each such point
(local minimum, local maximum, saddle point).

Exercise 5.4. Let
O={(x,....x,) €eR":x; >0,...,x, >0}

and f : O — R be defined by

1 1 1
Sxr, oo X)) = X1X20 - Xy +a"+1(—+—+---+—),
X1 X2 Xn

where @ € R . Show that f has a unique critical point, which is non-degenerate,
and determine its nature.

If (a,b) is a non-degenerate critical point of a 2-differentiable real-valued
function f defined on an open subset of R?, then it is very simple to determine
the nature of (a, b). Let us write

5 f 2f RS )
= —— = = an = —.
x2’ s dxdy  dyox 9y2
Then
rs
i =(17).

The number r¢ — s2 is the determinant of this matrix, which is the product of the
eigenvalues, and r + ¢ is the trace, which is the sum of the eigenvalues. With r, s,
and ¢ evaluated at (a, b) we obtain the following conditions:

o ifrt —s?>>0andr > 0, then (a, b) is a local minimum;
o ifrt —s?>>0andr <0, then (a, b) is a local maximum;
+ if rt —s? < 0, then (a, b) is a saddle point.

As rt —s? > 0 and r = 0 is impossible, this exhausts all the possibilities.
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Example. Let f be the real-valued function defined on R? by f(x,y) = x* +
3xy? — 15x — 12y. Then

3 9
o _ 3x24+3y> =15  and of = 6xy — 12.
ax dy

The solutions of the system % =0, % = (0 are
A=(2,1), B =(1,2), C =(-2,-1) and D = (-1,-2).
We now calculate r, s and :
r = 6x, s =6y and t = 6x.
At B and D, rt — s> = —108, so these points are saddle points; at A, rt —s> = 108

and r = 12, so A is a local minimum; at C, rt — s> = 108 andr = —12,s0 C isa
local maximum.

Exercise 5.5. Find the critical points of the functions f and g defined on R? by
f(x,y) =x+y3+3xy and g(x,y) = =2x3+y*42x2y—xy?4+3x—3y
and determine the nature of each critical point.

Remark. 1If a critical point is degenerate, then the second differential does not help
us to determine its nature. Consider the following real-valued functions defined on
R: f:x+> x3 g:x+> x*and h : x —> —x*. All three functions have
a degenerate critical point at O and the same second differential. However, 0 is a
local minimum of g, a local maximum of /, but neither a local minimum nor a local
maximum of f.
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Appendix: Homogeneous Polynomials

Suppose that £ and F are vector spaces (not necessarily normed). If ¢ is a mapping
from E into F and there is a k-linear mapping ¢ from E into F such that

P(x) = p(x,....x) = p(x*)

for x € E, then ¢ is said to be a k-homogeneous polynomial. The zero mapping
is k-homogeneous for any k. However, for any other homogeneous polynomial, the
number k is unique, because

P(Ax) = 25 (x)

for A € R. We call this k the degree of ¢. By convention we say that the zero
mapping is of degree —oo and that a nonzero constant mapping from E into F is a
homogeneous polynomial of degree 0.

Remark. If F = R and k = 2, then we call ¢ a quadratic form.

Let us write Hy (£, F) for the space of k-homogeneous polynomials from E into
F.Hi(E, F) is a linear subspace of F(E, F), the vector space of mappings from
E into F.

Proposition5.4. If ¢ : E —> F is a k-homogeneous polynomial, then there is a
symmetric k-linear mapping ¢s from E into F such that ¢(x) = ¢pg(x¥).

Proof. By definition, there is k-linear mapping ¢ from E into F such that

$(x) = p(x,....x) = p(x*)

for x € E. It is sufficient to set

_ 1 _
ds(x1, ..., xk) = i Z D (Xo(1)s - - s Xo(k))s

T oES)

where Sj denotes the group of permutations of the set {1,...,k}. |

Thus we may consider homogeneous polynomials as deriving from symmetric
multilinear forms.

Suppose that £ = R”, F = R and (e;) is the standard basis of R”. Let ¢ be a
homogeneous polynomial and ¢ a k-linear form such that ¢ (x) = $(x*). Then we
have

gb(xl,...,xn) = (l; (ZX,‘E,‘,...,Z)C,‘E,‘)

i=1 i=1

Z Xi, "'xikd)(eil’""eik)’
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where N,, = {1, ...,n}. Thus ¢ is a homogeneous polynomial in the classical sense.
On the other hand, if

O(x1,....x,) = Z Ciyoip Xiy - - - Xiy

then, by extending ¢ to (R")¥ in the natural way, we obtain a k-linear form such that
#(x) = ¢(x¥). It follows that the definition of a homogeneous polynomial which
we have given above generalizes the classical definition.

As previously, let us write Lg(EX; F) for the vector space of symmetric k-linear
mappings from EX into F. The mapping

A:Ls(EX;F) — Hy(E,F). ¢ —> ¢

is linear and surjective (from Proposition 5.4). Our aim is to show that this mapping
is also injective. If k = 2, then this is easy to see: if ¢ is symmetric and ¢ =
A(¢), then

Px + . x4+ ) =¢(x.x) + (. y) + d(x.y) + d(y.x),

which implies that

g 1
d(x,y) = §(¢(x + ) —¢(x) — o).

For k > 2 the problem is more difficult.
Let E and F be vector spaces (not necessarily normed), 7 an element of £ and
¢ a function from E into F. We define the mapping A,¢ : E — F by

App(x) = d(x + 1) — p(x).

Ay, is called a difference operator and clearly defines a linear mapping on F(E, F).
Notice that, if ¢ is constant, then A,¢ = 0.

If we take two elements h,h; € E, then we may define a second difference
operator Ay, 4, by setting

Apn® = Ap (Ap,@).
We have

Apy iy (x) = Ap (P (x+h2)—p(x)) = ¢ (x+hath)—@ (x+hr)—¢(x+h1)+d(x).
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This operator is also linear and Ay, ,, = Ay, n,. We define higher order difference
operators in an analogous way. It is not difficult to see that

Ahyohydigyedic® = Dy ooy (B P)-

Theorem 5.9. If ¢ is a k-homogeneous polynomial, with k > 1, hy,... . hx € E
and ¢ is a symmetric k-linear mapping such that ¢ (x) = ¢(x*), then for any x € E

Ahl,...,hk¢(x) = k!(];(hl, ey hk).

Proof. We will prove this result by induction on k. If k = 1, then ¢ = ¢ and the
result follows. Suppose now that the result is true up to k —1 and consider the case k.
We have

k-
An(x) = P + i) = p(x) = ) (i)¢(xk—',hz).

i=1
Using the linearity of the operator Ay, . j,_,, we obtain
£ (k
Ahl ..... hj—1 (Ahkd)(x)) = Z (l.)Ahl ..... hk71¢(xk_l s h;{)

i=1

The mapping x +— cﬁ(xk_i,h};) is a (k — i)-homogeneous polynomial. By
hypothesis

Ay @ ) = (k= D)1@(hi, . byt ).
Also, fori > 2 we have
Aoy ) = (k= DI iy ).

which implies that _ o
Ahl,...,hk—l ¢(~xk—l s h;{) =0.

Therefore

Ahyooey (B (X)) = k(k — D@(h1, ... b1, hi).

and so the result is true for k. This ends the proof. |

Corollary 5.2. The mapping
A Ls(EY F) — Hi(E, F), ¢ — ¢

is injective.
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Proof. Letus fix x € E.If A(¢1) = A(¢2) = ¢ and hy,... h; € E, then

~ 1 ~
¢1(h17"' 7hk) = FAhl ..... hk¢('x) = ¢2(hls e ,hk),

therefore ¢; = ¢ and the injectivity follows. |

Here we have considered the generalization of homogeneous polynomials in
several variables to mappings between vector spaces. It is also possible to generalize
other polynomials in several variables. This more general theory is covered in Henri
Cartan’s book on differential calculus [6].



Chapter 6
Hilbert Spaces

In this chapter we study Hilbert spaces, which can be considered as a certain
subclass of the class of normed vector spaces. We will define some particular
mappings and study their differentiability.

6.1 Basic Notions

Let E be a vector space. A symmetric bilinear form (-, -) defined on F is said to be
positive definite if forall x € E

(x,x)>0 and (x,x) =0 <= x =0.

In this case we say that (-, -} is an inner product. The pair (E, (-, -)) is called an inner
product space. The dot product on R” is clearly an inner product and so R” with the
dot product is an inner product space.

Exercise 6.1. For M, N € M,, ,(R), let us set
(M,N) =t (N'M).

Show that (-, -) defines an inner product on M,, , (R).
Proposition 6.1. Writing ||x|| for \/(x, x), we have:

@ |G ) = lxlllyl;
®) x4yl < llxlF + 1yl
© x4+ yIIP +llx = yI? = 21 + 1y [1?).

Proof. (a) If we define ¢ : R — R by ¢(¢) = ||x + ty||%, then

0= ¢() = [Ix|* + 2t {x, y) + 2y

R. Coleman, Calculus on Normed Vector Spaces, Universitext, 125
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As ¢ is always nonnegative, the discriminant of ¢ must be nonpositive, i.e.,
2 2 2
4(x,y)" —4|x|"llyl* =0.
Hence the result.

(b) We have

Ix+y17 = IxlP+20c, y) + 1P < IxP+20x My 1+ 112 = dxlil+ 1y D3,

therefore
x4+ yI < lxll + ¥

(c) We have

Ix + yIP+lx = 17 = AxIP+2¢x, y) + 117 + (x? = 2¢x, ) + 11y 17)
=2(x I + Iy I

This ends the proof. O

Remarks. 1. From (b) above we see that || - || defines a norm on E (hence the
notation is justifiable).

2. The inequality (a) is called Schwarz’s inequality . It shows that an inner product
is always continuous. Thus an inner product is smooth (Exercise 4.8).

3. The equality (c) is called the parallelogram equality by analogy with the
relationship between the lengths of the sides and diagonals of a parallelogram
in the plane. If a normed vector space satisfies this equality, then it can be
considered an inner product space, as we will soon see.

Exercise 6.2. Prove that |(x, y)| = |x|||ly]l if and only if x and y are linearly
dependent. What can we say for | x + y|| = ||x|| + [|¥]|?

Exercise 6.3. If E is an inner product space, show that the norm derived from the

inner product is smooth on E \ {0} and that for points x € E \ {O}and h € E

{x.h)

lxl'h = :
[l

Theorem 6.1. If (E.| - ||) is a normed vector space and the norm satisfies the
parallelogram equality, then there is a unique inner product (-, -) defined on E such

that ||x|| = /(x,x) forall x € E.

Proof. If the norm || - || is derived from an inner product (-, -), then

1
Ix + yI1? = [1x]17 +2(x. p) + Iy > = (x.3) = 7 Ul + YIP =Xl = 11
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This proves the uniqueness and also suggests a way of defining a possible inner
product. If we set

1
a(x,y) =5 (lx + I =1x0? =1y 1),

then a(x, y) = a(y, x) and a(x, x) = ||x||>. To prove the theorem it is sufficient to
show that
a(x +x',y) = a(x,y) + o, y),
a(Ax,y) = Aa(x,y)

forall x,x” € E and A € R. We will do this in steps.

Step 1. Two preliminary results: forall x,y € E

@ alx.y) =222 = 152 1%
(b) a(x,2y) = 2a(x,y).

Using the parallelogram equality we have
1 1
a(x,y) +aly,—y) = ~fx + 1P+ Sl = VIR = lxl? =Ny lI? = o,

which implies that @ (x, y) = —a(x, —y). From this equality we obtain

2 2

X+y
2

X—y
2

)

1
ax.y) = 3 (@(x.y) —a(x.~y) =
the preliminary result (a). We now turn to (b). Using the parallelogram equality
again, we obtain the two equalities

2 2

2 2
X X xX+y y
— - =2 e :
2 2 2 2
X X xX—y y
Z — =2 = .
And using (a) we have
2 2 2 2
X X xX+y xX—y
52 == - A T :2 - :2 ) )
a(x,2y) HZH HZ y ( 7 2 ) a(x,y)

the preliminary result (b) Notice also that, from the symmetry of o, we have

a(x,y) = —a(—x,y) and a(2x,y) = 2a(x, y).
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Step 2. Forall x,x',y € E
a(x +x',y) = alx.y) +ax’,y).

From (a) and the parallelogram equality we obtain

2 2 /

2 2
b (]x+y x'+y X—y x'—y
“(X’Y)-FO!(X,)’)—( > > > >

x4+ X 2+ —x'|?
2 2 2

1/|x+x 2+ x—x'|?

2 2 2

1/|x+x 2 x 4+ x’ 2
AU e

1
= Ea(x +x',2y).

Applying (b) we obtain the result.
Step 3. Forallx,y € Eand A € R

a(Ax,y) = Aa(x, y).
First we establish by induction the result for A = n € N. Forn = 0 and n = 1 there
is nothing to prove and for n = 2 we have proved the result above. Suppose now
that statement is true for n. Then

a((n+ Dx,y) = a(nx, y) + a(x, y) = na(x,y) + alx,y) = (n + Da(x, y).

Hence the result is true for n 4 1. Thus forn € N

a(nx,y) = na(x,y).
If n < 0, then we have

a(nx,y) = —a(—nx,y) = —(-na(x,y)) = na(x, y).

This establishes the result for A = n € Z.
To extend this to QQ, we first notice that, if n € Z*, then

1 1 1 1
a(x,y) = a(n—x, y) = noz(—x, y) — oe(—x, y) = —a(x,y).
n n n n



6.1 Basic Notions 129

Now, if (p, q) € Z x Z*, then

P _ 1 P
al =x,y | = pa| —x,y ) = =a(x,y).
q q q

Thus the result is true for A € Q.
Finally, let us take A € R. There exists a sequence (A,) C Q such that
limA, = A. Then

Aa(x,y) = limA,a(x, y) = lima(d,x,y) = a(dx, y),
because lim |4, x|| = ||Ax]|| and lim ||A,x + y|| = [|[Ax + y|.

We have proved that « is an inner product. This ends the proof. |
Example. The norm || - || on R” is derived from an inner product. However, this is
not the case for the norms || - ||, with p # 2. If

x=(1,0,0,...,00 and y=(0,1,0,....,0),

then simple calculations show that the parallelogram equality is not satisfied if 1 <
p < 00, p # 2. If we replace x by

x'=(1,1,0,...,0).

then the parallelogram equality is not satisfied for p = oo.

If E is an inner product space and complete with the norm derived from the inner
product, then E is said to be a Hilbert space. (In this case we usually write H for
E.) Thus R” with the dot product is a Hilbert space. However, not all inner product
spaces are Hilbert spaces as the next exercise shows.

Exercise 6.4. Let E be the space of continuous real-valued functions defined on the

closed interval [—1, 1]. For f,g € E,let(f, g) = f_ll fg. Show that (-, -} defines an
inner product on E. Using the sequence of functions ( f,) defined by

0 —-l<x=<-1
fox)=qnx+1 - <x<o0,
1 0<x =<1

show that E is not a Hilbert space.

Exercise 6.5. Consider the space /> composed of sequences of real numbers (x;,)
such that Y2 | |x,|? < oo. Show that, if (x,), (y,) € [* and we set
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((xn), (yn)) any;u

then (-,-) defines an inner product on /2 and that /?> with this inner product is a
Hilbert space.

A Hilbert space H may be a Banach algebra. It is interesting to notice that in
this case H is always a division ring. (An easy proof of this may be found in [7].)
This implies that A is isomorphic to R, C or H (see Sect. 1.7).

If x and y are nonzero vectors in the plane R?, based at the origin, and @ is the
angle between them, then it is easy to show that x - y = |x||y|cos 6, where |x|
(resp. |y]) is the length of x (resp. y). This equality is equivalent to the statement
arccos f = We can generalize this. If x and y are nonzero elements of an inner

|x IyI
product space E, then we define the angle 6(x, y) between x and y as follows:

(x,y)
Ix iyl

The function arccos is defined on the interval [—1, 1]. By Schwarz’s inequality
€ [—1, 1] and so this definition makes sense.

0(x,y) = arccos

(x,y)
[BYIRY
6.2 Projections

If K is a nonempty closed subset of a normed vector space and y € H, then we
define the distance from y to K as follows:

dg(y) = Ziglg Iy —zl.

If K is a convex subset of a Hilbert space, then this distance is realized by a unique
point Px(y) € K, which is called the projection of y on K. We thus obtain a
mapping Pk of H onto K. In this section we will study the projection mapping Pg
and in the next the distance mapping dg.

Theorem 6.2. Let H be a Hilbert space and K a closed convex subset of H, which
is not empty. For each y € H there exists a unique element x € K such that

ly — x| = inf |[y —z]|. (6.1)
z€K
Furthermore, x is characterized by the property

xekK and (y—x,z—x) <0 (6.2)

forall z € K.
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Proof. As the proof is a little long, we will proceed by steps.
Step 1. Existence of the unique element x.

Let (z,) be a sequence in K such that
lim ||y —z,|| = inf [|y —z].
€K

To simplify the notation let us set d, = ||y —z,|| and d = inf,ex ||y —z||. Applying
the parallelogram equality

la + b + la = bI* = 2(lla])* + 15]%),

witha = y —z, and b = y — z,,, we obtain

2 2

Zn _Zm
2

Zn + Zm
y_

1
=-(d;+d)).
2 2 (i ¥ di)

As K is convex, Z”'F% € Kandso ||y — Z”%H > d. Therefore

2
Zn _Zm

1 1 1
< —d}+d})—d*=~(d}—d*) + =(d} —d?).
| =@ d)) —d? = S = dP) + (] - d)

This implies that (z,) is a Cauchy sequence. If we set x = limgz,, then x € K,
because K is closed. To see that ||x — y|| = d itis sufficient to notice that ||x — y|| <
X —=zull + llza — ¥

Step 2. Equivalence of the conditions (6.1) and (6.2).

First suppose that x satisfies (6.1). If z € K and ¢ € (0, 1], then (1 —¢)x +tz € K,
hence
Iy =xl<ly—=[Q=0x -+l =y —x —t@—=x)|

and so
ly = x> < ly —x|I> =2t (y —x,2— x) + 7]z — x|*.

This gives us the inequality 2(y — x,z— x) < t]|z— x||?>. If we now let 7 go to 0, we
obtain (y — x,z — x) < 0. This proves that (6.1) implies (6.2).

Now suppose that x satisfies (6.2). If z € K, then

Iy =2l = [y = %) = =) = Iy = x| =2(y = x, 2= x) + l|lz— x|%,

which implies that

ly = xI? = lly =zl +2(y =x,z2=x) = llz = x|I> < ly — 2%,
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because (y — x,z — x) < 0. We have thus shown that (6.2) implies (6.1) and we
have the equivalence we were looking for.

Step 3. Uniqueness of the element x.

Suppose that x; and x; satisfy (6.2). Then for any z € K we have
(y=x1,2—=x1) =0 and (y —x2,2—x2) 0.

As x1,x; € K, we can replace z by x; in the first expression and by x; in the second
to obtain

(y=x1,x0—x1) <0 and (xa—y,x2 —x1) <0.

On adding the two inequalities, we see that |x, — x;]|> < 0, which implies that
X3 = x. This proves the uniqueness and so finishes the proof. O

Corollary 6.1. A closed convex subset K of a Hilbert space H contains a unique
element of minimum norm.

Proof. 1Tt is sufficient to set y = 0 in the theorem. a

As we have already stated, the unique element x = Pg(y) which minimises
||ly—z|| forz € K is called the projection of y onto K and the mapping y —> Pg(y)
from H into itself the projection (mapping) of H onto K. There is no difficulty in
seeing that Pk (y) = y if and only if y € K. In the next proposition we will look at
some properties of the projection of an element lying outside of K.

Proposition 6.2. If y € K, then x = Pk (y) € 0K. Also, for all vectors z € K, the
angle between the vectors y — x and z — x is not less than 7.

Proof. If x € 0K, then x € int K and there is an open ball B(x, r) lying in K. For
t € (0, 1) sufficiently small, x 4+ ¢(y — x) € B(x,r) and

Iy =G+ 1@y =) = A =0)ly —x[l <y —x].

a contradiction. Hence x € dK.
To prove the second statement it is sufficient to notice that

(y—X,Z—.X)

O(y —x,z—x) = arccos ——— < ().
Iy — xllllz— x|

This ends the proof. |
Exercise 6.6. Suppose that y ¢ K, x = Pk(y) and that y’ belongs to the segment
(x,y). Show that Px(y’) = x.

Example. We consider R"” with the dot product. The set K = R’ is closed and
convex. We claim that Px(y); = max{y;,0}. We have
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(y—xz2=x) =D (i —x)@ —x).

i=1
Letz € K and x; = max{y;,0}. Then
Vi<0=xi=0=yi—x;i =y <0 and zi—Xxi =z > 0.

Also,
yi>O:>x,-=y;:>yi—xi:0.

Therefore (y — x,z — x) < 0 and the affirmation is proved.

Exercise 6.7. Let K = {(x1,x2) € R? : x| +1x, > 0,1 € [—1, 1]}. Show that K is
a closed convex subset of R?. Find the set of points (y;, y,) whose projection onto
K is the origin.

Exercise 6.8. If K is the closed unit ball in a Hilbert space and y ¢ K, show that
the projection of y onto K is the point ”f—”

If K is a closed convex subset of a normed vector space E, which is not a Hilbert
space, then it is not always possible to define a projection mapping: there may be
no element realizing the minimum distance or more than one element realizing this
distance. Let us look at two examples.

e Let £ = C(]0,1],R) be the vector space of real-valued continuous functions
defined on the interval [0, 1]. If we set || /|| = sup, e[ 11/ (©)[}, then || - || defines
anormon E and (£, || - ||) is a Banach space. Let

K={feE:/Oéf(t)dt—/;f(t)dt=1}.

Then K is a nonempty closed convex subset of E having no element of minimum
norm. Hence we cannot define the projection of 0 on K.

e Let E = I'(R) be the vector space of real sequences x = (x,)°, such that
> o2 |xa| < oo. We have seen that, if we set || x| = Y oo, |x,|, then || - ||
defines a norm on E and that (E, || - ||) is a Banach space. The set

o0
K={er:an=1},
n=1

is a closed convex subset of E. K cannot have a unique element of minimum
norm, because there are always many elements having the same norm. Thus we
cannot define the projection of 0 onto K.

We will now study the projection mapping in more detail. However, first a
definition. Let £ and F be normed vector spaces and k € Ri. We say that
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f : E —> F is a k-Lipschitz mapping if

/) = fODlF < kllx —ylle

forall x,y € E.If k < 1 we call f a contraction mapping or contraction. Clearly
Lipschitz mappings are continuous.

Proposition 6.3. The projection Pk is a 1-Lipschitz mapping.
Proof. If x; = Pk (y1) and x, = Pk ()2), then forz € K

(yi—=x1,z=x1) <0 and  (y2—x2,2—x2) <0.
Remembering that x|, x, € K, we obtain
(yi—=x1.x0—x1) <0 and  {(x2—y2x2—x1) 0.
Summing the two expressions and using the Schwarz inequality, we obtain

[x2 = x1 > < (y2 = y1.x2 —x1) < [[y2 = yillllx2 — xi],

from which we deduce ||x; — x1|| < ||y2 — y1ll. |

Although the projection mapping is 1-Lipschitz (and hence continuous), it is not
in general differentiable on its domain. This depends on the nature of the closed
convex set K. Let us return to the example given just after Exercise 6.6. The ith
coordinate function P, can be written

y; when y; > 0,
Pg. =
ki () 0 when y; < 0.

If y; # 0, then the partial derivative a;% is defined and continuous on a neighbour-
hood of y. However, if y; = 0, then the partial derivative a30%()/) is not defined. It
follows that Pk, is differentiable only at those points y whose coordinates are all

nonzero.

Let us now turn to the particular case where K is a closed vector subspace of H.
In this case we have a simpler characterization of the projection of an element and
the projection mapping is everywhere differentiable.

Proposition 6.4. If K is a closed vector subspace of a Hilbert space H and 'y € H,
then x = Pk (y) can be characterized as follows:

xeK and (y—x.2)=0 (6.3)
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forall z € K. In addition, the projection Pk is a linear continuous mapping of norm
not greater than 1.

Proof. Letusfixze K. Ift e R, thentz € K andso fort € R
(y —x,tz—x) <0.
This implies that

1{y —x.2) = {y —x.x)

and so (y —x,z) = 0. Conversely, suppose that x satisfies the condition (6.3). Then
forze K
(y_xvz_x> = Ov

because z — x € K. Therefore x = Pg(y). This finishes the first part of the proof.
Leta € R, x = Pkx(y) and z € K then

(y—x.3) = 0= aly —x.2) = 0= (ay —ax.2) = 0

and so Pkg(ay) = aPg(y). Suppose now that x; = Pg(y;) and x = Pg(y2).
Then

(yi—x1,2) =0 and (y2—x2.2) =0= ((y1 + y2) — (x1 +x2),2) =0

and it follows that Pg (y; + y2) = Pg(y1) + Pk ()2). This proves that Pk is linear.
In addition,

[Pk = 1Pk (y) = Pk O)[| = [ly =0l = ||yl

and so Pk is continuous with norm not greater than 1. |

Corollary 6.2. If K is a closed affine subspace of a Hilbert space H, then the
projection mapping Pk is smooth on H.

Proof. 1f K is a subspace of H, then the result follows directly from the fact that Pg
is linear and continuous. Suppose now that K = a + K, where K is a subspace and
a ¢ K;then K is closed, because the mapping y —> a + y is a homeomorphism.
If x = Pg(y), then

[(a+y)—(@a+x)| =|y—x|=inf|y—z|=inf|(a+y)—(a+2]|.
z€K z€EK
therefore

Pg(a+y) = Pg(y) +a = Pg(y) = Pg(y —a) +a = Pg(y) — Pg(a) +a.

Hence Py = Pz — Pg(a) + a and it follows that Pk is smooth. O
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6.3 The Distance Mapping

If K is a nonempty closed subset of a normed vector space E, then, as we have seen,
we define the distance of a point y € E to K by

di(y) = inf [y —2].
z€K
Proposition 6.5. If K is a nonempty closed subset of a normed vector space, then

the mapping dx is 1-Lipschitz and therefore continuous.

Proof. Let y;,y, € E andz € K. Then

Nyt =zl =ly2=zlll < 11 =2) = (2 =2l = Ily1 = »2.
Therefore
Iyt =zl < ly2 =zl + ly1 = y2l

and we easily obtain
inf —z|| < inf — — 2l
inf =zl < inf 2 =zl + 71 =yl
Changing the roles of y; and y, we obtain
inf —z|| < inf — — il
inf |ly2 2l < inf vy =2l + 12 =

It follows that
l[dx (y1) —dxg (y2)| =< lly2 =,

and so dg is 1-Lipschitz. |

The mapping dx is not in general differentiable, even on a Hilbert space.
However, if we take the square of dk, then we obtain a differentiable mapping,
as we will now see.

Theorem 6.3. If K is a nonempty closed convex subset of a Hilbert space, then the
mapping d? is of class C'.

Proof. Letus fix x € E and write A(h) = d2(x +h) —d}(x). Asdy(x + h) <
[lx + 7 — Pg(x)||?, we have
—A(h) = |lx = P()|)? =[x + 7 — Px(x)]?
= (x = Pg(x),x — Px(x)) = {(x + h — Pg(x),x + h — Pg(x))
= —[|A]* = 2(x — P (x). h),
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which implies that
A(h) = 2(x — Pg(x),h) < ||h]*.
Now, d(x) < ||x — Px(x + h)||*, therefore
A(h) = ||x +h = Pg(x + B)|* = ||lx = P (x + )|
=(x+h—Px(x+h),x+h— Px(x+h))
—{x = Pg(x 4+ h),x — Px(x + h))
= ||Al* + 2{x — Px(x + h), h)

and so

—A(h) + 2(x — Pg(x), h) < —|[h]|> = 2{x — Px(x + h), h) + 2(x — Pg(x). h)
= —[|h||* + 2(Pk(x + h) — Px(x), h)
< —|hl* + 2| Pk (x + h) — Pk (x)[|12]]
< —lhl* +21R1> = |h]>.

Hence

|A(h) —2(x — Pk (x). h)|

< |nl,
(172l

which implies that d 12< is differentiable and
(dg) (x)h = 2(x — Pg(x), h).
Also,

((dg) (x +u) = (d) (x)h = 2((x + u) = Px(x +u), h) —2(x — Px(x).h)
= 2(u— Pg(x +u) + Pg(x),h),

therefore
[dR) (x +w) = (dR) )|+ < 2l|u— Pi(x +u) + Px(x)]|a

which implies that (d%)’ is continuous. Thus d7 is of class C'. |

We will see a little later that the function dlz( has another interesting property.
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6.4 The Riesz Representation Theorem

If H is a Hilbert space, then by the Riesz representation theorem, which we will
presently prove, we may associate an element of H to a continuous linear form.
Before looking at the general case, let us see what happens in R”. If [ is a linear
form defined on R”, (e;) its standard basis and x = Z?:l x;e; then

l(x) = Zx,-l(e,-) =Xx-w,

i=1

where w = (I(ey),...,Il(e;)). If wis such that /(x) = x - w for all x € R”, then
x - (w—w) = 0forall x € R", and it follows that w — w = 0. Hence the element
w such that /(x) = x - w for all x is unique. We will now look at the general case.
However, to do so, we need a new concept.

If S is a subset of an inner product space E, then we define S+ by

St={xeE:(x,s)=0foralls € S}.
S is said to be the orthogonal complement of S. It is easy to see that S+ is a closed

vector subspace of E.

Exercise 6.9. Show that, if S is a closed subspace of a Hilbert space H, then S and
S+ are complementary.

Now let us turn to the Riesz representation theorem.
Theorem 6.4 (Riesz representation theorem). Let [ be a continuous linear form
defined on a Hilbert space H. Then there is a unique element a € H such that

I(x) = (x.a)

forall x € H. In addition, |l|g+ = ||a|.

Proof. Let S = Kerl.If H = S,then/ = 0 and we can seta = 0.If S # H, then
there exists w such that /(w) # 0. However,w = y + z, with y € S andz € S+,
and so /(z) # 0. For x € H we have

[(x) ) [(x)
I{x——z])|=Ilx)——Il(z)=0
(v~ 1) =10 T
and so x — '8z € S. This implies that (x — I, z) = 0,0r (x,z) = I(—Y)||z||2 If
1(2) . I(z) ~? ’ ’ 1(2) :
we seta = Lﬁ)zz, then we obtain

llz

(x,a) = 1(x).
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Suppose now that both a; and a, satisfy the condition of the theorem. Then, for
allx e H
(x,al — az> =0.

This implies that a; — a, = 0 and so the element a is unique.
Finally, we must show that |/|g+ = |a|. If [ = 0, then the result is clear, so
suppose that this is not the case. Then a # 0.If ||x|| < 1, then

1) = [(x.a)| < lx[llall < llal
and so |/| g« < ||a||. In addition, ||”Z—”|| =1and
a a
()| = ) = v
‘ llall llall
therefore |l| g+ = ||a]|. |

Exercise 6.10. Let S be a vector subspace of a Hilbert space H and [ a continuous
linear form defined on S. Show that / has a unique extension to a continuous linear
form defined on H which preserves the norm of /.

Remark. 1f E is any normed vector space, S a vector subspace and / a continuous
linear form defined on S, then there exists an extension of / to E which preserves
the norm. This is proved in any standard text on functional analysis. However, the
extension may not be unique. For example, if E = ! and we set

S={xel':x;=0,i>2},

then S is a closed subspace of E and the mapping/ : S — R,x > xj is a
continuous linear form which can be extended in an infinite number of ways to E,
all of which preserve the norm.

If f is a real-valued mapping defined on an open subset O of a Hilbert space H
and is differentiable at a point x € O, then f’(x) is a continuous linear form and
so, from Theorem 6.4, there is a unique element a € H such that

f'()h = (h.a)

for all h € H. We call a the gradient of f at x and write V f(x) for a. If f is
differentiable on O, then we obtain a mapping V f from O into H to which we also
give the name gradient.

Theorem 6.5. If f has a second differential at a point x € O, then V[ is
differentiable at x. If f is of class C? on O, then V f is of class C' on O.

Proof. If we fix h, then the mapping ¢, : k —> f @ (x)(h, k) is a continuous linear
form, so there exists v, (h) € H such that
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SO k) = (vah), k)

forall k € H.Itis a simple matter to check that v, is linear. In addition,

el = |nl= = sup | fP) < 1f D) i Ihll

Ikl <1

hence v, is continuous and

2
velean < 1f PO cam-

Now,

Flx+hk = f/(x)k + fPx)(h, k) +o(h)k
can be written
(Vi(x+h). k) =(V f(x). k) + (vx(h). k) + (Vo(h), k)
and therefore
Vf(x +h) = Vf(x)+v(h) + Vo(h).
As [Vo(h)|y = |o(h)|g=, we have proved that (V) (x) = v, ie. V[ is

differentiable at x.
Now suppose that f is of class C2 on O. Then for x € O and u small we have

Weu = Velean < 1P +u) = fPX) m2m)-

The continuity of £ at x implies that of v at x. Therefore V f is of class
C'onO. O

Remark. We write V2(x) for v,. If H = R" with the dot product, then V?(x)(h) =
H f(x)h forall h € R", where H f(x) is the Hessian matrix of f at x.



Chapter 7
Convex Functions

Let X be a convex subset of a vector space V. We say that f : X —> R is convex
if forall x,y € X and A € (0, 1) we have

JAx+ A =1)y) =Af(x) + A =2 f(y).

If the inequality is strict when x # y, then we say that f is strictly convex. In
this chapter we aim to look at some properties of these functions, in particular,
when E is a normed vector space. For differentiable functions we will obtain
a characterization, which will enable us to generalize the concept of a convex
function.

Exercise 7.1. We have seen that a norm on a vector space is a convex function. Is a
norm strictly convex?

7.1 Preliminary Results

In this section we will introduce some elementary results on convex sets and convex
functions.

Exercise 7.2. If C is a subset of a vector space V' such that x + y € C when
x,y € C,and ax € C when x € C and ¢ € R, then we say that C is a convex
cone. Show that the convex functions defined on a convex set X form a convex cone
in the vector space of real-valued functions defined on X.

Proposition 7.1. Let X be a convex subset of a normed vector space E. Then

(a) X is convex;
(b) int X is convex.

Proof. (a) If x,y € X, then there are sequences (x,), (y,) C X which converge
respectively to x and y. If A € (0, 1), then the sequence (Ax, + (1 — A)y,)

R. Coleman, Calculus on Normed Vector Spaces, Universitext, 141
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convergesto Ax+(1—=A)y. As Ax, +(1—=A)y, € X foralln, Ax+(1-1)y € X.
It follows that X is convex.

(b) Suppose that x, y € int X. There exists » > 0 such that the open balls B(x, r)
and B(y, r) are included in int X . If |ju|| < r and A € (0, 1), then

Ax+(A-VDy+u=Ax+u)+1A-1( +u <X

Therefore
BAx+(0-M)y,r)cX
andso Ax + (1 —A)y € int X. It follows that int X is convex. O
Let E be a vector space and xj,...,x, € E. We say that y € E is a
convex combination of the points xi, ..., x, if there exist A1,..., A, € [0, 1], with

Yy Ai = 1,suchthat y = Y 7, A;x;. If X is a nonempty subset of E, then we
define co X, the convex hull of X, to be the set of points y € E which are convex
combinations of points in X.

Proposition 7.2. co X is convex and is the intersection of all convex subsets
containing X.

Proof. Let us first show that co X is convex. We take x,y € coX, with x =
> Aixiandy = Z?=1 pn;y;,and 6 € [0, 1]. Then

P q
Ox+ (1—0)y =Y (OA)xi + Y (1= O)p;)y;.

i=1 j=1

As the right-hand side of the expression is a convex combination of elements in X,
O0x 4+ (1 —60)y € co X and it follows that co X is convex.

Now let us consider the second part of the proposition. Let ¥ be a convex set.
We will prove by induction on p, the number of elements in a convex combination,

that any convex combination of elements of Y is an element of Y. If p = 1 or
p = 2, then the statement is clearly true. Suppose that the result is true up to p and
lety = f:ll A;y; be a convex combination of elements of Y. If Zf=1 A =0,

then y = y,41 € Y. Otherwise, if we set

Ai
N ==
2izhi
fori = 1,..., p, then by the induction hypothesis y’ = f’=1 Aly: belongs to Y.

However,

P
y = (Z /\i) Y+ A1 ptt.

i=1
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which belongs to Y, because Y is convex. So, by induction, the statement is true for
any p.

Suppose now that Y is convex and that X C Y. From what we have just seen,
any convex combination of elements of X lies in Y, therefore coX C Y. As the
intersection K of all convex sets containing X is convex and contains X, co X C
K. However, co X is convex and contains X, so K C co X. We have proved that
coX =K. O

Corollary 7.1. A subset X of a vector space E is convex if and only ifco X = X.

Exercise 7.3. Let X be a convex subset of a vector space E, f a convex function
defined on X and x = ZLI Aix; a convex combination of the points x; € X.
Show that

) =D A f ).
i=1
If E is a normed vector space, ¢, ...,¢s € E*, the dual of E, and y, ..., €
R, then we say that

P={xeFE ¢p;i(x)<o,i=1,...,5},

is a (convex) polyhedron in E. P is clearly a closed convex subset of £; P may be
empty and is not necessarily bounded. A particular example is a closed cube in R”
centred on a point a and of side-length 2e¢:

C_'"(a,e)z{xeR":a,-—efx,- <a;+ei=1,...,5}

If¢; = x; fori =1,...,n, then

C'a,e) ={xeR":¢i(x) <a; +¢,—¢pi(x) <—a; +¢,i =1,...,n}

and so C”(a, €) is a polyhedron.
(If we replace the inequalities by strict inequalities, then we obtain an open cube,
i.e.,if € > 0 and a € R”, then the subset of R”

C'a,e)={xeR":aq;,—e<x; <a;+e€,i=1,...,5}

is called an open cube.)

Exercise 7.4. A closed ball in R” for the norm || - || is a closed cube, hence a
polyhedron. Show that a closed ball for the norm || - ||; is also a polyhedron.

Let S be a convex subset of a normed vector space E and x € S. If x = %,

with x1, x, € S, implies that x; = x, = x, then x is said to be an extreme point
of S. In the case of a polyhedron, we usually call such a point a vertex. Clearly an
extreme point lies on the boundary of a convex set. In the appendix to this chapter
we show that, in the case of a finite-dimensional normed vector space, a bounded
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nonempty polyhedron has a finite number of vertices and is the convex hull of these
vertices.

Exercise 7.5. We know that a closed ball for the norm || - ||; in R” is a polyhedron
(see Exercise 7.4). What are its vertices?

7.2 Continuity of Convex Functions

It is natural to ask whether a convex function is continuous or not. This is in general
not true. For example, if we define f on [0, 1] by

x €[0,1)

0
S(x) L i
then f is convex, but not continuous. However, f is continuous on the interior of
[0, 1]. We will explore this question in more depth. The infinite-dimensional and
finite-dimensional cases are different. We will first consider the former. We will
need to do some preliminary work.
We recall that a spanning set of a vector space V' is a subset S of V' such that any
element v € V can be written as a linear combination of elements of S, i.e., there
are elements sy,...,5, € Sand ay,...,a, € K, the ground field, such that

v=as +---+a,S,.

A vector space is finite-dimensional if it contains a finite spanning set. A subset
T of V is linearly independent if distinct linear combinations of elements of T
produce distinct members of V. A basis of a vector space is a spanning set which is
also linearly independent. It is not difficult to see that a basis is a maximal linearly
independent set, and vice versa. In elementary linear algebra courses one learns that
all finite-dimensional vector spaces, other than {0}, have a basis. We will now show
that this (and a little more) is the case for any vector space.

Exercise 7.6. Show that a subset of a vector space is a basis if and only if it is a
maximal linearly independent set.

Theorem 7.1. Let S be a linearly independent subset of a vector space V. Then
there is a basis B of V such that S C B5.

Proof. Let P be the class of all linearly independent subsets of V' containing S. P
is partially ordered by inclusion. If C is a chain in P, then the union of all sets of C
is an upper bound of C. As every chain has an upper bound, by Zorn’s lemma P has
a maximal element M. The subset M is a maximal linearly independent set (and
hence a basis) containing S. O

Corollary 7.2. A vector space V, other than {0}, has a basis.
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Proof. Tt is sufficient to take S = {x}, with x # 0, in the theorem. O

Corollary 7.3. If A is a subspace of a vector space V, then there is a subspace B
suchthat A@ B =1V.

Proof. If A =V or A = {0}, then the result is trivial, so suppose that A # V and
A # {0}. From the previous corollary A has a basis 3;. Using the theorem we see
that there is a nonempty subset of independent vectors 3, such that B = B; U B; is
a basis of V. If we set B = Vect (3,), the subspace generated by B3,, then clearly
V=A%B. |

Having done the preliminary work, we are now in a position to handle the
question of convex functions defined on subsets of infinite-dimensional normed
vector spaces.

Theorem 7.2. If O is a nonempty open convex subset of an infinite-dimensional
normed vector space E, then there is a non-continuous convex function defined
on O.

Proof. We will first show that there is a non-continuous convex function defined on
E . For this, it is sufficient to show that there is a non-continuous linear form defined
on E. As E is infinite-dimensional, there is an infinite sequence (x;)72, whose
elements form an independent subset of E. Dividing by the norm if necessary,
we may suppose that all the x; are of norm 1. We define a linear form / on
A = Vect (x1, X2, ...) by setting /(x;) = 2. From Corollary 7.3, there is a subspace
B of E suchthat E = A @ B.If weset/(y) = 0 for y € B, then we obtain an
extension of / to £, which is linear but not continuous.

Now let O be any nonempty open convex subset of E. If we restrict / to O then
[ is convex on O. Let a € O and r > 0 be such that the open ball B(a,r) is
included in O. The sequence (a + #x;)72, lies in O and converges to a. However,
lim; - o0 /(@ + %x;) = oo and so [ is not continuous at a. This ends the proof. O

We will now consider the continuity of a convex function defined on an open
convex subset of a finite-dimensional normed vector space E. As indicated earlier,
this case is different from the infinite-dimensional case.

Lemma 7.1. If P is a bounded nonempty polyhedron in a finite-dimensional
normed vector space E and f is a convex function defined on E, then f has an
upper bound on P.

Proof. From the appendix to this chapter we know that the number of vertices of P
is finite and that P is the convex hull of these vertices. If x € P and x4, ..., x, are
the vertices of P, thenx = Y /_; A;x;, with A; € [0, 1] and >_/_, A; = 1. We have

fx)=f (Z /\ixi) <Y Aif() <) himax f(xi) = max f(x;).

i=1 i=1 i=1

This ends the proof. O
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Theorem 7.3. Let X be a convex subset of a finite-dimensional normed vector
space E and f : X —> R convex. If x € int X, then f is continuous at x.

Proof. We will first prove the result for the case £ = R” with the norm ||| = || || co-
Let B(x,r) be a closed ball centred on x and lying in int X. Given that the norm
is || - |0, B(x,7) is a closed cube and so a polyhedron. From the lemma f has an
upper bound on B (x, r): there exists k such that f(x) < k forall x € B(x,r). Let
h # 0 be such that ||| < r. Then, for o € [0, 1], x + ah € B(x,r) and

f(x4+ah)=f(Ql—a)x +a(x+h) <(1—-a)f(x)+af(x+h). (7.1)
Also,

1 o 1
10 =1 (gt + =) = s (e ah)+af (=),

from which we obtain
(1+ @) f(x) < f(x +ah) +af(x —h). (7.2)
Using this inequality we get
fx+ah)= (1 +a)f(x)—af(x—h) > (1 +a)f(x) —ak

and, witho = 1,
fx+h)=>2f(x)—k.

Therefore f has a lower bound on B(x,r). As f has both an upper and a lower
bound on B(x,r), f is bounded on B(x,r): we can find a constant d such that
| f(w)| < d forallu € B(x,r).

Now, from the inequalities (7.1) and (7.2) we deduce

a(f(x) — f(x —h)) < f(x +ah) — f(x) <a(f(x+h)— f(x))
and so
|f(x +ah) = f(x)| < 2ad.

Suppose now that |[u|| = s < 7, with s # 0. If we set h = 5-u, then [|h| =
u= %h and

r r
2 2

Gt 0l = 170+ 2 = fo] <

and the continuity of f at x follows.
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Let us now consider the general case. If E is a finite-dimensional normed vector
space and (v;)/_, a basis of E, then the mapping

¢ R" — E,(x1,...,x3) —> Xv{ + -+ X,V

is a normed vector space isomorphism for any norm of R”. Let f be a convex
function defined on a convex subset X of E and x € int X. Then X = (X ) is
a convex subset of R” and ¥ = ¢~'(x) € intX. If we set f = f o ¢, then f is
a convex function defined on X and so is continuous at X. As /' = fo¢~ !, f is
continuous at x. This completes the proof. O

Corollary 7.4. If a convex function is defined on an open subset of a finite-
dimensional normed vector space, then it is continuous.

7.3 Differentiable Convex Functions

It is not always easy to use the definition of a convex function to decide whether a
given function is convex or not. However, if a function is differentiable, then there
are equivalent conditions which are often easier to use.

Theorem 7.4. Let O be an open subset of a normed vector space E and f a real-
valued differentiable function defined on O.If X C O is convexand x,y € X, then
the following conditions are equivalent:

(a) f isconvexonX;
®) )= fx) = /)y —x);
© (f'(») = "Ny —x) =0.

Proof. (a) = (b) Let A € (0,1). As f is convex,

Jx+Ay—x) =A=1)f(x)+A1().

If we subtract f(x) from both sides of the inequality and use the differentiability of
f, we get
A = x) + oAy —x)) < A(f(») — f(x))

and, dividing by A,

00y = %)
R

F )y —x =)= fx).

Letting A go to 0, we obtain (b).
(b) = (c) We have

fO) =)= )0 —x) = f(x) = f) =—f' () —x)
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and

f&) = fO) = fOx—y) = f) = f(x) = f' —x).

On adding the inequalities we obtain (c)
(¢) = (@) Letusfix x,y € X andset ¢(¢) = f(x +¢(y — x)). Then ¢ is defined
and differentiable on an open interval I of R containing [0, 1]. Forz € [

$) = /'(x +1(y —x)(y —x).
By hypothesis, if s, € [0, 1], then
(/010 =) = 1050 = 20) ) (x4 100 = 1) = (¥ +5(y = 1)) 2 0

ie.,
(f/&+10=x) = f/(x+ 50 =)t =)y = %) 2 0.

For ¢t > s this gives us
(f/@+10=x) = flr+50 =) =x) =0,

ie., ¢(t) — ¢(s) > 0. Therefore ¢ is monotone and hence Riemann integrable on
any compact interval contained in [0, 1]. Let A € (s, 1). Integrating with respect to ¢
between A and 1 we obtain

$(1) = p() —d(s)(1 — 1) = 0.

We now integrate this expression with respect to s between 0 and A to obtain

(1) =p(ANA = (1 =) (1) — ¢(0)) = 0,

or
A1) + (1= 1)¢(0) —¢(4) = 0,
ie.,
Af() + (=2 f(x) = f(Ay + (1 = 1)x).
Therefore f is convex. O

We have a similar result for strictly convex functions, namely

Theorem 7.5. Let O be an open subset of a normed vector space E and f a real-
valued differentiable function defined on O.If X C O is convex and x,y € X with
X # y, then the following conditions are equivalent:

(a) f is strictly convex on X;
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) )= f(x)> [y —x);

© (SO = f'Ny —x) >0

Proof. To prove (b) = (c) and (c) = (a) it is sufficient to slightly modify the
corresponding arguments of the previous theorem. To prove that (a) = (b) we
proceed as follows. Let w € (0, 1) and 8 € (0, w). Then we can write

100 -9 =" Lot -0
and so 0 0
O 460y =) = T f() + = f(x + 0y = 2)).
Therefore
0
fOr 400 =) = f(2) = ~(fx + oy =x) = f(x)
and

fx+0—x) - fx) _ fx+oly—x) = fx)
6 - w '
Letting 6 go to 0 we obtain

Py —xy < LEFOO=DN 1)

However,

f(x + oy - )= f®) é(a — ) f(x) +0f(y) = f(X) = () = f(x),
and hence (b). .

Remark. From (c) in Theorems 7.4 and 7.5 we deduce that, if f is differentiable on
an open interval I of R, then f is convex (resp. strictly convex) if and only if the
derivative of f is increasing (resp. strictly increasing) on /.

Example. Let A € M,,(R) be symmetric, b € R"” and f : R" — R be defined by
1 t t
f(x) = Ex Ax —b'x.
Then

FO) = £G) = 1y —x) = (%ytAy Y y) _ (%xtAx _ brx)

—(Ax = b)'(y —x)
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1 1
= EyfAy + ExtAx —x"Ay

= =00 -0,

It follows that f is convex (resp. strictly convex) if and only if the matrix A is
positive (resp. positive definite).

Exercise 7.7. Leta € R and f, : R> — R be defined by
fux,y) = x* + y* +axy — 2x — 2.

For what values of a is f, convex? strictly convex?

We have seen that, if E is a Hilbert space, K a closed convex subset of E and
dk (x) the distance from the point x to K, then the function d} is of class C! and

(dg) (x)h = 2(x — P (x),h),

where Pk (x) is the projection of x on K. We can say more.
Theorem 7.6. The function d 12< is convex.

Proof. We have

((dR) (x +h) = (dg) (x))h = 2(x + h — Px(x + h), h) — 2(x — P (x). h)
=2(h— Pg(x + h) + Px(x),h)
= 2||h||* = 2(Px(x + h) — Px(x).h)
> 2||h|* — 2| P (x + h) — Px(x)[[[A] = 0.

because P is 1-Lipschitz. It follows that d% is convex. o

If a function is 2-differentiable, then we may use the second differential to
determine whether the function is convex or not. This is often easier to use than
the (first) differential. Let O be an open subset of a normed vector space E and f a
real-valued 2-differentiable function defined on O. For x € O and h € E we set

Qs (x)(h) = fPx)(h, h).

(Notice that Q 7(x) is a quadratic form.)

Theorem 7.7. Let O be an open subset of a normed vector space E, X C O convex
and f : O —> R 2-differentiable. Then

(a) f is convexon X, if and only if Q r(x) is positive for all x € X;
(b) f is strictly convex on X, if Q r(x) is positive definite for all x € X.
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Proof. Let x,y € X. From Theorem 5.3 there exists z in the segment (x,y)
such that

S0 = 1) = /@0 =) = 30,00~ ).

If Q is positive on X, then O s(z)(y — x) > 0 and so from Theorem 7.4 f is
convex. If Q s is positive definite on X, then Q s(z)(y —x) > 0if y # x and so
from Theorem 7.5 f is strictly convex.

Suppose now that f is convex. Let x € X and B(x,r) be an open ball lying
in O.1fh € B(0,r) and ¢ € (0, 1], then using Theorem 5.1 we have

0= flx+th)— f(x) = f/(x)(th) = %Qf(x)(th) +o(th]?)

( 0, (x)(h) + 0(||lh||2))

As lim;¢ (”t =0,0/(x)(h)>0.If i € E \ B(0,r), then there exists s # 0
such that sk’ € B(0,r) and

1
Q(x)(h) = s—fo(x)(S}l’) > 0.

Hence Q s(x)(h) > Oforallh € E. O

Remark. A function f* may be strictly convex without the quadratric form Q r being
positive definite at all points. For example, if f is the real-valued function defined
on R by f(x) = x* then Q 7(0) = 0. However,
(x + h)* —x* = x* +4x°h + 6x°h* + dxh + h* — x*
= f'(x)h + h*(6x* + 4xh + h?)
= f/(x)h + h*2x* + 2x + h)?) > f'(x)h

if h # 0. Therefore f is strictly convex.

Exercise 7.8. Show that the function x — %", with « € R*, is strictly convex on
R and that the functions x = x In x and x — —In x are strictly convex on R .

Theorems 7.4 and 7.5 enable us to generalize the concept of convexity to
differentiable functions not necessarily defined on convex sets. Let O be an open
subset of a normed vector space E and f a real-valued differentiable function
defined on O. If X is a subset of O (not necessarily convex) and

SO = f() = f1)(y —x)
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forall x,y € X, then we will say that f is generalized convex or g-convex on X . If

SO = f(x) > 1)y —x)

forall x,y € X when x # y, then we will say that f is strictly generalized convex
or strictly g-convex on X. From Theorems 7.4 and 7.5, for a differentable function
defined on a convex set convexity (resp. strict convexity) and g-convexity (resp.
strict g-convexity) are equivalent.

7.4 Extrema of Convex Functions

Let us first consider a convex real-valued function defined on a convex subset of
a vector space (not necessarily normed). Here of course there is no notion of local
extremum.

Proposition 7.3. Let X be a convex subset of a vector space V and f : X — Ra
convex function. If x and y are minima of f, then any point on the segment joining
x to y is also a minimum. If f is strictly convex, then f can have at most one
minimum.

Proof. 1f x and y are distinct minima of f andz = Ax + (1 — 1)y € (x, y), then

J@=fOx+ A=y =Af()+ A= f(y) = f(x) = f2).

hence z is a minimum.
Suppose now that f is strictly convex and that x and y are distinct minima. If
z=Ax+ (1 —=A4)y,with A € (0, 1), then

f@) = fAx+A=1)y) <Af(x)+A=21)f(y) = f(x),
which contradicts the minimality of x. Therefore f can have at most one
minimum. O

Remark. From what we have just seen, a convex function has no minimum, one
minimum or an infinite number of minima.

Example. Letn € N\ {0, 1},

n
Ay =3 (x1,...,xy) €R" 1 xy 20,...,xn20,2x,- =1

i=1

and f : R" —> R be defined by

fx1,...,x) = lez

i=1
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As A, is closed and f continuous, f has a minimum on A,. It is easy to see that
A, is a convex polyhedron. The Hessian matrix of f at any point x is 27/, therefore
f is strictly convex on R” and so on A,. It follows that the minimum is unique.
Suppose that a is the minimum and there are coordinates a; and a; with a; # a;.
If @’ is the element of R” obtained from a by permuting @; and a;, then a’ # a and
f(a’) = f(a), which contradicts the uniqueness of the minimum. Therefore all the
coordinates of a are the same and the minimum is the point x = (%, oot

ey ).

Exercise 7.9. Let
K={(x,9)eR*:x>0,y>02x+y<1,x+2y <1}
and f : R> — R be defined by

fxy) =x*—xy+y —x—y.
Show that f has a unique minimum on K which lies on the boundary §K of K.
Prove that, if (x, y) is the minimum, then x = y. Find the minimum.
Let us now consider normed vector spaces.

Proposition 7.4. Let E be a normed vector space, X a convex subset of E and f
a real-valued convex function defined on X. If x € X is a local minimum, then x is
a global minimum.

Proof. Let x be a local minimum and y € X. For A € (0,1), yy =x+A
(y — x) € X. If A is sufficiently small, then we have

JX) = fO) =Af() + (A =2) f(x) = Af(x) = Af (D).

It follows that f(x) < f(y). O
‘We now turn to differentiable functions.

Proposition 7.5. Let O be an open subset of a normed vector space E, f a real-
valued differentiable function defined on O and X a nonempty subset of O. If f is
g-convexon X, x € X andforally € X

') —x) =0,

then x is a global minimum of f restricted to X. If, for y € X, with y # x,

F1@x)(y—x) >0,

then x is a unique global minimum.
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Proof. As f restricted to X is g-convex, we have

SO = f) = )y —x)=0

for all y € X, hence the first result. The second is proved in the same way. O
Remark. 1f x is a critical point, then f’(x) = 0 and so x is a global minimum.

Exercise 7.10. Consider the function f : R? — R defined by
flx,y) =2x24+3xy +2y> —2x—y

Show that f is strictly convex. Calculate the partial derivatives of f and so find the
unique minimum of f.

Convexity is a subject which has many applications and is also extremely
interesting in its own right. The book by Barvinok [2] is not only a very good
introduction to the subject but also contains many advanced results. The books by
Borwein and Lewis [5] and Schneider [22] are also good references.
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Appendix: Convex Polyhedra

In this appendix we will look a little more closely at convex polyhedra. Our main
aim is to show that a polyhedron in a finite-dimensional normed vector space is the
convex hull of its vertices. Let P be a polyhedron in a normed vector space E:

P={xeFE ¢gi(x)<o,i=1,...,5}.

If ¢ is a nonzero element of E* and @ € Rissuchthat P C {x € E : ¢(x) < «},
then the subset of E
F={xeP :¢(x)=0u}

is said to be a face of P. As

F={xeP:¢(x)<a—¢(x) <-a},

F is a polyhedron. For example, in the case of the closed cube C”(a, €) defined
earlier in this chapter, the subset

F={xeC"(a,e): x|, =a, +¢€}
is a face. The boundary of a polyhedron is a subset of a union of faces:
oP C Ule{x e P:¢i(x) = O{,'}.

The following result is elementary.

Proposition 7.6. If P is a polyhedron in a normed vector space E and a € E, then
the translation a + P of P is also a polyhedron. In addition, x is a vertex of P if
and only ifa + x is a vertex of a + P and F is a face of P if and only ifa + F isa
face of a + P.

We now consider the case where E is finite-dimensional. In particular, we will
see that here the number of vertices of a polyhedron is finite.

Theorem 7.8. Let E be a normed vector space, withdimE =n < oo,and P C E
a nonempty polyhedron:

P={xeFE ¢gi(x)<o,i=1,...,5}.
For x € P we note
Ay =i 1 ¢i(x) = a;} and Ve = Vect(¢; 11 € Ay).

Then x is vertex of P if and only if V., = E*.
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Proof. Suppose that V, = E* and let x = %, with x;,x;, € P.Fori € A,
¢i(x1) < a; and  ¢i(x2) < ;. (7.3)

However, fori € A, we also have

¢ (x1) ;qx () _ (XI ;XZ) = $(x) = o, (7.4)

From the equations (7.3) and (7.4) we deduce that
$i(x1) = ¢i(x2) = i = ¢i(x1 —x2) = 0.

As the linear forms ¢; span E*, ¢(x; — x) = 0 for all ¢ € E*, which implies that
x; —xp = 0,1.e., x; = x, = x and so x is a vertex.

Suppose now that V, # E* and let ¢;,, . . ., ¢;, be a basis of V,. Let us complete
this set to a basis (y;)/=, of E*. This basis is the dual basis of a basis (v;)7_, of E.
If y = vy, then ¢ (y) = --- = ¥,(y) = 0and so ¢;(y) = Oforalli € A,.If
€ > 0 is sufficiently small and x; = x 4+ €y, x, = x — €y, then x;,x, € P and
X = 1%2 Therefore x is not a vertex. O

Corollary 7.5. Let P be a nonempty polyhedron in a normed vector space E of
dimension n < co. Then P has a finite number of vertices.

Proof. Let

P={xecE: ¢ <a,i=1,...,5}.
If Vect(¢1,...,¢s) # E*, then P cannot have a vertex. This is the case if s < n.
Suppose now that Vect (¢1,...,¢s) = E*. If x € E is a vertex of P, then the set
S = {¢; :i € A} contains a basis (¢;,, ..., ¢;,) of E* and x is the unique solution
of the system

éi () = iy, i, (1) =

Thus the number of vertices is bounded by the number of distinct non-ordered bases
which can be obtained from the set of linear forms ¢; defining P. This number is
clearly finite (bounded by ( )). O

N
n

Let us return to the closed cube C"(a, €). The point x is a vertex if and only if
X1 =a, e ....,x, =a, te.

Thus there are 2" vertices.
Corollary 7.6. If x is a vertex of the polyhedron P, then {x} is a face of P.

Proof. Let
P={ucE : ¢pi(u) <oi=1,...,5}
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and x be the unique solution of the system

i (W) = iy, ..., i, (1) =

If we set

¢=Z¢’/ and oc:Zot,-j,
j=1

J=1

then
PCc{ueE: ¢p(u)<a} and {x}={ueP:p=a}

Hence {x} is a face of P. O
The next result is elementary, but very useful.
Proposition 7.7. If F is a face of P and x a vertex of F, then x is a vertex of P.

Proof. Let
F={xeP:¢pkx) =a}

be a face of P.If x = X522 with xy, x; € P, then

1
@ =¢(x) = (@) + $(x2)).
As x1,x, € P, we also have ¢ (x;) < o and ¢p(x3) < o and so
d(x1) = ¢(x2) = = x1,x2 € F.

As x is a vertex of F, we have x; = x, = x and so x is vertex of P. O

We have shown that (at least in a finite-dimensional space) a polyhedron can have
only a finite number of vertices. We have also seen that a polyhedron may not have
a vertex. We will now prove a sufficient condition for a polyhedron to have a vertex.

Theorem 7.9. If P is a bounded nonempty polyhedron in a finite-dimensional
normed vector space E, then P has a vertex.

Proof. We will prove this result by induction on n = dim E. If n = 0, then there
is nothing to prove. Suppose now that the result is true for n and consider the case
n+1. As P is closed and bounded, P has a boundary point x (see Exercise 1.18). As
the boundary is included in a union of faces, there is a face F' such that x € F. Let

F={xeP:¢(x)=ua}
Then F is contained in the hyperplane

H={xeE:¢p(x) =a}l
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The kernel V' of ¢ is a subspace of E of dimension n and —x + F is a bounded
nonempty polyhedron contained in V. From the induction hypothesis, —x + F
contains a vertex w and so F' contains a vertex w (= w + x). From Proposition 7.7
w is a vertex of P. This finishes the induction step. O

To close this appendix we prove a fundamental result due to Minkowski.

Theorem 7.10. If P is a bounded nonempty polyhedron in a finite-dimensional
normed vector space, then P is the convex hull of its vertices.

Proof. Letus note S the convex hull of the vertices of P. From the previous theorem
we know that S # @. As P is convex, S C P. We need to show that P C S. We
will prove the result by induction on n = dim E. If n = 0, then there is nothing to
prove. Suppose now that the result is true for n and consider the case n + 1. Let y
be an element of P.

First suppose that y belongs to a face F of P. If

F={xeP:¢(x)=ua}
then F' is contained in the hyperplane
H={xeFE: : ¢(x)=0a}

The kernel V' of ¢ is a subspace of E of dimension n and —y + F is a bounded
nonempty polyhedron contained in V. From the induction hypothesis 0 is a convex
combination of the vertices of —y + F and so y is a convex combination of the
vertices of F'. From Proposition 7.7, y € §.

Now let us suppose that y is not in a face of P and let / be a line through y whose
direction vector is v # 0:

l={xeE:x=y4+Av,A €R}.

We set

A =sup{V’ >0:y+Ave P A <AN}andA, =inf{A’ <0:y+Aive P,A > '}

Ifx; = y—l—/_\lv and X, = y—H_sz, then Xy, X, € P,because P is closed. In addition,
X1,Xp € 0P and X; # X,. As 0P is contained in a union of faces, x; and X, belong
to faces of P and so, from the induction hypothesis, are convex combinations of
vertices of P. However, y lies in the segment joining X; to X, and so y € S. This
finishes the induction step and so the proof. O

Remark. We have shown that a bounded nonempty convex polyhedron is a convex
polytope, i.e., the convex hull of a finite number of points. In fact, the converse is
also true, namely a convex polytope is a bounded convex polyhedron. A proof of
this may be found in [2]. An extensive (and readable) study of convex polytopes is
made in [12].
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Theorem 7.10 can be generalized to infinite-dimensional spaces. The Krein—
Milman theorem states that a convex compact subset of a normed vector space is
the closure of the convex hull of its extreme points. A proof of this result may be
found in [20].



Chapter 8
The Inverse and Implicit Mapping Theorems

In this chapter we will prove the inverse and implicit mapping theorems, which have
far-reaching applications. We will begin with the inverse mapping theorem and then
derive the implicit mapping theorem from it.

8.1 The Inverse Mapping Theorem

Suppose that £ and F are normed vector spaces and that O and U are open subsets
of E and F respectively. We recall that f : O — U is a diffeomorphism if
f is bijective and both f and f~! are differentiable. Also, we say that f is a
C*-diffeomorphism if both f and f~' are C¥-mappings. In Chap.4 Sect. 4.9 we
showed that, if f is a diffeomorphism, then at any point x in its domain f”(x)
is invertible. In addition, we proved that for f to be a C*-diffeomorphism it is
sufficient that f be of class C*. Here we will look at what we may call an inverse
question, namely what can we say about a mapping f if f” is invertible at a point a
in the domain of f. Here is a first result.

Proposition 8.1. Let E and F be Banach spaces, O C E and U C F open
sets and f : O — U a differentiable homeomorphism. If a € O and f'(a) is
invertible, then f ' is differentiable at b = f(a).

If in addition f is of class C', then there is an open neighbourhood O’ of a such
that f),, isa C Ldiffeomorphism onto its image.

Proof. To simplify the notation let us set ¢ = f~' and L = f'(a). In the first
appendix to this chapter we prove that the inverse of a continuous linear bijection
from one Banach space onto another is also continuous. Thus L™ is continuous. If
k is small, then f(a) + k € U. As f is bijective, there is a unique & € U such that
f(a + h) = f(a) + k. First we notice that

gb+k)—g®) = f7(f@+(fla+h—f@))-f"(f(@) =a+h-a =h.

R. Coleman, Calculus on Normed Vector Spaces, Universitext, 161
DOI 10.1007/978-1-4614-3894-6_8, © Springer Science+Business Media New York 2012
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As g is continuous, we have limy_.o 7 = 0. Now,
k= fla+h)— f(a) = L(h) + ||h||le(h).

where limj,—,o €(h) = 0. From this we obtain

L7 (k) = h+ |RIL7 (e(h) = g(b + k) — g(b) + A L™ (e(h)).
Let us consider the term ||| L~ (e(h)). We will show that

IRIIL™" (e(h)) = o(k).

As L7V (k) = h + |h||L~(e(h)), we have

Al < IRIIL™ () + ILT () < IAIIL ™" (e() | + L7 IIK].

If k is small, then so is /2, which implies that L™ (e(h)) is small. We can write

L7
1l = 1= Ikl = Mllk]l.

IL= ()l

where M is a strictly positive constant. Hence

' WL ®D | _ o =1 el

%]

As the expression on the right-hand side converges to 0 when k goes to 0, we have
2| L~ (e(h)) = o(k). This gives us the first result.

Now let us turn to the second part of the proposition. Suppose that the mapping
f is also of class C'. Z(E, F), the collection of invertible mappings in L(E, F),
is an open subset. If U’ is an open neighbourhood of f’(a) in Z(E, F) and O’ =
(f)~Y(U"), then O’ is an open subset of E such that f'(x) is invertible if x € O’.
If we now apply the first part of the proposition to every point x € O’, then we see
that ! is differentiable at every point y € f(O’). Hence f restricted to O’ is a
diffeomorphism. As f is of class C!, f is a C!-diffeomorphism. O

We will now weaken the hypotheses of the previous proposition. In fact, to obtain
the second part of the proposition we do not need to suppose that the mapping f is
a homeomorphism. We will show that f can be restricted to an open neighbourhood
O’ of the point a such that f] , is a homeomorphism onto its image.

Theorem 8.1. (Inverse mapping theorem) Let E and F be Banach spaces, O C E
and f : O — F of class C'. Ifa € O and f'(a) is invertible, then there is an
open neighbourhood O’ of a such that f|, is a C !-diffeomorphism onto its image.
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Proof. Let us first suppose that £ = F, f(a) = a = 0 and f'(a) = idg. As f is
of class g? ! there is a closed ball B(0, r), with r > 0, included in O such that for
allx € B(0,r)

() —idg]| < %

If we set g(x) = f(x) — x, then g’(x) = f’(x) — idg. Using Corollary 3.2 we
obtain

1)~ = g0~ 8O = 5.

Now let us choose an element y € B(0, 5). Then

1
Iy +x = f@I = Iyl + llx = FGI = Iyl + Slxll <7

andso y 4+ x — f(x) € B(0,r). . )
We now define the mapping ¢, : B(0,r) — B(0,r) by

Py(x) =y +x— fx).

Then, using Corollary 3.2 again, for w,z € B(0, r) we have

1
¢y (W) =y @I = lw—fW) —z+ f@ = llgw) —g@I = EIIW—ZII

and so ¢, is a contraction. From the contraction mapping theorem (Appendix 2), ¢,
has a unique fixed point x € B(0,r): x = ¢y(x) =y +x — f(x). As the image of
¢, lies in B(0,r), x € B(0,r). We have shown that there is a unique x € B(0,r)
such that f(x) = y.

If weset O = f~(B (0, ’5)) N B(0, r), then O is an open neighbourhood of 0,
f(O)=B8B (0, %) and f| is a continuous bijection onto its image. In addition,

W=zl =L/ W) = fQI = lw=z=fW) + [ = lgw) — @ = %IIW—ZII.

This implies that
w—zll < 21/ (w) = S,
ie., fl gl is a 2-Lipschitz mapping and so continuous. We have shown that f: 0 —

B(0, 5) is a homeomorphism. Also, f is of class C !. Applying Proposition 8.1 we
obtain the result.

Now let us relax the constraints E = F, f(a) = a = 0 and f’(a) = idg. The
mapping y defined on an open neighbourhood of 0 € E by

v(x) = fl@7 (fla+x)— f(a)
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has its image in E, and is of class C'; also ¥(0) = 0 and ¥'(0) = idg. From
what we have just seen, there are neighbourhoods O and U of the origin such that
¥ : O — U is a C!-diffeomorphism. For the restriction of f to O’ = a + O we
have

Jig @) = fla) + fl@)y(x —a)
and f| , is a bijection onto V' = f(a) + f'(a)U. As the inverse of f| , may be
written

S =a+y (f@7 (v - f@).

lor
fl;l is of class C'. Hence f],, is a C'-diffeomorphism. O

Remarks. 1. Under the conditions of the theorem, ﬁ o isaC 1-diffeomorphism
onto its image. In fact, if f is of class C*, then S, isaC k_diffeomorphism.

2. If a mapping f is such that each point in its domain has an open neighbourhood
O such that f restricted to O defines a diffeomorphism onto its image, then we
say that f is a local diffeomorphism.

Example. Consider the mapping
£ R*\ {(0,0)} — R, (r,0) —> (rcos 6, r sin 9).

Then
cosf —rsinf )

sinf rcosf

100 =

and detJ;(r,0) = r # 0. It follows that f’(r,8) is invertible for all (r,6) €
R?\ {(0,0)}. The continuity of the entries in the Jacobian matrix imply that f is a
C'-mapping. Hence f is a local diffeomorphism; however, f is not bijective and
so not a diffeomorphism.

The next example is a little more complex.

Example. Let E be a finite-dimensional normed vector space and f a C!-mapping
from E into itself. In addition, we suppose that

lx =yl = 17x) = FODII. 8.1

We will show that f is a C'-diffeomorphism. Clearly f is injective. If y € m,
then there is a sequence (x,) € E such that lim f(x,) = y. As the sequence
(f(xy)) € E is a Cauchy sequence, so is the sequence (x,). However, E is finite-
dimensional and thus a Banach space and so the sequence (x,) has a limit x. The
continuity of f implies that f(x) = y and it follows that f(E) is closed. We will
now use the inverse mapping theorem to show that f(F) is also open. Let x € E.
As f is differentiable, we can write

fx+h) = f(x) = f'(x)h + |[h]leh),
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where limj,_,o €(h) = 0. Using the inequality (8.1) we obtain
1Al = 1.f" Rl + il

There exists an > 0 for which |le(h)] < % when [|2|| < n. In this case

1
I/ Gl = Lk
Letw € E with w # 0. Then

L on = s g ow) = 22
i =2

= f'(x)w #0.
Therefore f’(x) is injective and so invertible. From the inverse mapping theorem
f(x) has an open neighbourhood lying in f(E). It follows that f(E) is an open set.
As E is connected (Proposition 1.10) and f(E) is a nonempty subset of £ which is
open and closed, we have f(E) = E.Hence f is a bijection. It now follows that f
is a C!-diffeomorphism from E onto itself.

8.2 The Implicit Mapping Theorem

If E is normed vector space, f a real-valued function defined on a subset S of E
and ¢ € R, then we say that the subset L, = {z € S : f(z) = c} is the level
set of height ¢ of f. Consider the function f : R? — R, (x,y) —> x* + y2. If
¢ < 0,then L, = @ and if ¢ = 0, then L. contains the unique point (0, 0). If ¢ > 0,
then L, contains an infinite number of points. In the latter case it is natural to ask
whether L, is the graph of some function defined on a subset of R. Suppose that we
can write

L. ={(x,¢(x)):x e S}

If (x,y) € L, with y # 0, then (x,—y) € L.. This means that y = —¢(x).
It follows that y = 0, a contradiction. In the same way we see that we cannot write

Le=1((),y):yeT}
for some function . Therefore L. is not the graph of a function. Suppose now that

(a,b) € L..Itis easy to see that we can restrict f to an open disc D containing
(a, D) such that

L.ND={(x,¢(x)):xel} or L.ND={W(),y):yel},
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where I and J are intervals of R, ¢(x) = ~¢ —x2 or ¢(x) = —+/¢ —x2 and
Y(x) = /e —y?ory(x) = —+/c — y2. That is, even if we cannot write L. as the
graph of a function, we can do so locally. We aim to generalize this idea.

Theorem 8.2. (Implicit mapping theorem) Let E|, E> and F be Banach spaces, O
an open subset of Ey x Ey and f : O —> F a C'-mapping. Suppose that c € F
and that the set S of pairs (x,y) € O satisfying the relation

fx,y)=c

is not empty. If (a,b) € S and the partial differential 0, f(a,b) : E;, — F
is invertible, then there is an open neighbourhood O’ of (a,b) included in O, a
neighbourhood U of a in E\ and a C'-mapping ¢ : U — E, such that the
following statements are equivalent:

1. (x,y)e O’ and f(x,y) =c;
2. xeUandy = ¢(x).

Proof. To begin with, let us define g : O — E| x F by

g(x,y) = (x, f(x,)).

The mapping g is of class C', with
g (e y)(u,v) = (u, f'(x. y)(u,v)) = (u, 91 f(x, y)u + 02 f (x, y)v).
In particular, at (a, b) we have
g'(a.b)(u,v) = (u. f'(a.b)(u,v)) = (u, 01 f(a,b)u + 9, f(a.b)v).
The differential g’ (a, b) is invertible, with
g'(a,b)™ (u,w) = (u, 32 f (@, b)™" (w31 f(a, b)u)).

Applying the inverse mapping theorem we obtain a neighbourhood O’ of (a, b),
with O’ C O, such that g| , isa C'-diffeomorphism onto its image W.If h = gg,

then for (x, y) € O’ we have

(x,y) =hog(x,y) =h(x, f(x,y)) = (x.h2(x.2)),

where z = f(x,y). The mapping %, is the second coordinate of the C'-mapping
h:W — E; x E, and so is of class C' (Proposition 4.10). We now set

U={xeE :(x,c)e W}
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U is the inverse image of W under the inclusion mapping i, : £y — E|xXF,x —>
(x,c) and so is open. Clearly a € U. The mapping ¢ = h, o i, from U into E;,
being a composition of C'-mappings, is of class C' and satisfies the equivalent
statements of the theorem. O

Remark. Under the conditions of the theorem, if the equation

flx,y)=c

has a solution, then it has an infinite number of solutions.

In general, the mapping ¢ cannot be explicitly determined. However, it is
possible to find its differential at a. We have the relation f(x, ¢(x)) = ¢ for points
in a neighbourhood of a, from which we obtain

91 f(a.b) + 92 f(a.b) o p'(a) = 0.

This implies that

¢'(a) = =92 f(a.b)™" 03 f(a,b).

In fact, we can do a little better. From Proposition 3.2 we know that d, f is a
continuous mapping from O into L(E,, F). The invertible elements of L(E>, F)
form an open subset Z(E,, F) and so there is an open subset O” of O, containing
(a, b), such that 9, f(O") C Z(E,, F). We can suppose that O” C O’ (if not, we
can take the intersection of O’ and O”). For (x, y) € O”

01 f(x.y) + 02 f(x,y) 0 ¢'(x) =0,

which implies that

¢'(x) = =0 f(x,y) " 031 f(x, ).

Remark. If the mapping f is if class C¥, then the mapping ¢ is also of class C¥.
To see why this is so, let us return to the proof of the implicit mapping theorem.
Because f is of class CX, g is also of class C*. It follows that & = g@l/ is of class

Ck. As h; is a coordinate mapping of %, h is also of class C*. To finish, ¢ is the
composition of two C*-mappings and hence of class C*.

Let fi,..., f, be real-valued functions of class C' defined on some open subset
O of R"*7 and consider the system of equations (5):

f](Xl,..-,xnayla--"yp) =]
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fp(xl,...,xn,YI,---,Yp) ZCP'

We can write this system as

f(x,y) =c. (8.2)

From the implicit mapping theorem, if f(a,b) = c and the partial differential
d, f(a, b) is a linear isomorphism, then in some neighbourhood of (a, ), the points
(x, y) satisfying (8.2) form the graph of a C'-mapping ¢, defined on an open subset
of R” with image in R?, i.e., we can write

d1(x1,....x,) = )i

Pp(X1. .o Xn) = Yp.

where the mappings are all of class C'. To see whether d,(a,b) is a linear
isomorphism, it is sufficient to determine whether the determinant of the matrix

M(x.y) = (%(x,w)
Ay, 1<ij<p

at (a, b) is not 0. We also have an expression for the Jacobian matrix of ¢. If

afi
N(x,y) = (%(X,y)
j

3

)lsisp,lsjsn

then
Jp(x) = =M(x,y)"'N(x.y).

Example. Consider the system

fiGyym) = x2+yi+y; =3
fo(x, y1.y2) = x4+ 3xy; —2y; = 0.

(1,—1,1) is a solution of the system. In addition,

of; 2 2
M(x, y1.y2) = (ﬁ(x’yl’yz)) - (3xy_12 (y)z)
J Isij<2

and det M (x, y1, y2) = 2y2(2 — 3x). As det M(1,—1,1) = —2 # 0, there exist
mappings ¢ and ¢,, defined on a neighbourhood of 1, such that

$1(x) = y1 and $a(x) = y2,
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for solutions (x, y1, y2) of the system close to (1, —1, 1). Because the functions of
the system are of class C°, so are the mappings ¢; and ¢,. We can calculate ¢, (1)
and ¢, (1) from the expressions for M(x, y;, y2) and N(x, y, y2) at (1,—1,1). We
find ¢ (1) = 1 and ¢ (1) = 0.

Here is another example.

Example. Consider the equation
F(x1,x2,9) = (X3 4+ x3 + y)In(x; +x2 + y) —e"™2 41 =0.

(0,0,1) is a solution of this equation and g-—’;(O, 0,1) = 1 # 0. From the implicit
mapping theorem there exists a real-valued function ¢ of class C°°, defined on a
neighbourhood of (0, 0), such that

$(x1,x2) =y
for solutions (xy, x», ¥) of the equation close to (0, 0, 1). The Jacobian matrix of ¢
at (0,0) is (0 0).

Exercise 8.1. Consider the equation
arctan(xy) —e* Y +1 = 0.

Show that (0, 0) is a solution of the equation and that in a neighbourhood of (0, 0)
the points (x, y) satisfying the equation are the graph of a real-valued function ¢ (x)
of class C*°. Determine the derivative of the function ¢ at 0.

Exercise 8.2. Consider the system (E;) of equations

2x+y+s(1—x3)=0
—5x =2y +s(1—y?) =0.
Show that there are real-valued functions ¢ and v of class C*°, defined on a

neighbourhood of 0, such that (¢(s), ¥ (s)) is a solution of the system (Ej).
Determine the derivatives of the functions ¢ and v at 0.

Exercise 8.3. Consider the system of equations (.5)

2=y 4+wz=0

xy—w?+22=0.

Show that (0,1,1,1) is a solution of (§) and that there is a neighbourhood O
of (0,1) and C*®-mappings ¢; : O — R?> and ¢, : O —> R? such that
(x,y,¢1(x, ), ¢2(x, y)) is a solution of (§) for all (x,y) € O. Find the partial
derivatives of ¢; and ¢, at (0, 1).
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It is interesting to consider a system of equations (S) composed of affine
functions:

anxy + -+ amx, +buyr +--+ by, = ci

apiXy1 + -+ appxy + bplyl +e bppyp = Cp.
We may write (S) in matrix form as follows:
AX + BY =c¢

If det B # 0, then B is invertible. For any ¢ the system has a solution, for example
(0, B~!¢). The solutions are of the form (X, ¢ (X)), with X € R" and

$(X)=—B'AX + B 'c.

Exercise 8.4. Prove that the solutions of the system of affine functions are of the
form just given.

8.3 The Rank Theorem

In this section we will only be concerned with finite-dimensional normed vector
spaces. We will extensively use the inverse mapping theorem. If £ and F are
normed vector spaces, O an open subset of £ and f a mapping from E into F
which is differentiable at a € O, then we call the rank of the differential f”(a) the
rank of f ata . As tk f’(a) < min(dim E, dim F), the rank of f at a cannot be
greater than the minimum of the dimensions of E and F. We will be particularly
interested in the case where f is differentiable at all points x € O and the rank is
constant; then we will speak of the rank of f'. Suppose that the rank of f is equal to
min(dim E, dim F). If min(dim E, dim F) = dim F, then f’(x) is surjective for all
x and we say that f is a submersion; if min(dim E,dim F) = dim E, then f’(x) is
injective for all x and we say that f is an immersion.

Our aim is to look at the local structure of C'-mappings between finite-
dimensional normed vector spaces. We will first consider linear mappings, and then
generalize the result.

Theorem 8.3. Let f : R" — R" be a linear mapping of rank r. Then there are
linear isomorphisms o : R" — R™ and B : R" — R”" such that

Bo foalxy,...,xn) = (x1,...,x-,0,...,0).
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Proof. Let V be a complementary subspace of Ker f, the kernel of f: R" =V &
Ker f. The dimension of V is r and f restricted to V is injective. Let uy, ..., u,
be a basis of V and u,11,...,u, a basis of Ker f. Then i/ = (u;)’_, is a basis
of R™. Now let W be a complementary subspace of Im f, the image of f in R":
R" =1Im f & W. The dimension of Im f is r and v, = f(u1),...,v, = f(u,)isa
basis of Im f. If (v, 41,...,v,) is a basis of W, then V = (vj)’}:l is a basis of R”.
Supposing that M is the matrix of f in the bases () and (v, ), then

M = Ir Or.m—r )
On—r,r On—r,m—r

Let B,, (resp. B,) be the standard basis of R” (resp. R"). With A the matrix of f in
the standard bases we have the relation

M = Py, APs,u-

where P 45 is the matrix representing the basis B in the basis A. If, for x € R” and
y € R", we set

a(x) =Pp,ux  and  B(y) =Pys,y,
then o and B are linear isomorphisms and
Bo foalxy,...,xn) = (x1,...,x,0,...,0).

This completes the proof. O

Corollary 8.1. Let E and F be vector spaces, with dim E = m and dim F = n,
and [ : E —> F a linear mapping of rank r. Then there are linear isomorphisms
a:R" — Eandf : F — R" such that

Bofo&(xl,...,xm) = (x1,...,x,0,...,0).
Proof. Leta@ : R" — E and ,3 F —> R" be linear isomorphisms. If we set
f ,3 f oa, then f is a linear mapping from R™ into R" and rk f = r. From

the theorem there are linear isomorphisms ¢ : R” — R and 8 : R" — R” such
that

ﬂofoa(xl,...,xm)z (x1,...,x,,0,...,0),

i.e.,

ﬁoﬁofodoa(xl,...,xm):(xl,...,xr,O,...,O).

Setting @ = & o @ and ,8_ =fo B , we obtain the result. O
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Notice that, if £ and F are normed vector spaces, then & and B are diffeo-
morphisms and f a C'-mapping of constant rank. We will now generalize this
result to other C'-mappings of constant rank. We will first consider submersions
and immersions between euclidean spaces.

Proposition 8.2. Let O be an open subset of R”, f : O — R" a C'-submersion
and a € O. There exist an open neighbourhood U of a, an open cube U’ in R™,
centred on the origin, and C'-diffeomorphisms a : U' — U and p : R" — R"
such that

BofoalXi,....Xp ..o, Xpm) = (X1,...,X,)

forallx € U'.

Proof. The Jacobian matrix J¢(a) has n independent columns; without loss of
generality, let us suppose that the first n columns are independent. We set

Y=leeeesVns Ynttoeeesym) = (9"

and then

F(y)=(f(»).y"

for y € O. The Jacobian matrix of F at a has the form

%(a) - y@ 5;’,;(a)
Jr(a) = gf:’; (a) --- afn (a) ;Jyf:l( a)

Om—n n Im—n

As Jr(a) is invertible, from the inverse mapping theorem we know that there is an
open neighbourhood U of a such that Fj, isa C !_diffeomorphism onto its image
V. Restricting F), if necessary, we may suppose that V' is an open cube centred on
(f(a),a”). If we set ) = FIZI’ then o is a C'-diffeomorphism. For z € V' there
exists y € U such that F(y) = z, i.e.,

2=, zm) = (1) s Su (V) Ynt1s ooy Vi)
and so
foa(@ = f(y) = (L) Ju(¥) = (@15 20)-

We now define a, on R™ to be the translation by ( f(a),a”) and B on R" to be the
translation by — f'(a). In addition, we set U’ = a; ' (V); clearly U’ is an open cube
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centred on the origin. Now setting « = a; o ay we obtain a C'-diffeomorphism
from U’ onto U and

Bo foalXy,...,Xn,o.. s Xm) = (X1,...,X,)

forallx € U’. O
‘We now turn to immersions.

Proposition 8.3. Let O be an open subset of R™, f : O — R" a C'-immersion
and a € O. There exist open neighbourhoods U of a and V of f(a), an open
cube U’ in R™, centred on the origin, and C'-diffeomorphisms o : U' — U and
B:V — V' C R" such that

Bo foalx),...,xpn) = (x1,...,X2,0,...,0)

forallx € U'.

Proof. The Jacobian matrix Jr(a) has m independent rows; without loss of
generality, let us suppose that these are the first m rows. We now consider the

mapping
F:0xR"™ — R", (x,w) —> f(x)+ (0,w).

The Jacobian matrix of F at (a, 0) can be written

(@) o (@)
E 3 Om.n—m
3 fm '
Tr@.0) = | ¥ - #2(a)
: SR A

@) o g (a)
As Jr(a,0) is invertible, there is an open neighbourhood U of (a, 0) such that F is

a C'-diffeomorphism onto its image V. We can suppose that U has the form U x U,
where U is an open neighbourhood of @ in O and U, an open neighbourhood of 0
in R"™_If we set B; = F|;1’ then B; is a C'-diffeomorphism. For z € U and

y = f(z), we have F(z,0) = y, therefore

Bro f(@) =Bi(y) = (z.0),

or
Bio f@i,.onzm) = @i... 7w, 0,...,0).
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Reducing U if necessary, we may suppose that U is an open cube centred on a. We
now define & on R™ to be the translation by @ and set U’ = a~'(U); clearly U’ is
an open cube centred on the origin. We also define 8, on R” to be the translation by
(—a,0) and set B = B, o B1. Then B is a C'-diffeomorphism from V' onto a subset
V' of R" and

Bo foalxy,...,xm)=(X1,...,%n,0,...,0)

forall x e U'. O

Let us now consider the case where the rank of f is constant, but strictly inferior
to m and n.

Proposition 8.4. Let O be an open subset of R", f : O — R" a C'-mapping of
rank r < min(m,n) and a € O. There exist open neighbourhoods U of a and V of
b = f(a), an open cube U’ in R™, centred on the origin, and C'-diffeomorphisms
a:U —Uandp :V — V' C R”" such that

Bo foalxy,...,xpn)=(x1,...,%,0,...,0)

forallx € U'.
Proof. Let us first suppose thata = 0 € R™, b = 0 € R”" and

S OOV Ym) = (1 9,0, 0).

We will refer to these conditions as conditions (C). For y € O we set

W)= (D)o 1) Vit Ym)-

As W'(0) = idgm, there exist open neighbourhoods U and U’ of 0 € R™ such that
W : U — U’ is a C!-diffeomorphism. We now set« = W~!. If x € U’, then
there exists y € U such that

X = (fl(y)"“’fl'(y)vyr-l-la"'vym)

and so

Soalx)=f(y) =) [t fr1(B)s oo Fu(3))
= (X1, X Prt1(X), .o, Pr (X)),
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where ¢; = f; o «. The Jacobian matrix of f o « has the form

Ir 0r,m—r
3, 3,
L (x) - 0L (x)
Jan(-x) = . .
d ,,' 0 ,,'
W (x) e Sy

As « is a diffeomorphism, f o« has constant rank r. This implies that %;”' (x)=0

for j > r. Restricting « if necessary, we can suppose that U’ is an open
cube C™(0,€). The functions ¢y4i1,...,¢, are constant for fixed xi,...,x;,
(Theorem 3.3). If, for (xy,...,x,) € C"(0,¢) C R", we set

qs,-(xl,...,x,) = ¢;i(x1,...,x,,0,...,0),

then ¢; is of class C! and

Gi (X1, X Xty e X)) = @i (X1, ..., Xy)
forall (x1,...,x,) € U'. Now let us set
Bty Xn) = (X105 ooy Xrs X1 — Grt (K15 s X0 )y ey X — B (X1, .o, X))
for (x1,...,x,) in the open cube C"(0, €). Then B is of class C'! and the Jacobian

matrix Jg(0) is inferior triangular with all diagonal elements being equal to 1.
Therefore there are open neighbourhoods V and V' of 0 € R” such that 8 : V —
V' is a C!-diffeomorphism. Restricting U’ to a smaller cube if necessary, we may
suppose that Im f o C C"(0, €). For (x1,...,x,,) € U’ we have

Bofoalxi,....xm) =B(X1, ., Xp rp1(X1, oo Xim)s oo o Pu(X1, oo X))
=B(X1se o X Pr1 (X1, X)) (XL L X))
= (X1,..+,%,0,...,0).

Let us now consider the general case. We define o; : R” — R” and B :
R" — R” by

ai(x) =x+a and Bi(y) =y —b.

From Theorem 8.3 we know that there are matrices A € M,,(R) and B € M, (R)
such that

BJf(a)Az( Ir Onme )

On—r,r On—r.m—r
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For x € R and y € R"” we now set

o (x) = Ax and  Ba(y) = By

and then

f=PBoBiofoajom=pofod.

If O = @~'(0), then f is defined on O and satisfies the conditions (C). Therefore

there exist open neighbourhoods U and V of the origin in R” and R", an open

cube U’ in R™, centred on the origin, and C'-diffeomorphisms a3 : U’ —> U and
5V —> V/ C R” such that

Bso foaz(xy,...,Xr,...,Xpn) = (x1,...,x-,0,...,0).

We now set U = a(U), V = B_I(V),a =aoazand f = B3 0,3. Then U is a
neighbourhood of @, V' a neighbourhoodof b and o : U" — U and B : V —> V'
are C!-diffeomorphisms. As B o f oo = B30 f o3, we have

Bofoalxy,....Xr, o, Xm) = (X1,...,%,0,..., %)

for all x € U’. This finishes the proof. O
We now put the previous three propositions together to obtain the rank theorem.

Theorem 8.4. Let E and F be finite-dimensional normed vector spaces of respec-
tive dimensions m and n, O an open subset of E, f : O — F a C'-mapping of
rankr and a € O. Then there exist open neighbourhoods U of a and V of b = f(a)
and C'-diffeomorphisms o : U' —> U and B : V. —> V', where U’ is an open
cube in R™, centred on the origin, such that

Bofoalxi,....,Xxr,....Xnm) = (x1,...,%,0,...,0)

forall x € U'.

Proof. For the case where £ = R” and F = R” we have already proved the result
(Propositions 8.2, 8.3 and 8.4). For the general case it is sufficient to notice that £
and R™ are isomorphic as are F' and R". O

Exercise 8.5. Let £ and F be normed vector spaces of respective dimensions m
and n, O an open subset of E and f a C'-mapping from O into F. Suppose that
a € O withrk f'(a) = m (resp. rk f’(a) = n). Show that there is a neighbourhood
O’ of a such that f : O" —> F is an immersion (resp. submersion).
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8.4 Constrained Extrema

We have already looked at the problem of finding extrema of differentiable
functions. Here we will return to the subject, but this time taking constraints into
consideration. To be more precise, we consider a real-valued function f defined
on some open subset O of a Banach space and look for possible local extrema a
satisfying a condition of the form g(a) = 0, where g is a mapping from O into
some Banach space F. In general, F is a euclidean space R”. Before arriving at a
result characterizing such local extrema we will need to do some preliminary work.

Lemma 8.1. Let E be a Banach space and | a linear mapping from E into R. Then
[ is continuous if and only if the kernel of [ is closed.

Proof. 1f [ is continuous, then Ker/ is closed, because {0} is closed.

Suppose now that Ker/ is closed and let us write K = Ker!/. If K = E, then [ is
the zero mapping from E into R and so is continuous. If K # E, then there exists
a € E \ K. The distance from a to K, d(a, K), is strictly positive, because K is

closed. If x € E\ K,then/(x) #0andy = a — ,E‘é;x € K. Therefore

|/(a)]
Ixll =1y —al =z d(a. K)
11(x)]
and it follows that
|(a)]
)
[1(x)| = d@. K)II x].
As this is also true when x € K, [ is continuous and |/| < d(l‘(l”}J). O

Proposition 8.5. Let E and F be Banach spaces, | € L(E, F) surjective and
¢ € E*. Suppose that Kerl has a closed complement L. Then the following two
conditions are equivalent:

(a) Kerl C Ker¢;
(b)  There exists A € F* suchthatp = Ao l.

Proof. The condition (b) clearly implies the condition (a).

Suppose now that the condition (a) is satisfied and let y € F. Because [ is
surjective, / ~I(y) is not empty. It is also closed, because [ is continuous. If xy, x; €
[7(y), then x; — x, € Ker! C Ker ¢, therefore ¢ (x;) = ¢(x7). If we define A(y)
to be the common value of ¢ on the set /= (y), then we obtain a real-valued function
A defined on F such that ¢ = A o [. The function A is linear and continuous. Let us
see why this is so.

First, the linearity. If y = I(x), then A(y) = ¢(x) and for @ € R we have

ay = al(x) = l(ax) = Alay) = ¢p(ax) = ap(x) = aA(y).
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If y; = [(x;) and y, = I(x,), then

i+ v =1(x1) +1(x2) =1(x1 + x2) = A(y1 + y2) = ¢(x1 + x2)
= ¢(x1) + P (x2) = A(y1) + A(y2).

We have shown that A is linear.

Now let us turn to the continuity. This is more difficult. The mapping /|, is
linear continuous and bijective. From the corollary to the open mapping theorem
(see Appendix 1), [}, is a normed vector space isomorphism. In addition, A(y) = 0
if and only if y = I(x), with ¢(x) = 0; however, this is the case if and only if
y € [(Ker ¢). Therefore Ker A = [(Ker ¢). It is clear that

I, (LN Ker¢g) C I(Kerg).

Let y € [(Ker¢) and x € E be such that ¢(x) = 0 and y = [(x). We can
write x = x; + x;, with x; € Ker/ and x, € L. However, Ker/ C Ker¢ and so
¢(x) = ¢(x7). It follows that x, € L N Ker¢ and y = /(x) = [(x,). Hence

[(Ker¢) C [), (L NKerg).
To sum up, we have shown that
KerA =/, (L NKer¢).
As [}, is a normed vector space isomorphism and L N Ker ¢ is closed, KerA is a

closed subspace of F. From Lemma 8.1, A is continuous. 0O

Remark. The continuous linear mapping A is unique. Suppose that there exists A;
satisfying the conditions of the proposition and that A; # A. Then there is a y such
that A;(y) # A(y). If y = [(x), then

¢ (x) = L((x) # A (x)) = p(x),

a contradiction. Hence A is unique.

We are now in a position to state and prove the result alluded to above concerning
arelative minimum or maximum under constraints.

Theorem 8.5. Let E and F be Banach spaces, O an open subset of E and f :
O — Rand g : O — F mappings of class C'. Suppose thata € A = g~'(0)
and that f has a relative extremum (minimum or maximum) at a. If g'(a) is
surjective and Ker g’ (a) has a closed complement L, then there is a unique A € F*

such that (f — Ao g)(a) =0.

Proof. If Kerg’(a) C Ker f’(a), then from the previous proposition there is a
unique element A € F* such that f'(a) = A o g’'(a). However, A'(g(a)) = A,
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because A € F*, and so we have f'(a) = (A o g)(a). Therefore to prove the
theorem it is sufficient to establish the inclusion Ker g’(a) C Ker f”/(a). Let us
write K for Ker g’ (a).

K is a closed subspace of E and so is a Banach space. The complementary
subspace L is closed and so L too is a Banach space. The mapping

¢: KxXL—FE:(x,y)—x+y

is a bijective continuous linear mapping and thus a normed vector space isomor-
phism. Let O = ¢~'(0) and § = g o ¢. Then g is defined on O. Now, on the one
hand

g/(xv J’)(h’k) = alg(X, y)h + aZg(xa y)k

and on the other

g y)(hk) = g(p(x.y) 0 ¢’ (x, y)(h.k) = g'(x + y)(h + k).

This implies that

hgx.y)=g'(x+y), and  0g(x,y)=g(x+y),.

In particular, if @ = a; + a, witha; € K and a, € L, then

0i18(ar,az) = g'(a),  and  0,8(a1,a2) = g'(a)),.

It follows that d1g (a1, a,) = 0 and that d,&(ay, az) is a bijective continuous linear
mapping from L onto F' and so a normed vector space isomorphism.

We now apply the implicit mapping theorem: there exist an open neighbourhood
O’ of (a),a,), included in O, an open neighbourhood U of a; and a C'-mapping
Y : U — L such that the following statements are equivalent:

e (x,y) € O and g(x,y) = 0;
e xeUandy = y(x).

Next we consider the mapping
G:U—R,x+— fop(x,¥(x)).

G has a relative extremum at a;. As G is differentiable, we have G’ (a;) = 0. If we
can show that f/(a)k = G'(ay)k for k € K, then we are finished. Now, if k € K,
then
G'(ank = f(¢(ar, ¥(ar)) o ¢'(ar, Y(ar)) o (idg, ¥'(ar)k
= (@ (b, y'(a)k))
= f(a)(k + ¥/ (a)k).
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However, for x € U we have g(x, ¥ (x)) = 0, which implies that
d1g(ar, a)h + 9:g(ar, az) o ¥'(ar)k = 0.

As 018(ay,az) = 0 and 0,8(ay,ay) is invertible, we must have '(a;) = 0. It
follows that f’(a)k = G’(a1)k when k € K. We have shown that Ker g’(a) C
Ker f’(a). This concludes the proof. O

Remark. In Proposition 8.5 and the above theorem one of the conditions was the
existence of a closed complementary subspace. In a Hilbert space or a finite-
dimensional normed vector space this condition is not necessary, because it is
always fulfilled.

Suppose that ' = R”. This means that the constraint g is composed of n real-
valued functions: we have g;(x) = Ofori = 1,...,n.If A is a linear mapping from
R”" into R, then there is a unique set of constants A;, ..., 4, € R such that

AVi, o V) = Ay + o+ Ay

forall (y1,...,y,) € R". This means that the relation

(f —4og)@=0

can be written
fl@) = (gi(@) +---+ A,8,(a) = 0.

If we further suppose that E = R, then we can replace the above condition by the
following:
V(@) = (AVgi(a) + -+ 1, Vgu(a)) = 0.

If we add the constraint equations g;(a) = 0, then we see that a is a solution of
a system of m + n equations in m + n unknowns. The constants A; are called
Lagrange multipliers. Notice also that the surjectivity of g’(a) is equivalent to the
independence of the gradients Vg (a), ..., Vg,(a).

Example. Consider the function f defined on R? by f(x,y) = cosx + cosy. On
the domain
) b4 T .
D = {(x,y)eR :O§x<E,O§y§E,smx+smy: 1}.

f has both a maximum and a minimum, because f is continuous and D compact.
Let (a, b) be a maximum and suppose that (a, b) lies in the set

Dl:{(x,y)eR2:0<x<%,O<y<%,sinx+siny:1}.
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Letus set g(x, y) = sinx + siny — 1. Then
Vf(x,y) = (—sinx,—siny) and Vg(x,y) = (cosx,cos y).
As Vg # 0 on Dy, there exists A € R such that
—sina = Acosa and —sinb = Acosbh,
which implies that

tana = tanb = —A.

Now, a,b € (0.%) and so a = b. It follows that sina = sinb. However, sina +
sinh = landsosina =sinb = j;hencea = b = Z.If (£, %) is not a maximum,

then the only other possibilities are (O, %) or (%, 0). However,

17 =i 1=r03) = (50

and so (Z, Z) is the unique maximum.
Let us now consider the minimum. If such a point were to lie in D, then it could
only be the point (%, %), which is not possible. It follows that there are two minima,
I s
namely (0, Z) and (%, 0).

We now give an example with two constraints.

Example. We consider the intersection E of the surfaces
C:x*>+y*=5 and P:x+2y+z=0.

We aim to find those points in £ which are closest and those which are furthest from
the origin. First we set

fy=xr+y"+22, gi(x.y.0=x>+y*=5 and g(x.y.2) =x+2y+z

The point (a, b, ¢) minimizes (resp. maximizes) the distance to the origin if and only
if (a, b, ¢) is a minimum (resp. maximum) of f. E is closed and bounded, hence
compact. As f is continuous, f has a maximum and a minimum on E. Now,

Vgi(x,y,2) = (2x,2y,0)  and  Vg(x,y.2) = (1,2,1),
which are linearly dependent if and only if x = y = 0. However, if this is so,
then g;(x, y,z) = —5 # 0, which means that (x, y,z) ¢ E. Therefore, if (a, b, ¢)

minimizes (or maximizes) f on E, then there exist A1, A, € R such that

Vf(a,b,c)—AVigila,b,c) —A:Viga(a,b,c) =0.
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This leads us to look for the solutions (S, A) € R3 x R? of the following system of
equations:

2X —2A1x— A, =0
2y =2M1y =21, =0
2z— A, =0
x24+y?-5=0
x+2y+z=0.

This system has four solutions, namely

(SlvAl) = (_2’ 1905 170)7 (527A2) = (2’_1905 170)9
(S3, A}) = (1,2 — 5,6, —10) and (S4, A4) = (—1, —2,5,6, 10)
We find that f(S1) = f(S2) = 5 and that f(S3) = f(S4) = 30. It follows that S

and S, minimize the distance to the origin and S3 and S4 maximize the distance.

Remark. In looking for constrained extrema we are often led to solving large
systems of polynomials in several variables. Grobner bases can be very useful in
handling such problems. A good introduction to the subject is the book by Cox,
Little and O’Shea [8].

Exercise 8.6. Show that the function f : R® — R,(x,y,z) —> xyz has a
maximum on the domain

D ={(x,y,2) eR} :x’ +4y> +z=4}.

Find the points where f attains a maximum value.

Exercise 8.7. Find the points on the surface
S:(x—y)*-2=1

which minimize the distance to the origin.

Exercise 8.8. Consider the function f defined on R” by

f(xlv"'vxn): Z XiXj.

I<i<j=<n
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Show that f has a maximum and a minimum on the domain

D =

n
(x1,...,x,) eR" :xlzo,...,xnzo,Zx,- =1} .

i=1
Find the extrema.

Exercise 8.9. Let x;,...,x, € R} and set

A, = {(ul,...,un)ER":u1>0,...,un>0,1_[ui :1§.

i=1

Show that the function

1 n
R — R, (uy,...,u,) —> — i Xi
f (u1 Up) nZux

i=1

. .. .. . 1
has a unique minimum on A, and that the minimum value of f is ([]F_, x;).
Deduce the inequality

(l—[x,') + (l—[yi) < (l_[(Xi +yi)>
i=1 i=1 i=1

forall xi,.... %, y1,.... s € RY.

In the second example above, which is relatively simple, we obtained a system
of five polynomial equations in five unknowns. With a little work the solutions of
this system could be found. However, in general it is no easy matter to solve the
system of equations found and, even once we have the solutions, to decide whether
a given solution is a maximum, minimum or neither one nor the other. Nevertheless,
for one sort of constrained optimization problem we can find a complete solution.
Let A € M, (R) be symmetric and positive definite, b € R", C € M,,,(R), with
m < nandrkC = m, and d € R™. We consider the problem of minimizing the
real-valued function

1
f(x) = ExtAx —b'x

under the constraint(s)
Cx=d.

The function f is strictly convex on the convex set S = {x e R" : Cx = d}.If A
is the smallest eigenvalue of the matrix A, then

1 1
SO0 = Sx" Ax = b'x = SAllxll; = [bll2]lx]2
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and so f(x) approaches co when || x|, approaches co. As S is closed, f has a
minimum X on S, which is unique, because f is strictly convex. We are minimizing
f onR", which is open, under the constraints

n
(]5,'()(?) = ZCU’X]' —d,'
j=1
fori =1,...,m.

Now, V¢, (x) = (ci1, ..., ¢in) and the rank of the matrix C is m, therefore the
gradients are independent. It follows that there exist Ay, ..., A,, € R such that

V(&) =Y 2V (3) =0.
i=1

Letting A be the vector of Lagrange multipliers, i.e., A = (1, ..., A,), we can write
these expressions in matrix form:

AX—b—-C'A=0.
Now let us consider the matrix B = CA~'C' € M,,(R). First,
Bl‘ — (CI)I(A—I)tct — CA—lct — B,

because the symmetry of A implies that of A~!. Therefore B is symmetric. Also, if
y € R™, then we have

y(€CATICHy = (C'y)'A7(C"y) 2 0,
because the positive definiteness of A implies that of A™!. In addition,
y(CAT'ICHy =0= C"y =0,

which in turn implies that y = 0, because tk C' = m. Hence B is positive definite.
We can now determine A and so x. We have

Ax—b—-C'A=0= Cx—CA'b—CA™'C'AL=0
= d—-CA'b—BAL=0
— A=B"'(d—-CA'b)

and, substituting for )_k, we obtain

¥=A"+AC'A=A""(b+ C'B7'(d - CA'D)).
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Appendix 1: Bijective Continuous Linear Mappings

If E and F are normed vector spaces and f € L(E, F) is bijective, then there is
no guarantee that the inverse f ! is continuous. (Of course this is not a problem if
E and F are finite-dimensional, because all linear mappings between such spaces
are continuous.) We will show here that the inverse is continuous if £ and F are
Banach spaces. In so doing we will prove a little more, namely the open mapping
theorem. We will begin with a lemma, often referred to as Baire’s theorem . We need
a definition. A subset S of a normed vector space E is dense in E if the closure
S = E. This is equivalent to saying that for any open ball B(x, r) the intersection
B(x,r) N S is not empty.

Lemma 8.2. (Baire’s theorem) Let E be a Banach space and (S,)52, a sequence
of closed subsets of E each with empty interior. Then the interior of the union of
these subsets is also empty.

Proof. Let us write O, for the complement ¢S, of S,,. Then O, is open and dense
in £. We set O = N2, 0,. Itis sufficient to show that O is dense in E. Let B(x, r)
be an open ball. We choose x; € B(x,r) N O; and r; > 0 such that

B(x1,r1)) C B(x,r)NO; and 0<r < %
Next we choose x; € B(xy,r1) N Oy and r, > 0 such that
B(Xz,Fz)CB(Xl,I‘l)QOZ and O<I‘2<%.

Continuing in the same way we obtain a sequence (x,) such that ||x, —x,—1[| < 5.
Using the triangle inequality we now obtain for k > 1

”xn+k - xn“ = ||xn+k - xn+k—1” +eet ”xn+1 - xn“

r r r
< Tk + e+ pYEs] < o

Thus (x,) is a Cauchy sequence and has a limit /. As (x,) C B(x,r1), [ must lie

in B(xy,r1) and so in B(x,r). However, [ € N°2,B(x,,r,) C N;2,0, and so

B(x,r) N O # @. As any open ball intersects O, O is dense in E. O

Baire’s theorem has many applications. It is fundamental in establishing the next
result from which the open mapping follows. Also important in proving this result
is Exercise 1.11, which we recall: If A is a subset of a normed vector space E and
O is a nonempty open subset of A, then O N A # @.

Lemma 8.3. Let E and F be Banach spaces and L € L(E, F) surjective. Then
the image of an open ball centred on the origin in E contains an open ball centred
on the origin in F.



186 8 The Inverse and Implicit Mapping Theorems

Proof. To simplify the notation, let us write B, (resp. B;) for the open ball of radius
r centred on the origin in E (resp. F'). As

L(B,) = L(rB)) = rL(B)),

it is sufficient to prove the result for » = 1. We will first show that L(B) contains
an open ball B/. As L is surjective, we have F = U | L(B,). By Baire’s theorem
there is an m € N* such that int L(B,,) # @. From Exercise 1.11 there exists an
element y( of this open set lying in L(B,,). If yo = L(x¢) and x € B,,, then
X —Xo € By and so L(x — xg) € L(Bay). It follows that L(B,;) — yo C L(Bam).
Therefore

L(Bm) — Yo = L(Bm) — Yo C L(BZm)‘

As int (L(By,) — yo) = int L(B,;) — Yo, 0 is an interior point of L(B,,) — yo and so
of L(By,;,). Also,

L(Byn) =2mL(By) = 2mL(B)),

and so 0 is an interior point of 2m L(B) and thus of L(B;): there exists an open
ball B/, centred on the origin in F, such that B, C L(B,).

Our next step is to show that B, C L(Bs3). Let y € B/. In order to show that
y € L(B3) we will establish the existence of sequences (x,) C E and (y,) C F,
with y, = L(x,), such that

1 " €
llle < 5= andfly =) yillr < o

i=1

Let B(y,r) be an open ball centred on y of radius r < § and included in B/. As
B(y,r) C L(By)), there exists y; C B(y,r) N L(B;) (Exercise 1.11). Therefore
there exists x; € Bj such that L(x;) = y;. Thus we have the first members of the
sequences (x,) and (y,). Suppose that we have constructed the sequences up to 7.
Now,

1 ] T
r ’ _
B, = 5;B.C 5 L(B) =L (By).

27

Letus set y) = y — Y '_, y; and let B()’,r’) be an open ball centred on y" of

radius r’ <

7 and included in B..AsB(y',r')C L (B%), there exists y,4+1 €
21‘1 n
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B(y'.r')yn L(Bz%)' Because y,4+1 € L (B%n)’ there exists x,+1 € B such that
L(Xy+1) = Yn+1. Also, as y,+1 € B(y',r’), we have

n+1
€ €
1y = yusillr < o+l or Iy — E yillr < prEsk

i=1

Hence we can construct the sequences up to order n + 1. This establishes the
existence of the sequences. If we set s, = Y _, x;, then (s,) is a Cauchy sequence
and so has a limit x, with ||x|| <2 < 3, and

L(x) =limL(s,) = lim Y L(x;) =1m ) y; = y.

i=1 i=1

Therefore y € L(B3) and so B! C L(B3).
However, showing that B, C L(Bs) is equivalent to showing that B, C L(B)).
3

This completes the proof. O

Theorem 8.6. (Open mapping theorem) If E and F are Banach spaces and L :
E — F is a surjective continuous linear mapping, then L is an open mapping,
i.e., L maps open subsets of E to open subsets of F.

Proof. Let O C E beopenand y € L(O). Thereis an x € O such that L(x) = y.
As O is open, we can find an open ball B(x, r) lying in O. From the lemma we
know that there is an open ball B, in F such that B, C L(B,). We have

B'(y,e) =y + B.Cy+ L(B,) = L(x + B,) = L(B(x,r)) C L(O).

This shows that L(O) is open. O
We are now in a position to establish what we set out to prove.

Corollary 8.2. If E and F are Banach spaces and L : E — F is a bijective
continuous linear mapping, then the inverse of L is also continuous.

Proof. From the theorem L is open. This implies that L~! is continuous. O
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Appendix 2: Contractions

We recall the definition of a contraction. Let £ be a normed vector space, S C E
and f a mapping from S into S. We say that f is a contraction mapping or a
contraction if there is a constant k € [0, 1) such that

/() = fFODII < Kkllx =yl
Any such k is called a contraction factor. The following result is known as the
contraction mapping theorem.

Theorem 8.7. Let E be a Banach space, S a closed subset of E and f : S —
S a contraction. Then f has a unique fixed point x. In addition, if xo € S and
the sequence (x,)°2, is defined recursively by the relation x,+1 = f(x,), then
lim, o0 X, = X.

Proof. Let xo € S. We define a sequence (x,)2, by the relation x, 1 = f(x,). If
k is a contraction factor and m > n, then

”xm - xn” = “xm — Xm—1 ” + ”xm—l - xm—Z“ + o+ ”xn+1 - xn“
However,
251 — x5 ]| < Kl — x|l < kP [|xgm1 — x5l < -+ < K [lx1 — xoll,

therefore
n

11—k

1% = xall < (K" 71+ &7 oK) xn = ol < llx1 = xoll-

It follows that (x,) is a Cauchy sequence and so has a limit x, which belongs to S
because S is closed.
The sequence ( f(x,)) is a subsequence of (x,) and f is continuous, therefore

x =lim f(x,) = f(x).

Thus x is a fixed point of f.If f(y) = y, then

lx =yl = 1/(x) = fWI < kllx =yl

which is possible only if x = y. Therefore the fixed point is unique.

Let x; € S and the sequence (x)°, be defined recursively by the relation
x, ., = f(x;). From what we have just seen, the sequence (x;) converges to a
fixed point x” of f. The uniqueness of the fixed point implies that x’ = x. O



Chapter 9
Vector Fields

Let E be a normed vector space and O an open subset of E. A continuous mapping
X from O into E is called a vector field. If X is of class C*, with k > 1, then
we refer to X as a vector field of class CX. If I is an open interval of R and ¢ a
differentiable mapping from 7 into O such that

$(1) = X(¢(1))

forall # € I, then we say that ¢ is an integral curve of X or a solution of the first-
order differential equation X = X(x). As X and ¢ are both continuous, so is X o ¢
and it follows that ¢ is of class C'. An integral curve ¢ defined on an open interval
I is a maximal integral curve if it cannot be extended to an integral curve defined
on an open interval strictly containing /.

Exercise 9.1. Show that, if the vector field X is of class C*, then an integral curve
¢ of X is of class C*+1 Thus, if X is smooth, then so is any integral curve of X.

We recall the definition of a Lipschitz mapping. Let £ and F be normed vector
spaces, S a subset of £ and f a mapping of S into F. If there is a constant K > 0
such that

1f(x) = fDIlF = Klx = ylle

for all x,y € S, then we say that f is Lipschitz (or K-Lipschitz) and that K is
a Lipschitz constant for f. We can generalize this idea. We say that f is locally
Lipschitz if every point x € S has an open neighbourhood U such that f restricted
to U N S is Lipschitz. Clearly a locally Lipschitz mapping is continuous. Suppose
that O is open, f of class C! and x € O. As f' is continuous, f” is bounded on
some open ball B centred on x. From Corollary 3.2 we see that f is Lipschitz on
B and it follows that f is locally Lipschitz. We will be particularly interested in
Lipschitz and locally Lipschitz vector fields.

Remark. A continuous mapping may not be bounded on a bounded subset; however,
a Lipschitz mapping is bounded on bounded subsets. On the other hand, a
continuous mapping is locally bounded on any subset S of a normed vector space,

R. Coleman, Calculus on Normed Vector Spaces, Universitext, 189
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i.e., every x € S has an open neighbourhood U such that f restricted to U N S is
bounded.

Notation. Let a € R. We will write 7;, for the translation mapping of R into R
defined by
T.(t) =t —a.

The integral curves of a vector field have an important elementary property,
namely they are invariant under translation:

Proposition 9.1. Let ¢ : I —> O be an integral curve of a vector field X :
O — E anda € R. Then ¢ o T, is an integral curve of X defined on I + a.
In addition, ¢ o T, is maximal if and only if ¢ is maximal.

Proof. The mapping ¢ o T, is clearly defined on I 4 a and for 7 € I + a we have

d d
g @oTa®) = 2 ¢ —a) =Xt —a)) = X($ o Tu(1)).

Therefore ¢ o T, is an integral curve.

Suppose that ¢ is maximal. If ¢ o T, is not maximal, then ¢ o T, can be extended
to an integral curve ¢; defined on an open interval /; strictly containing I + a.
However, ¢ o T, is an integral curve defined on the interval I} —a. As [ is strictly
containedin /1 —a and ¢ = ¢;oT_, on I, we have a contradiction to the maximality
of ¢. It follows that ¢ o T}, is maximal.

Using an analogous argument we can show that, if ¢ o T, is maximal, then so is ¢.
O

We often need to consider so-called time-dependent vector fields. Suppose that
E and O are as above, J an open interval of R and Y a continuous mapping from
J x O into E. Then we say that Y is a time-dependent vector field. In this case, for
eacht € J, the mapping Y, : x —> Y (¢, x) is a vector field. An integral curve of Y
is a differentiable mapping ¢ from an open interval / C J into O such that

P(t) = Y(t.¢(1))

fort € I.AsY(t,¢(t)) is continuous, ¢ is of class C''. An integral curve is maximal
if it cannot be extended to an integral curve defined on an open interval strictly
containing /.

With a time-dependent vector field we may associate a vector field in a natural
way. If Y : J x O — E is a time-dependent vector field and for¢# € J and x € O
we set

X(t,x)=(1,Y(t,x)),

then we obtain a vector field defined on the open subset J x O of R x E. As might
be expected, there is a relation between the integral curves of ¥ and X.
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Proposition 9.2. The integral curves ¥ of X are of the form ¢ o T,, where

P(1) = (1.¢(1))

and ¢ is an integral curve of Y. ¥ is maximal if and only if ¢ is maximal.

Proof: 1f ¢ : I —> O is an integral curve of ¥ and we set (1) = (1.¢(t)) for
1€ I, then it is easy to see that ¢ is an integral curve of X. If a € R, then as above
¢ o T, is an integral curve of X definedon I + a:

poT,(t)=(t—a,d(t —a)).

Suppose now that i is an integral curve of X defined on an open interval /. Then
V(1) = (a(t), (1)),
where a(t) € J, ¢(t) € O and
v = (1Y),
dr

As %a(t) = 1, there exists a € R such that a(¢) = ¢ — a. Therefore

d d
VO = (LY =) = 9(0) = Y —a.$(0)).

If weset ¢)(t) = ¢ o T_,, then fort € I — a we obtain

d d
GHO =00+ a) =Y +a) = Y(.i(0)).
and so ¢ is an integral curve of Y defined on / — a. However,

V() = —a.¢@) = —a ¢t —a)),

ie., ¥ = ¢; o T,. Hence an integral curve of X always has the form given in the
statement of the proposition.

To close, we notice that it is not difficult to see that an integral curve of X is
maximal if and only if it is derived from a maximal integral curve of Y. O

Up to now we have supposed that integral curves exist. In the next section we
will show that this is in general the case.
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9.1 Existence of Integral Curves

Let X : O — FE be a locally Lipschitz vector field and xo € O. There exists
a closed ball B(xo, r) C O, with r > 0, and a constant K > 0 such that X
restricted to B (x, r) is K-Lipschitz. As X is Lipschitz on B(xo, ), X is bounded
on B(xo,r). We set
M = sup [[X(x)].
X€B(x0.r)

Theorem 9.1. If E is a Banach space, ty € R and € > 0, with e M < r, then there
is a unique integral curve ¢ defined on the interval I. = (ty — €, ty + €) satisfying
the condition ¢ (ty) = xo. The image of ¢ lies in the open ball B(xy, r).

Proof. The set of continuous mappings from I; into £, which we write C (I_e, E),
is a vector space. If we set
[yl = suplly®)| e
tel,
fory € C(I., E), then | - || defines a norm and with this norm C (I, E) is a Banach
space. The set

S ={y € C(U, E) : Im(y) C B(xo,7), y(to) = xo}
is a nonempty closed subset of C(I.,E). We define a mapping F from S into
C(IEv E) by
t
F0 =+ [ XG0

to

Clearly F(y)(ty) = xo. Also,

IF()(@) —xolle = I/ [X(y(s)Ileds| < Mt —1o] <. ©.1)
to

Therefore F is a mapping from S into S.
We will now show that, if n is sufficiently large, then F”" is a contraction. Let
Y1, ¥2 € S. We claim that for n € N*

" " (Ke)"
1" () = F' ()l = — =y = 12ll.
To establish this we will prove by induction that
K"t —1]"
IF2 )@ = F () Oll < ———ln = »nll

Forn = 1 we have
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IF(y)@) = FrdOle < |[ [X(r1(s)) = X(y2(s)) [ £ds]

t

< K| / 171(5) = y2(s) | ds|
fo

< K|t —tolllyr — y2Il.

Suppose now that the result is true for n and consider the case n + 1. Replacing y,
and y, by F"(y;) and F"(y,) in the calculation above we obtain

IF™* on0) = F™* () 0]l < K| / |F"(r)(s) = F"(72)(5)]| ]

t Knls _ [Oln
Kl [ S = palas
" n!

Kn-l—l It _ t0|n+1

= WHM —72ll.

IA

Therefore the result is true for n + 1 and so for all n € N*. It now follows that

n

1F () — Fr (o)) < K9

Y Iyt — 2l

For n sufficiently large (Ke¢)" < n! and so F” is a contraction.
We now fix an n such that F" is a contraction. From Theorem 8.7 F" has a
unique fixed point ¢ and, for any y € S, limy o0 F"¥(y) = ¢. Thus

¢ = lim F"(F(9)) = lim F(F"'(9)) = F(¢)

and so ¢ is a fixed point of F. If F(y) = y, then F"(y) = y andso y = ¢, i.e., the
fixed point of F' is unique. To recapitulate, we have

(1) = xo + / X(¢(s))ds.

fo

Restricting ¢ to I, we obtain an integral curve defined on /. and of course ¢ (¢y) =
Xo. From the inequality (9.1) we see that the image of ¢ lies in the open ball B(xo, r).

Suppose now that ¥ is another integral curve defined on I, with ¥ (fp) = Xxo.
Then for t € I. we have

V(1) = xo + / X(¥(s))ds.

fo
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From Corollary 3.2, for ¢t € I, and n > 0 sufficiently small, we may write

[y +n)—v®)le = (Sulj_ )IW(S)IIEIUI < Mpn,
SE(tt+n

because Y¥(s) = X (¥(s)). This implies that we can extend ¥ to a continuous
mapping defined on /.. Then

tota to+e
wm+a=ggwm+m=xﬁg3/ Xwowm=m+/ X((5))ds.

to

In the same way
fo

V- =xo+ [ X

tp—e€

and it follows that  is a fixed point of F. Hence ¥ = ¢ on I, and so on I.. This
ends the proof. O

Exercise 9.2. Show that the relation

V@ +n)—v@)le <My

proved above implies that ¥ can be extended to a continuous mapping defined on /.

From here on, when speaking of vector fields, we will assume that the normed
vector space E is a Banach space and that all vector fields are locally Lipschitz.

We have established the existence of an integral curve ¢ satisfying the condition
¢(tp) = xo and its uniqueness in a local sense. In fact, there are many integral
curves satisfying the condition; however, as we will soon see, there is one and only
one maximal integral curve satisfying the condition.

Proposition 9.3. Let ¢ and v be integral curves of the vector field X defined on
the same open interval 1. If ty € I and ¢(ty) = Y (ty), then ¢p(t) = Y (t) for all
tel.

Proof. From Theorem 9.1 there is an open interval Icl containing #p such that
¢(t) = ¥(r) forall r € I.Let I; be the union of all such intervals. Then I; is an
open interval containing fy such that ¢ (1) = ¥ (¢) forall t € I;. Suppose that /| #
I.1f 1 = (a,b) and I} = («, B), then a < « or B < b. Without loss of generality,
suppose that B < b. Because ¢ and ¥ are continuous, ¢(8) = ¥ (B). Applying
Theorem 9.1 we obtain an open interval /, containing 8 such that ¢ () = ¥ (¢) for
allt € I,. The interval I3 = I U I, is an open interval on which ¢ and ¥ agree and
I, is strictly included in /3, a contradiction. It follows that ¢ = v on /. O

Theorem 9.2. Let ty € R and xo € O, the domain of the vector field X. Then there
is a unique maximal integral curve ¢ with ¢ (ty) = xo.
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Proof. From what we have seen above there exists an interval I on which is defined
an integral curve ¢ with ¢(fo) = xo. Let I be the union of all such open intervals.
Fort € I we take any one of these integral curves ¢ defined at ¢ and set

d(1) = ¢(0).

From the preceding proposition ¢ (r) does not depend on the integral curve ¢ which
we have chosen, so ¢ is well-defined. Clearly ¢ is maximal and ¢(z)) = xo. If
Y : I —> O is another maximal integral curve and ¥ () = X, then I} C [ and,
because ¥ is maximal, /; = I. Using the preceding proposition again, we see that
Y = ¢. This ends the proof. O

Remarks. 1. If ¢ is the unique maximal integral curve with ¢(fp) = x¢ and ¢ is
defined on the interval 7, then the unique maximal integral curve ¥ with ¥ (¢) =
Xo is defined on I + (t; — tp) and ¥ = ¢ o T}, —y,.

2. If an integral curve ¢ satisfies the condition ¢ (7o) = x¢, then we often say that ¢
passes through x( at time .

We now consider a class of vector fields which is particularly easy to study. Let
E be a Banach space and A € L(FE). If we set

X(x) = Ax

for x € E, then X is a smooth vector field defined on E. Such vector fields are
called linear vector fields. As

[A(x) =AW = [Alllx = pll.
X is Lipschitz. Let us consider the mapping
a:R— L(E),t —> exp(tA).
Proposition 9.4. We have
a(t) =exp(tA)o A = Aoexp(tA).
Proof. First we notice that

exp((t + h)A) —exp(tA) = exp(tA) o exp(hA) — exp(tA)
= exp(tA) o (exp(hA) —idg)

o

hi i
= exp(tA) o (Z 1—1‘4) .

i=1
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Therefore

L exp(t + h) A — exp(14)) = exp(tA) o [ 4 + i oA
7 exp exp = exp

il
i=2

and so |
}llin}) Z(exp(t + h)A —exp(tA)) = exp(tA) o A.

As A commutes with every element of the series for exp(t4), A commutes with
exp(tA) and so we have

a(t) =exp(tA)o A = Aoexp(tA).

This ends the proof. O

Now let us take xg € E and consider the mapping
¢ R— E,t —> exp(tA)xo.
Theorem 9.3. ¢ is the maximal integral curve of the linear vector field
X(x) = Ax

with ¢ (0) = xy.

Proof. Clearly ¢(0) = xo and ¢ is defined on R, so we only need to show that
¢(t) = X(¢(¢)). However, from Proposition 9.4

o) = d%(ot(t)xo) = (d%a(t)) xo = Aoexp(tA)xo = A¢(1),

hence the result. O

Remark. 1f t; # 0 and we require the maximal integral curve ¥ with ¥ (z;) = xo,
then it is sufficient to set ¢y = ¢ o T},.

All maximal integral curves of linear vector fields are defined on R. This is in
general not the case. It may even be so that no maximal integral curve is defined on
R. Consider the vector field

X:R—R:xr1+x%

X is of class C! and so locally Lipschitz. The maximal integral curve ¢ which
passes through the point xj at time # = 0 has the form

¢(¢) = tan(¢ + arctan xg)
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and this curve is defined on the interval / = (—3 — arctanxo, 5 — arctan xo). The
maximal integral curve ¥ which passes through x( at time ¢ = #; has the form
Y = ¢ o T;,. The domain of V is I + fy. Therefore no maximal integral curve is
defined on R.

Let X be a vector field defined on an open subset O of a Banach space E. If the
point x is such that X(xo) = 0, then we say that xo is a an equilibrium point . All
other points are said to be regular points. If ty € R and x, is a regular point, then
the constant mapping

¢:R— 0,1t —> X

is the maximal integral curve passing through x at time 7 = .
We will often write ®(¢,#y, xo) for the maximal integral curve ¢ satisfying the

condition ¢ (#p) = x¢ and Iy, y, for the domain of ¢. If O is the domain of the vector
field and we set

D = UtoER,xoGOIto,xo X {t()} X {XO}’

then & defines a mapping from D into O. We will refer to ® as the flow of the
vector field X. (The term ‘flow’ is often used for a related concept, which we will
introduce further on.)

Example. 1f E is a Banach space, A € L(E) and X the linear vector field defined
on E by
X(x) = Ax,

then D = R xR x E and
CI)([, to, )C()) = exp((t — l())A)X().

Clearly @ is continuous on D. In general, the domain D of the flow ® of a vector
field defined on an open subset O of a Banach space E is an open subset of R? x O
and & is continuous. We will prove this a little further on.

We will now establish some elementary properties of the flow ®.
Proposition 9.5. Let ty € R and xo € O. Then
1. ®(t, to, x0) = Xo.
2. If t1,t € R and (t1,t9,x0) € D, then (t,to,x0) € D if and only if
(t,t1, (11, 10, x0)) € D and in this case
&(t, 19, x0) = P(t, 11, (11, 0, X0)).
3. If(l‘l, lo,Xo) € D, then (lo, 1, CD(Zl, Zo,Xo)) € D and

®(to, t1, D(t1, 20, x0)) = Xo.

Proof. Property 1 follows directly from the definition of ®. Suppose that
(t1,t0,x0) € D and let y = ®(ty, o, x9). The maximal integral curve passing
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through y at time #; is the maximal integral curve passing through x( at time #,.
Properties 2 and 3 now follow. O

Using the first remark after Theorem 9.2 we see that (¢, #1, xo) € D if and only if
(t —(t —t),t,x0) € D and

(1,11, x0) = Pt — (11 — 10), to. Xo0)-
In particular, with ) = 0 we obtain
®(t, 11, x0) = Pt — 11,0, x0).

Now, with the help of Proposition 9.5, we derive the following result: if (¢, 0, x¢) €
D, then we have

(Z,O,)Co) €D <— (Z,tl,CIJ(Zl,O,xO)) €D — (l — 11,0, CD(I],O,)C())) e D,
and in this case
®(1,0,x0) = O(t, 11, D(1,0,x0)) = Pt — 11,0, D(11,0, x9)).

We will come back to this property later.

Let us now return to time-dependent vector fields. Here we obtain analogous
results to those which we proved above for vector fields. We need a definition. Let
J be an open interval of R, O an open subset of a normed vector space E and
Y (¢, x) a time-dependent vector field defined on J x O. We say that Y is locally
Lipschitz in its second variable, if for every pair (), xo) € J x O there is an open
interval I C J, centred on fy, an open ball B C O, centred on X, and a constant
K > 0 such that

1Yz, x1) = Y, x2) || < Kl[x2 — x2|

fort € I and x1,x, € B.If Y is of class C', then Y is locally Lipschitz in its
second variable, because Y’ is continuous and so bounded on an open ball in J x O.

Theorem 9.4. Let E be a Banach space, J an open interval of R, O an open subset
of E and Y atime-dependentvector field defined on J x O, which is locally Lipschitz
in its second variable. If ty € J and xo € O, then there is a unique maximal integral
curve ¢ of Y such that ¢ (ty) = xo.

Proof. We first prove the existence of an integral curve ¢ such that ¢ (fp) = xo. To
do so we proceed as in the proof of Theorem 9.1. As Y is locally Lipschitz in its
second variable, there is a closed interval I/ C J of length 2¢ and centred on t,
a closed ball B C O of radius r > 0 and centred on X, and a constant K > 0
such that

1Y (2, x1) =Y, x2)|| < K[[x2 — x|
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fort € I and X1, Xn € B. Thus Y is bounded on I x B. We let

M = sup _||Y(t,x)||.
(t.x)elxB

Reducing 7 if necessary, we may suppose that €M < r.We define S as in the proof
of Theorem 9.1 and a mapping F from S into C(/, E) by

F(y)(®) = xo + / Y (s, y(s))ds.

fo

Similar calculations to those used in the proof of the theorem just mentioned
provide us with a unique integral curve ¢, defined on the interior / of I such that
¢ (o)) = xo. It is easy to see that the proofs of Proposition 9.3 and Theorem 9.2
are also applicable here, so we obtain a unique maximal integral curve ¢ such that

@ (to) = xo. |

To close this section we consider a special class of time-dependent vector fields,
namely nonautonomous linear vector fields. Let E be a normed vector space, J an
open interval of R and A : t —> A(t) a continuous mapping from J into L(E). If
we set

Y(,x) = A(t)x

for x € E, then we obtain a time-dependent vector field defined on J x E, called a
nonautonomous linear vector field. In addition,

1Y (2, x1) = Y (. x2) || < [A@)[]|x2 — x2|

forallr € J and x;,x, € E. Any #, € J lies in a compact nontrivial interval
I contained in J. As A is continuous, A(f) is bounded on I and it follows that
Y is locally Lipschitz in its second variable. Therefore the previous theorem is
applicable.

Studies of linear vector fields, especially in the finite-dimensional case, may be
found in many places. The book by Avez [1] handles this subject very well.

9.2 Initial Conditions

We have seen that if x( belongs to the domain of a vector field and ¢y € R, then there
is a unique maximal integral curve ¢ with ¢(z)) = xo. We often refer to the pair
(0, x0) as a set of initial conditions and say that ¢ satisfies these initial conditions.
If we have another set of initial conditions (so, yo) and ¥ is the maximal integral
curve satisfying these initial conditions, then it is natural to ask questions about the
relation between the two curves, in particular, when the initial conditions are close.
We aim to now consider two such questions. Let ¢ and v be integral curves of a
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vector field which at a given time 7, pass respectively through the points xy and yy,
i.e., ¢(tp) = xo and ¥ (¢p) = yo. We will consider the following questions:

1. if the curves ¢ and  are both defined on the interval [fy, #1], can we estimate the
distance between ¢ (1) and ¥ (¢;) as a function of that between x( and y?

2. if the curve ¢ is defined on the interval [z, #;] and yy is sufficiently close to xo,
is the curve ¥ defined on [ty #;]?

To study these questions we introduce a preliminary result, which will also be useful
later on.

Lemma 9.1 (Gronwell’s Inequality). Let f and g be continuous functions from
the closed interval I = [a,b] into Ry. If there is a constant ¢ > 0 such that for
tel

fO) =c+ / ' F5)g6)ds,
then fort € I, we have '
f(t) <cexp /t g(s)ds.
Proof. Setting ’
a(t) =c+ /ut f(s)g(s)ds

we have
a(t) = f(1)gt) < at)g(),

because f(¢) < a(t) and g(¢) > 0. If we now set

B(0) = at) exp (— / g(s)ds) ,
then we obtain
B(t) = a(t) exp (— / g(s)ds) —a()g(t) exp (— / g(s)ds)

— (@) — a(D)g(1)) exp (— / g(s)ds) < 0.

Therefore
B(t) < Bla) = ala) =c

and so

£(6) < at) = B(0) exp ( [ g(s)ds) < cexp ( / g(s)ds).

This finishes the proof. O
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Corollary 9.1. If f is a continuous mapping from a closed interval I = [a, b] into
R and there are constants ¢ > 0 and k > 0 such that fort € 1

f) <c+ / kf(s)ds.

then fort € I
ft) < ceki=,

Exercise 9.3. Let f, g and / be as in Lemma 9.1 and suppose that there is a
constant ¢ > 0 such that forr € [

b
f@) =c +/ f(s)g(s)ds.

Adapt the proof of Lemma 9.1 to show that for ¢ € I we have

b
f(@) <c exp/ g(s)ds.

Deduce that if f is a continuous function from a closed interval / = [a, b] into R4
and there are constants ¢ > 0 and k > 0 such that fort € 1

b
f0) <c+ / K/ (s)ds,
t
then forz € [
f(t) < ce,

Let us now turn to the first question we set at the beginning of the section. We
have the following result.

Theorem 9.5. Let O be an open subset of the Banach space E and X a K -Lipschitz
vector field defined on O. If ¢ and  are integral curves defined on the interval
1= [to,ll], ¢(t()) = Xxo and 1//‘(1‘0) = Yo, then

o) — v (@) < ||lxo — yolleXKE™

forallt € I.

Proof. Fort € I letus set

f@) = l¢@0) =y @l
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Then we have
d@) =y () —dt0) + Y (o) = / X(p(s)) — X(Y(s))ds
and so

f(t) < f(to) + /t Kf(s)ds.

From Corollary 9.1 we obtain

o) — v (@)l = f(t) < f(to)eX ™ = ||lxo — yo|leXC.

This ends the proof. O

Corollary 9.2. Under the conditions of the theorem, if ¢ and \ are integral curves
defined on the interval 1 = [a,b], ty € I, ¢p(ty) = xo and ¥ (ty) = yo, then for all
t € I we have

g () — w ()|l < [lxo — yolleXl ™I,
Proof. We have already proved the result for ¢ € [ty, b]. If t € [a, #y) and

f@) =llo@) =y @l

then we have
d(1) =Y (@) —¢(t) + v(to) = / X(p(s)) — X(Y(s))ds
and

f(t) < f(to) + / 0Kf(s)cls.

Using Exercise 9.3 we obtain

() — v ()] = f) < ft0)eK0™ = ||xo — yoleKlF =0,

This finishes the proof. O

Suppose now that the vector field X is only locally Lipschitz. If x, belongs to
the domain O of X, then there is an open neighbourhood U of xy and a constant
K > 0 such that X restricted to U is K-Lipschitz. In this case we obtain a result
analogous to the above result, providing that yo € U.

We now turn to the second question set at the beginning of the section. We will
need a preliminary result.
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Proposition 9.6. Let X be a vector field defined on an open subset O of a Banach
space E, xo € O, B(xo,r) an open ball centred on x( and lying in O and ty € R.
Then there are strictly positive numbers € > 0 and ¥ > 0 such that, for any y in
the open ball B(xy,7) and t in the open interval (t) — €, ty + €), the integral curve
D(s,t,y) is defined on (t) — €, ty + €). Also, the image of the integral curve on this
interval is included in the ball B(xy,1).

Proof. There is a closed ball B(xo,7), with 7 > 0, included in B(xo,r) and
a constant K > 0 such that X is K-Lipschitz on B(xo,7). We set_M =
SUP, e (xy7) I X (X) . Let € > 0 be such that eM < 7. Suppose that y € B(x, 5)

andt € (fo — 5,00 + 5). As B(y. %) is included in B(xo,7), X is K-Lipschitz on
B(y,3). If N = SUP e 3y, ) | X(x)|l, then
2eN  2eM
<
3 7 3

F.

<

SN

From Theorem 9.1 the integral curve ®(s, ¢, y) is defined on the interval (¢ — %
t+ 23—5). However, the interval (o — £.% + %) is included in (t — %,l + %) and
so ®(s, 1, y) is defined on (to — §.% + 5). Withé = S and 7 = % we obtain the
principal result. To conclude, if s € (o — 5,70 + §), thens € (¢ — 276, t+ 2{) and so

we have 5
O(s,1,y) € B (y, ?r) C B(xo0.7) C B(xo.r).

This ends the proof. O

We are now in a position to handle the second question which we asked at the
beginning of the section.

Theorem 9.6. Let X be a vector field defined on an open subset O of a Banach
space E, (a, x9) € R x O and suppose that the integral curve O(s, a, x¢) is defined
on the interval [a,b], with a < b. Then there is an open neighbourhood U of x
such that the integral curve ®(s,a, yo) is defined on the interval [a, b], whenever
yo € U.

Proof. To simplify the notation let us write ¢(¢) for ®(z,a, x¢). By definition
¢(a) = xo. We set
C={(s.9(5)) :5€ab]}

and
C.,={(s,¢(s)) €C :5€la,u)}.

C (resp. C,) is the graph of ¢ restricted to [a, b] (resp. [a,u)). As C is the image
of a continuous mapping defined on a compact interval, C is a compact subset of
R x O. Foreacht € [a,b], let B, = B(¢(t),r;) be an open ball in O such that X
is Lipschitz on B, (with Lipschitz constant K;). From Proposition 9.6 we know that
there is an interval I, = (t — €,,t + €;) and an open ball B, centred on ¢ (7) such
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that the integral curve ®(s, ', y') is defined on I, for all (¢, y') € I, x B, and has
its image in B;.

The sets U; = I, x E, form an open cover of C. As C is compact, we may
extract a finite subcover Uy, . . ., U;, from the cover. If necessary, we may eliminate
certain members and so obtain a finite cover / which is minimal, i.e., no member
of U can be removed without destroying the covering property. If ¢/ has only one
member, then the result is elementary, so let us suppose that this is not the case. We
may suppose that the sets U,, are ordered in the following way:

* (a,¢(a)) €U
« if C, C U*_ U, and (u, ¢(u)) ¢ U'_ Uy, then (u. ¢ (u)) € U, ,.

The second condition simply means that the addition of a set U, extends the
covering of the set C. We may find a sequence (sk)} Ji=2 such that ¢ (sx) € le N B,k ,
withi < k and s;—; < s¢. Clearly ¢ (s¢) € B, N B,k

At this point we will introduce a little more notation. We set

K = max K; and € = maxe,.
1 1

_As (a,¢(a)) € U, we may find an open ball B centred on xo and lying in
B,,. Suppose now that yo € B and, to simplify the notation, let us write ¥ (¢) for
®(t,a, yo). The integral curve v is defined on /;, and from Theorem 9.5 we have

Iy (@) = ¢ < llyo — xolle*

forallt € I;,,in partlcular for s,. As ¢ (s3) € Btl N Btz, reducing B if necessary, we
obtain ¥ (s2) € Btl N B,2 This means that the maximal integral curve ¥, passing
through ¥ (s,) at time ¢ = s, is defined on I;,. However, ¥»(s2) = ¥ (s2) and so
Y, = ¢ and it follows that v is defined on I, U I;,. If n = 2, then we are finished.

Suppose thatn > 3. We will now show that v is defined on I, if yy is sufficiently
close to xg. As ¥ is defined on /;,, we have

1y () = O] = 1¥(52) — (521 < [l y0 — xolle*

forall ¢ € I,,. This is also true for t € I, and so for ¢t € I, U I,,. In particular, we
have

19 (s3) = p(s3)l < llyo — xolle**e.

As ¢(s3) € B,l. n l%, with i < 3, reducing B again if necessary, we obtain
v(s3) € Ig’,,. n l§,3. This means that the maximal integral curve 3 passing through
¥(s3) at time ¢ = s3 is defined on I,,. As ¥3(s3) = ¥ (s3), we have Y3 = .
Therefore v is defined on /,, U I,, U I,. Continuing in the same way we find that
Y is defined on /,, U --- U [, and so on [a, b] for y, sufficiently close to xg. O

Corollary 9.3. Let O be an open subset of a Banach space E, X a vector field
defined on O, xog € O, I = [c,d] a closed interval of R and ty € 1. If the maximal
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integral curve ¢ passing through x at time t = ty is defined on 1, then there is an
open ball B centred on x( such that the integral curve V¥ passing through y, at time
t =ty is defined on I when yy € B.

Proof. Tt is not difficult to modify the argument of Theorem 9.6 to the case where
(b, x0) € R x O and the integral curve ®(s, b, xo) is defined on the interval [a, b].
Considering in turn the intervals [¢y, d] and [c, #y] we obtain the result. O

Remark. We may also use the term initial conditions when referring to time-
dependent vector fields. If ¢ is an integral curve of a time-dependent vector field
and ¢ (fp) = xo, then we say that ¢ satisfies the initial conditions (¢, x).

9.3 Geometrical Properties of Integral Curves

Integral curves of vector fields have some interesting geometrical properties. Here
will look at a few such properties.

Proposition 9.7. If the images of two maximal integral curves have a point in
common, then their images are the same.

Proof. Let ¢ and ¥ be maximal integral curves defined on intervals / and J and
suppose that there exist points #; € [ and t, € J such that ¢(¢;) = ¥ (#;). From
Proposition 9.1 Yy = ¢ o T;,_;, is a maximal integral curve definedon J; = J +
(t1 — 1p). Also,

Vi) = ¥ () = ¢(n).

Given the uniqueness of maximal integral curves, ¥; = ¢. As ¥ and ¥ have the
same images, the images of ¢ and Y are the same. O

Exercise 9.4. What can we say of a maximal integral curve ¢p whose domain
contains distinct points #; and ¢, such that ¢ (¢1) = ¢(#2)?

We have already observed that a maximal integral curve may not be defined on all
of R. If this is the case, then the curve has a particular behaviour when the variable
approaches a finite bound of its domain.

Theorem 9.7. Let X be a vector field defined on an open subset O of a Banach
space E and ¢ a maximal integral curve whose domain is the interval I = (a, b). If
b < oo (resp. a > —o0 ) and K is a compact subset of E, then there is real number
€ > Osuchthat ¢(t) ¢ K whent € (b —¢€,b) (resp.t € (a,a + ¢€)).

Proof. We will consider the case b < oo. The other case can be handled in a similar
way. Suppose that b < oo and that there is a compact set K C O such that for
any € > O thereisat € (b —¢€,b) with ¢(t) € K. Then there is a sequence
(t,) C (a,b) such that lim?, = b and ¢(#,) € K for all n. As K is compact, there
is a subsequence (s,) of the sequence (¢,) and X € K such that lim¢(s,) = X.
From Proposition 9.6 we know that there is an open ball B = B(x,r) C O and an
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interval I = (b —n, b+ 1) such that the maximal integral curve ®(s, ¢, x) is defined
on ] whent € I and x € B. Let s, be such that s, > b —nand ¢(s),) € B. Then
the integral curve (s, s, ¢(s;)) is defined on /. However, this integral curve is the
integral curve ¢, which is not defined on the interval [b, b + 1), a contradiction. The
result now follows. O

Exercise 9.5. Suppose that the domain of the maximal integral curve ¢ is the
interval (a, b), with b < oo, and that lim,_,; ¢(¢) = x. Show that x belongs to
the boundary of the domain of the vector field.

9.4 Complete Vector Fields

If a vector field is such that all its maximal integral curves are defined on R then we
say that it is complete. We have already seen that linear vector fields are complete.
Clearly, if a vector field is complete, then the domain of its flow is R? x O, where
O is the domain of the vector field. In this section we will explore complete vector
fields a little further. However, before doing so, we will introduce another important
notion.

Let E be a normed vector space, O an open subset of £ and X a vector field
defined on O. If f is a real-valued C !_function defined on O such that, for any
integral curve ¢ of X, f o ¢ is constant, then we say that ¢ is a first integral
of X. Clearly, if f is a constant function, then f is a first integral; however, we
are generally interested in nonconstant first integrals.

Proposition 9.8. Let E be a Banach space, O an open subset of E and X a vector
field defined on O. A C'-function f : O — R is a first integral of X if and only if
f'(x)X(x) =0 forall x € O.

Proof. Let f be a first integral, x € O and ¢ an integral curve with ¢(0) = x. On
an interval I = (—¢, +€), f o ¢ is constant, therefore

0= %(f 09)(1) = ['@0)d(t) = [ @ D)X ().

Setting ¢ = 0 we obtain
J'()X(x) = 0.
Now suppose that

f'()X(x) =0

forall x € O.If ¢ is an integral curve defined on an open interval /, then

G%(f °od)(t) = (1)) X(p(1)) =0

forall t € I. Therefore f o ¢ is constanton / and so f is a first integral of X. O
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Example. Consider the vector field X defined on R? by
X(x,y,2) = (dxy — 1,=2x(1 + 2z), —2x(1 + 2y)).
If f:R3> — Ris defined by

fx,y.2) =y +y*—z-2,
then
V£ x,y,2) =(0,142y,—1—2z).

A simple calculation shows that
Vf(xvyaz) : X(X,y,z) =0

and so f is a first integral of X.

Remark. 1f we are working in a Hilbert space, then the condition of the theorem
may be written

(Vf(x). X(x)) =0,

forall x € O, i.e., f is a first integral if and only if the gradient of f is orthogonal
to the vector field.

Exercise 9.6. Let O be an open subset of R*" and f a real-valued C'-function

defined on O. If
0 I
J = "
[_In O }

X(x)=JVf(x)

and

forx € O, then X is called a Hamiltonian vector field. Show that f is a first integral
of X.

Hamiltonian vector fields play an important role in mechanics and their study has
given rise to other branches of mathematics, notably symplectic geometry. A good
introduction to the subject may be found in the book by Hall and Meyer [13]. More
advanced texts are those of Hofer and Zehnder [14] and Libermann, Marle and
Tamboer [15].

First integrals give us useful information about vector fields. What interests us
here is their role in determining whether a vector field is complete.

Theorem 9.8. Suppose that a vector field X has a first integral f. If the inverse
image f~'(c) is compact for all ¢ € R, then the vector field X is complete.

Proof. Let ¢ be a maximal integral curve defined on an open interval /. Then there
exists an element ¢ € R such that f o ¢(¢) = c forallt € I. Thus ¢(¢) € f~'(c)
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for all t € I. However, f~!(c) is compact and so from Theorem 9.7 ¢ is defined
on R. O

Exercise 9.7. Let X be the vector field defined on R3 by
X(x, 9,0 = —2zz2=-xx=y)
and f the real-valued function defined on R? by
fx,p,2) =x*+y? + 2%

Show that f is a first integral of X, then that the vector field X is complete.

Using Gronwell’s inequality, we may obtain another criterion for the complete-
ness of a vector field.

Theorem 9.9. If a vector field X is defined on an open subset of a finite-
dimensional normed vector space E and is (K-)Lipschitz, then X is complete.

Proof. Suppose that ¢ is a maximal integral curve with ¢ (fo) = xo. Let I = (a,b)
be the domain of ¢. If b < oo, then for ¢ € [y, b) we have

¢ (2) = xoll = II/ X(¢(s))ds||

IA

(t — )| X ()| + [ 1X(@(s)) — X(xo)lds

IA

t
c+/ K[l (s) — xollds.
1y

where ¢ = (b —19)|| X (x0)||. Applying Corollary 9.1 we obtain
lp () — xo] < ceK=1) < cekb—i0)

This means that ¢ does not leave the compact set B(xo,ceX®~)) when ¢
approaches b, contradicting Theorem 9.7. Hence ¢ is defined on [fy, 00). In the
same way ¢ is defined on (—oo0, fo]. O

Suppose now that a vector field X is defined on an open subset O of a finite-
dimensional normed vector space and that there is a compact subset K such that X
vanishes outside of K.If xo € O\ K, then X (x¢) = 0 and there is a unique maximal
integral curve passing through x,, namely the constant mapping

¢:R— O,t —> Xo.

Now let xo € K and suppose that the maximal integral curve ¢ satisfies the
condition ¢ (fy) = xo. If ¢ leaves K, then there exists y € O \ K lying in the image
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of ¢. From what we have just seen, this implies that ¢ is constant, with ¢(¢) = y for
all t € R, a contradiction to the fact that x¢ lies in its image. Therefore ¢ does not
leave K and it follows that ¢ is defined on R. Thus we have proved the following
result:

Proposition 9.9. If X is a vector field, defined on an open subset of a finite-
dimensional normed vector space, which vanishes outside a compact subset in-
cluded in its domain, then X is complete.

In the appendix to this chapter it is proved that, if O is an open subset of a finite-
dimensional normed vector space and K a compact subset of O, then there is a
smooth real-valued function y defined on O with compact support such that

* y(0)C[o.1];
e y(x) =1whenx € K.

Suppose now that X is a vector field of class C' defined on an open subset O of a
finite-dimensional normed vector space E. Let K be any compact subset of O and
y as just defined. If we set, for x € O,

X(x) =y(x)X(x).

then X is a composition of the C'-mappings o and B, defined respectively on O
and R x E, by

a:x— (Y(x), X(x))
B (A, x)— Ax.

It follows that X is a vector field of class C'! vanishing outside a compact set. From
the above proposition X is complete. This shows that complete vector fields, at least
on finite-dimensional normed vector spaces, are by no means rare.

Remark. In this section we have introduced the notion of first integral. We have seen
that Hamiltonian systems always have an evident first integral. However, in general,
it is not certain whether a given vector field has first integrals and, if so, how one
may go about finding them. Interesting studies of this problem may be found in
[11,16,18,23].
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Appendix: A Useful Result on Smooth Functions

In this section our aim is to show that, for any compact subset K of a finite-
dimensional normed vector space E, it is possible to define a smooth real-valued
function whose value is 1 on K. This result has many applications. To begin, we
will prove an elementary result, which is also very useful.

Lemma 9.2. Let I = (a,b) be a bounded open interval of R. Then there exists
a smooth real-valued function g defined on R which is strictly positive on I and
vanishes elsewhere.

Proof. Let f : R — R be defined as follows:

1) = e 2 x>0

0 otherwise

From Taylor’s theorem, for x > 0 we have

x2 X" xn+l

et =14+x+ =+ + =+ ———¢
2 n!  (n+1)!

where ¢ € (0, x). This implies that e* > ;—’: and we obtain

ex?
nlx2n X"
Therefore |
_ L
lim —e 2 =0.
x—>0+ x"

Using this result it is not difficult to show, by induction, that f is smooth, with

Px) —5

xTe x x>0

FO) =

,
otherwise

where f(x) is the nth derivative of f at x and P, a polynomial whose degree is
2n — 2. If we set g(x) = f(x —a) f(b — x), then g has the required properties. O

Let us now set .
L [ g(r)dr

[ g()dr
a, h(x) = 0if x > b and h(x) € (0,1) if

h(x)

Then 4 is smooth, 2(x) = 1 if x
x € (a,b).

IA
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Suppose now that £ is an n-dimensional normed vector space and that/ : £ —>
R" is a linear isomorphism. We define a scalar product on E by setting

(x,y) =1(x)-1(y)

for x,y € E. We will write | - || for the associated norm.

Lemma 9.3. Leta, B € R, witha < B, and xo € E. Ifwe seta = o> andb = B>
and define h as above, then the mapping

u:E — R, x —> h(||x — x|

is smooth. Also, u(x) = 1if ||x — xol| < o, u(x) = 0if |x — xol| = B, and

u(x) € (0. 1) if [lx — xol| € (e, B).

Proof. The mapping x > ||x — xo||> is smooth, because a scalar product is
a continuous bilinear mapping and so smooth. As u is a composition of smooth
mappings, u is smooth.

The proof of the second part of the lemma is elementary. O

We will now prove the result referred to at the beginning of the appendix. We
define the support of a real-valued function f defined on a subset S of a normed
vector space E as follows:

supp f = {x € §: f(x) # 0}.

Theorem 9.10. Let E be a finite-dimensional normed vector space, O an open
subset of E and K a compact subset of O. Then there is a smooth real-valued
function y defined on O, with compact support, such that y(O) C [0, 1] and y(x) =
lifx € K.

Proof. As norms on a finite-dimensional normed vector space are equivalent, a set
is open, closed or compact, independently of the norm chosen. We will use the norm
|l - || on E derived from the scalar product defined above.

The complement cO of O is closed and cO N K = @. It follows that there is a
real number € > 0 such that

dist (K,cO) =inf(|x —y| : x € K,y € cO) = e.

For each a € K the closed ball B(a, 3¢) is contained in O. The open balls B(a, 5),
with a € K, form an open cover of K. As K is compact, we may find a finite
number of these balls, B(ay, 5). ..., B(a,, 5), which also cover K.

From Lemma 9.3, for each i there is a smooth real-valued function u;, defined
on E, such that u; (E) C [0,1], u;(x) = 1 for x € B(a;, 5) and u;(x) = 0 for
x ¢ B(a;, %). If we set
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P
p) =1-[]0 —ux)

i=1
for x € E, then

P
_ - 3e
suppy C UB(a,-,—4),

i=1

a compact subset of O. The mapping y = ), has the required properties. O



Chapter 10
The Flow of a Vector Field

In the last chapter we defined and studied some elementary properties of the flow
of a vector field. In this chapter we will explore the flow in more detail. In general,
normed vector spaces will be Banach spaces.

10.1 Continuity of the Flow

When discussing the flow in the previous chapter we spoke of its continuity. We will
now prove this result.

Theorem 10.1. The domain of the flow ® of a vector field X defined on an open
subset of a Banach space E is an open subset of R* x E and the flow is continuous
on its domain.

Proof. Let D be the domain of ® and (s, #y, xo) € D. First suppose that sy > fo.
There exists € > 0 such that the maximal integral curve ®(u, ty, xo) is defined on
the interval I = [ty — €, so + €]. From Corollary 9.3 there is an open ball B centred
on x¢ such that for all x € B the maximal integral curve ®(u, o, x) is defined on
the interval /. Now let 7 € (fp — 5.0+ 5),s € (50— 5.5 + 5) and x € B. From
Sect. 9.1 we see that

(s,t,x) € D < (s + (tg — 1), 1o, x) € D.
Given the conditions on s and 7,
tr—e<s+(to—t) <sop+e
and so (s,7,x) € D. We have shown that (s, £, Xo) has an open neighbourhood V

such that, if (5,7, x) € V, then (s,¢,x) € D. A similar argument can be used in the
case where sy < fy and so it follows that D is an open subset of R?2 x E.

R. Coleman, Calculus on Normed Vector Spaces, Universitext, 213
DOI 10.1007/978-1-4614-3894-6_10, © Springer Science+Business Media New York 2012
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We now consider the continuity. Reducing B if necessary, we may assume that
the vector field X is Lipschitz on B (with Lipschitz constant K). Now, for (s, ¢, x) €
V we have

D(s, 1, x) — P(s0.t0. x0) = P(s,2,x) — D(s, 1, x0) + D(s,1, x0) — (50, 0, X0)-
We will call this equation (£). Notice first that
[ ®(s. 2, x) — D(s, 1, x0)|| < [|x — xolleX~7!.

As |s — t] is bounded, the difference of the first two terms is small when x is close
to xo. Now we observe that

D(s,t,x0) = (s + (to — 1), to, X0)-

Using the continuity of the maximal integral curve ®(u, 7o, x9) again, we see that
the difference of the third and fourth terms of (E) is small when ¢ is close to £,
and s close to so. Hence, when (s, ¢, x) is close to (so, ty, Xo), D(s, ¢, x) is close to
D(s9, 19, X0) and so ® is continuous at (so, fo, Xo). It follows that @ is continuous
on D. O

In the next sections we will see that the differentiability properties of the vector
field carry over to the flow. This will involve more work than for the continuity.

10.2 Differentiability of the Flow

In this section we will show that the flow is of class C! if the vector field is of class
C'. Further on we will generalize this, showing that the flow is of class C* if the
vector field is of class C¥. In particular, smooth vector fields generate smooth flows.
To prove that the flow is of class C!, we will show that the partial differentials are
defined and continuous. We will proceed by steps.

Proposition 10.1. Let X be a vector field defined on an open subset of a Banach
space E. If X is of class C', then the flow ® of X has a partial differential 9,®,
which is continuous on the domain D of ®.

Proof. Let (so, to, X9) € D. There is an open interval I (resp. J), centred on sp
(resp. #p) and an open ball B, centred on xo, suchthat V =1 x J x B C D.If we
fix (t,x) € J x B, then the mapping u —> ®(u, ¢, x) is an integral curve defined
on [ and so has a derivative for all s € 1. This implies that 9, ®(s, ¢, x) existson V:

01 D(s, t, x)w = wa%CD(s, t,x),
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where w € R. As ® and X are continuous and
ad
a—CID(s, t,x) = X(®(s,t, x)),
N

the mapping
d
(s.1,x) > —®(s,1,x)
as
is continuous on V'; hence d; ®(s, ¢, x) is continuous on V. Therefore 9, ® is defined
and continuous on D. O
We now turn to the second differential of the flow.

Proposition 10.2. If X is a vector field of class C' defined on an open subset of
a Banach space E, then the flow ® of X has a partial differential 0,9, which is
continuous on the domain D of ®.

Proof. Let (so, ty, xo) € D. Asin the previous proposition, we take a neighbourhood
V =1xJxB C D of (sg, ty, Xo), with I and J open intervals, centred respectively
on sy and 7y, and B an open ball centred on x¢. In Sect. 9.1 of the previous chapter,
we saw that (s,7,x) € D if and only if (s —#,0,x) € D and in this case

D(s,t,x) = (s — 1,0, x).

If we fix (s, x) € [ x B, then the mapping t — ®(s, ¢, x) is defined on J and at
every point has a derivative:

0 ad
561)(s,t,x) = ECD(S —1,0,x) = —=X(®(s —1,0,x)) = =X(D(s,1, x)).
It follows that d,® is defined on V':
ad
0P (s, 1, x)w = wgcb(s,t,x),
where w € R. As X and ® are continuous, d,® is continuous on V. Therefore d,®
is defined and continuous on D. |

Showing that d;® exists and is continuous is much more difficult.

Proposition 10.3. If X is a vector field of class C' defined on an open subset O
of a Banach space E, then the flow ® of X has a partial differential 93P, which is
continuous on the domain D of ®.

Proof. We will divide the proof into two parts, namely the existence of d; P at every
point of D, then the continuity of the mapping d;®. In the first part we will obtain
a characterization of d;®, which we will use in the second part.
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1. Existence For s € J ), the domain of the maximal integral curve ®(s, ¢, x),
we set
A (s) = X'(®(s,1,x)) € L(E).

As X’ and @ are continuous, A x) is continuous. We define a non-autonomous
linear vector field on L(E) by
Y(,;,x)(s, L) = A(t,x)(s) olL.

From our work in Sect. 9.1 of the previous chapter we know that, for any s € Ji; x)
and L € L(E), there is a unique maximal integral curve satisfying the initial
conditions (s, L) and that this curve is defined on J ). Let F(s,t,x) be the
maximal integral curve of Y, ,) satisfying the initial conditions (¢,idg). We will
show that

F(s,t,x) = 03P(s,1, x).

For s € J x) and h small, we set
a(s,x +h) = O(s,t,x +h) — D(s,t,x) — F(s,t,x)h € E.
As F(t,t,x) =idg, a(t,x + h) = 0.
Now let us take (s’,7,x) € D, with s > ¢. Notice that there is an open ball
B(0,r) such that (s,z,x + h) € D whens € [t,s'] and h € B(0,r). If
a(s’,x +h) =o(h), (10.1)

then indeed
F(s',t,x) = 03®(s', 1, x).

To prove (10.1) we will first show that for any € > 0 there is an n > 0 such that

a
Hga(s,x + h)| < €| D(s,t,x +h) —D(s,2,x)||

X (DC(s, t, x)|||a(s, x + h)|| (10.2)

foralls € [t,s'] and ||k|| < 7. Taking the derivative of o with respect to s we obtain

ad 0 ad 0
—a(s,x +h) = —&(s,t,x +h) — —(s,t,x) — — F(s,t,x)h
as as as as

= X(®(s,t,x + h)) — X(P(s,2,x)) — X' (D(s,1,x)) 0 F(s,1,x)h
= X(®(s,t,x + h)) — X(P(s,1,x))

—X'(D(s,1,x))(D(s, 1, x + h) — P(s.1.x))

+X(P(s, 1, x))als, x + h).
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To simplify the notation we will write A(s, &) for the sum of the first three terms in
the last expression. Using Corollary 3.3 we obtain

[A(s,h)|| < sup |X'(AD(s,t,x +h) + (1 —A)D(s,1,x))
A€[0,1]
—X'(®(s,t, x)|||D(s, 1, x + h) — D(s,1,x)].
Once again to simplify the notation, we will write C(A, s, i) for the expression
X'(AD(s,1,x + h) + (1 = 1) D(s,1,x)) — X'(D(s.1,x)).

If we fix the variables other than &, then C converges to 0 when & converges to 0.
We claim that for any € > 0 there is an 1 € (0, r] such that

[hll <n=|C(A,s,h)| <e.
If this is not the case, then we can find an € > 0 and sequences (s,) C [t,5'],
(An) C [0,1] and (h,) C E, with lim A, = 0, such that |C(A,, s,, h,)| > €. As the
intervals [z, s'] and [0, 1] are compact, we may suppose that the sequences (s,,) and
(A,) have limits § € [t,s’] and A € [0, 1]. Then
0= |C(X,5,0)| = lim|C(A,, 50, hy)| > €,

a contradiction. Therefore the claim is true. We may now write

Ha%“(&x +h)| <e€||®(s,t,x +h)—D(s,t, x)|| + | X' (D(s, 2, x))||[|a(s, x + h)|

forall s € [t,s’] and ||| < n. We have proved (10.2).
From Theorem 9.5 there is a constant k& > 0 such that for 4 sufficiently small

[®(s, 1, x +h) — D(s. 1, x)|| < k|h]

for all s € [t,s’]. We also notice that |X’(®(s,t,x))| is bounded by a constant
K > 0 on the interval [£, s']. Therefore we finally have

9
H&a(s,x +h)| < ek|h] + Klla(s. x + h)|.

As a(t,x + h) = 0, we obtain
(s, x + h)|| < e(s —)k]lh| + K/ llee(ue, x + h)||du
t

<e(s" = 0k|h| + K/ lloe(u, x + 1)||du.
t



218 10 The Flow of a Vector Field

An application of Corollary 9.1 gives us
la(s, x + h)|| < el|h||(s’ — t)keKE™

and it follows that
a(s,x + h) = o(h).

This proves that
03D(s,1,x) = F(s,t,x)

for s € [t,s’] and, in particular, for s’.
Clearly, if (s”,¢,x) € D with s” < t, then we can apply an analogous argument
to show that
03D(s”,t,x) = F(s",t,x).

We have seen that d;® is defined on D and we have an explicit expression for
this partial differential. Our next task is to show that this partial differential is
continuous.

2. Continuity Let (5o, fo, Xo) € D.Fore > 0 and r > 0, let us set

I.=[so—€,s0+¢€], Jo=[to—eto+€] and B, = B(xo,r).

For € and r sufficiently small, /. x J. x B, C D. Let us suppose that sy > .

As the integral curve ®(s, ty, x¢) is defined on an open interval and is defined at

so and 5, we may suppose that this curve is defined on the closed interval K, =

[to — €,50 + €]. There is an open ball B, centred on x(, such that any maximal

integral curve ®(s, fo, x) is defined on K, if x € B; we may suppose that B, = B.
Suppose now that 7 € Jg = (to — 5,7 + 5) and x € B,. As

(s,t,x) € D <= (s + (to —1),t0,x) € D,

the integral curve ®(s, 7, x) is defined on K s = [to — 5.50 + 5]. Therefore any
maximal integral curve of the non-autonomous linear vector field Y{; ) is defined on
K <. Above we wrote F'(s,t, x) for the maximal integral curve of Y(; ., with initial
conditions (¢, idg). To simplify the notation, here we will write v (s) for F (s, ¢, x)
and ¢ (s) for the particular case F (s, fo, Xo)-

Now, for s € 16; we can write

§(5) = (X' (@5, 10.30)) = X' (D(s,1,))) 0 §(s) + X'(®(5,1,3)) 0 §(5).
Therefore

$) = (5) = (X'(@(s. 10, x0) = X (D(s.1.2)) ) 0 $5)
X/ (@(5.1.2)) © ($(5) = ¥ (5)).
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This expression will enable us to majorize ¥ (s) — ¢ (s).
LetV = K; X J; X B,. We set

M, = sup |X/(CD(S,I(),)C0))—X/(CIJ(S,I,X))|L(5)

(st x)EV
and

M, = sup |X/(<D(S,ta X))|£(S)-

(s,t,x)€EV

As X' and ® are continuous, if € and r are sufficiently small, then M, is close to 0
and M close to | X' (@ (s, to, X0))| c(e)- Using the fact that ¢ (t)) = ¥ (¢) = idg, we
obtain

$(1) — V(1) = / $w)d,

which implies that
(@) =¥ (Ol < |t —1toly,

where y = sup,cz. |d>(u)|£(E). Therefore, for s € 155 and s > ¢, we have
2

16(5) = () ety < 160) — YOl e + My / 6] cqdu
+ / Mol () — Y ()| 2eydu
<1t —toly + Mi5 + M / 1) — Y ()] eyt

where § = fki |¢ (u)| z(pydu. Setting R = |t — toly + M§ and applying

Corollary 9.1, wezobtain

¢ (s) — ¥ ()| cee) < Re™ O

Ifs e K ¢ and s <7, then in a similar way we obtain

t
[p(s) =V ($)cey < |t —toly + M6 + Mz/ | (u) — ¥ ()| (k)du
S
and, using Exercise 9.3,

lp(s) — ¥ () cee) < R0,

As R converges to 0, when € and r approach 0, and

d(s0) — ¥ (s) = P(s0) — P(s) + P (s) — ¥ (s),
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when (5,7, x) converges to (so,%,Xo), ¥ (s) converges ¢(sp), i.e., d3P(s,1,x)
converges to d3 (s, fy, Xo). Therefore d®3 is continuous at (s, £y, Xo).

We may apply a similar argument to obtain the continuity at (so, o, Xo), Where
So < to. This ends the proof. O

Using the three propositions which we have just proved, we now have

Theorem 10.2. If X is a vector field of class C' defined on an open subset of a
Banach space E, then the flow ® of X is also of class C.

Proof. 1t is sufficient to apply Theorem 3.6. O

In the next section we will generalize this result to the case where the vector field
is of class C¥ for any given k € N*.

10.3 Higher Differentiability of the Flow

We have seen that, if a vector field X is of class C', then its flow is also of class C''.
We will now generalize this result. We will begin with a preliminary proposition.
Suppose that E, E; and F are normed vector spaces, O an open subset of £} x E;
and f : O — F a C*-mapping. If a € O, then 0;; f(a) € L(E;, L(E;, F)). We
may consider d;; f(a) to be a continuous bilinear mapping from E; x E; into F.

Proposition 10.4. Suppose that E|, E, and F are normed vector spaces, O an
open subset of E1 x Ey and f : O — F a C?-mapping. Ifa € O, x € E| and
v € E», then
912 f(@)(x,v) = 921 f(a@) (v, x).
Proof. For (u,v) € E; x E, we have
f@)(u,v) = 9 f(a)u+ 9> f(a)v
and so, with (x, y) € E| X E,,
P @)((x, ), ,v) = 911 f(@)x,u) + 021 f(@)(, )
012 f(@)(x.v) + 322 f(a@)(y. V).
Changing the roles of (x, y) and (&, v), we have
SP@((w.v). (x. 7)) = duf(@)(w.x) + 021 f (@) (v. %)
+012f(@)(u, y) + 922 f(a)(v, y).

As f@(a) is symmetric,

FP@(Cx, ), ) = [P @) (), (x, ).
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If we set u = 0 and y = 0, then we obtain

A2 f(@)(x.v) = o1 f(a) (v, x),

the desired result. O

If I C Ris an open interval, £ a normed vector space, O an open subset of E
and f a C2-mapping from I x O into E, then both d%Bzf(t, x) and 82%]‘(1, X)
belong to L(E).

Corollary 10.1. We have

%32f(t,x) = 32%f(t,x)

fort € I and x € O.

Proof. We claim that

d12 f(t, x)(s,v) = (sd%azf(t,x)) v and 0y f(¢,x)(v,s) =5 (82%f(t,x)v).

First we have
alzf(l, x)(s, V) = (312f(l, X)S)V.

0, f(t, x) is a mapping from R x E into L(E). Then 9,5 is the differential of this
mapping with respect to the first variable. We thus obtain

d
(e f .09 = (302709 ) .
We now turn to the second part of the claim; to begin

I f(t,x)(v,5) = (01 f(Z, X)V)s.

d1 f(¢, x) is amapping from R x E into L(R, E). Then d,; f(¢, x) is the differential
of this mapping with respect to the second variable. If « is the mapping from E into
L(R, E) defined by

a(x) = (s —> sx),

then d
0 f(t,x) =ao Ef(t,x)

and so

oy f(t,x)v =« (82d%f(t,x)v) = (O ft,x)v)s =s (82d%f(t,x)v) .
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This proves the second part of the statement we claimed.
Now, setting s = 1 and using the proposition, we obtain

%%ﬂLMV=&ﬁﬂwaw=3mﬂLM@J)=%£f@xw

for all v € E, which implies that

%%ﬂmﬂ=%%f@m.

This ends the proof. O
We now prove the main result of this section, namely

Theorem 10.3. Let X be a vector field defined on an open subset O of a Banach
space E. If X is of class C* with k > 1, then the flow ® of X is of class C¥.

Proof. We will prove the result by induction on k. For k& = 1 we have already
proved it. Suppose now that the result is true up to k and consider the case k + 1.
From Proposition 4.7 the mapping

H: LR E)YXLR, E)YxL(E) — LRXxRXE,E)
defined by
H(f. g.h)(u,v.w) = f(u) + &) + h(w)

is a normed vector space isomorphism. Clearly
D' (s.1,x) = H(91P(s,1,x),0,P(s.1,x), 03D(s. 1, x)).

Hence, because H is smooth, to show that @ is of class C¥*! it is sufficient to prove
that the three partial differentials are of class C*.
First notice that

3<I>(s, t,x) = X(O(s,t, x)).
as

X is of class C**! and so a fortiori of class C*. By hypothesis @ is also of class
C* and hence 3—35613 is of class C*. However, the mapping from E into L(R, E)
defined by

a(x) = (u— ux)

is an isometric isomorphism and « o (% ®) = 9, . Therefore 9, is of class CK.
We have seen in Sect. 10.2 that

(%(D(S, t,x) = —=X(®(s,1,x))

and so %CD is of class C¥. As a(a%d)) = 9,®, 9,® is of class C.
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We now consider the third partial differential. This is a little more difficult. We
define a vector field Z on O x L(E) by

Z(x,L) = (X(x), X'(x) o L).

As both coordinate mappings are of class C¥, so is Z. By hypothesis the flow of Z
is of class C¥. For (s,t,x) € D, the domain of ®, and L € L(E) let us set

W(s,t,(x,L)) = (P(s,1,x),03D(s,¢,x) o L).
We claim that W is the flow of Z. First we have
W(t,t,(x,L)) = (®(t,t,x),0;P(t,t,x) o L) = (x,idg o L) = (x, L).

Now, using Corollary 10.1, we have

d
—03P(s,t,x)0 L = 33£<D(s,t,x) oL
as as
= 03 X(P(s,t,x)) o L
= X'(®(s,t,x)) 0 3P(s,t,x) 0o L
and hence 3
a—\IJ(s,t, (x,L)) = Z(¥(s,t,(x,L)).
N

Therefore W is the flow of Z. It follows that the second coordinate of W is of class
C*k. As the mapping (s,7,x) — (s,,x,idg) is smooth, d3® is of class C¥. This
finishes the proof. O

10.4 The Reduced Flow

Let £ be a Banach space, X a vector field defined on an open subset of E, with flow
d(s, ¢, x). If we fix the second variable ¢, then we obtain a mapping from a subset
of R x E into E; in particular, if we take ¢ = 0. The mapping

¢ (s, x) = d(s,0,x)
is called the reduced flow of X. (The reduced flow is often referred to as the flow;

however, we will reserve this term for the mapping ® already defined.) We will
sometimes use the abbreviation r-flow for reduced flow.
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Theorem 10.4. Let X be a vector field defined on an open subset of a Banach space
E. The r-flow ¢ of X is defined on an open subset 2 of R x E. If X is of class C*
with k > 1, then ¢ is also of class Ck.

Proof. Let o be the mapping from R x E into R x R x E defined by
als,x) = (s,0,x).

« is a continuous linear mapping, hence smooth. If D is the domain of the flow @,
then 2 = o~ !(D). As D is open, so is £2.

Suppose that X is of class C¥. As ¢ = ® o« and ® is of class C¥, ¢ is of
class C¥. O

Earlier we stated without proof that the exponential mapping from a Banach
algebra into itself is smooth. We are now in a position to give a simple proof of this
assertion.

Theorem 10.5. If E is Banach algebra, then the exponential mapping defined on
E is smooth.

Proof. Let X be the vector field defined on £2 by

X(x,y) = (yx,0)

The mapping (x,y) > yx is bilinear and continuous and so smooth. As the
mapping (x,y) > 0 is constant and so smooth, X is smooth. Therefore the
reduced flow ¢ of X is smooth. If 1 is the identity for the multiplication in E,
then we have

¢(1, (1, y)) = (exp(ry). y)
for (¢, y) € R x E. As the mapping y —> (1g, y) is smooth, so is the mapping

YV :RxE— EXE,(t,y)— (exp(ty), y).

The coordinate mappings of { are smooth, in particular the first one, i.e., the
mapping (¢, y) —> exp(zy). This in turn implies that

exp(y) = exp(ly)

for y € E, is smooth. O

Remark. As exp/(0) = idg and exp(0) = 1g, there are open neighbourhoods U
and V of respectively of 0 and 1z such thatexp(U) = V andexp : U — Visa
smooth diffeomorphism.

Let us now return to general vector fields. From the definition of the reduced flow
¢ we have

¢(0,x) = x.
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If we fix x and set
éx(s) = @ (s, x),

then the mapping ¢, is defined on an open interval /, of R containing 0. As the
mapping 8 : s —> (s, x) is smooth, if ¢ is of class C, then so is ¢,. In the same
way we may define a mapping ¢, by fixing s:

bs(x) = ¢ (s, x).

The mapping y : x — (s, x) is smooth and the domain of ¢; is y ™' (£2). Therefore
the domain of ¢ is open in E. For s = 0 the domain of ¢; is clearly that of the
vector field. However, this is in general not the case and the domain of ¢; may even
be empty for some values of s. If the domain of ¢, is not empty and ¢ is of class
C*, then s0 is ¢;.

Example. In Sect.9.1 we saw that the maximal integral curve of the vector field
X:R—R,x+—1+x7%

with initial conditions (0, xo), is defined on the interval (—% — arctan Xy, % +
arctan x¢). Therefore, if s ¢ (—m, ), then the domain of ¢; is empty.

If X is a perfect vector field and O its domain, then ¢, is defined on R for any
x € O, and ¢, is defined on O for any s € R.

In Sect.9.1 we obtained the following result: if D is the domain of ® and
(t1,0,x0) € D, then (¢,0,x9) € D if and only if (¢ — #,,0, ®(¢1,0,x9)) € D
and in this case

D(t,0,x0) = P(t — 11,0, P(11, 0, x0))-

We may write this in the following form: if u € I, then s + u € I, if and only if
s € Iy,(v) and in this case

¢S+u(x) = ¢S © ¢u(-x)-

Suppose that the domain of ¢, is not empty. Then setting u = —s we obtain the
following result: the mapping ¢; is invertible and ¢! = ¢_. In addition, if X is of
class C¥ with k > 1, then ¢sisaC k -diffeomorphism.

Exercise 10.1. We may define a relation R on the domain O of a vector field X by
setting xRy when there is a € R with ¢ (¢, x) = y. Show that this relation is an
equivalence relation. Thus the vector field X generates a partition of O.



226 10 The Flow of a Vector Field
10.5 One-Parameter Subgroups

If X is a complete vector field defined on an open subset O of a Banach space E,
then for every ¢ € R the mapping ¢, is defined on O. Each ¢, is a diffeomorphism
from O onto itself. The mappings (¢;);er form a subgroup of the group of
diffeomorphisms from O into itself. We have

¢ Py = Py

* ¢o =ido;

¢ '=¢.

If X is of class C¥, then ¢, is of class C* and in this case the mappings (¢;);er form
a subgroup of the group of C*-diffeomorphisms from O onto itself. The collection
of mappings (¢;);er form what is called a one-parameter subgroup. Here is an
formal definition. Suppose that O is an open subset of a Banach space E and that
(Y1 )rer is a collection of diffeomorphisms from O onto itself. Then (V¥;),cr is a
one-parameter subgroup if

+ The mapping ¥ : R x O — O, (t,x) —> ¥, (x) is of class C';
e Yo =idg and ¥ o Y, = Yy, fors,t € R.

We say that the one-parameter subgroup is of class C* if the mapping v is of class
C*. Clearly, if the vector field X is complete and of class C k with k > 1, then the
collection of mappings (¢;);cr is a one-parameter subgroup of class C*. In fact, as
we will now see, all one-parameter subgroups are essentially of this form.

Proposition 10.5. Suppose that (\V;):er is a one-parameter subgroup of diffeomor-
phisms defined on an open subset O of a Banach space E and that the mapping
V(t, x) is of class C* with k > 2. If we set

d
X(X) = aw(lv x)\t:()

forx € O, then X is a complete vector field of class C*~', whose reduced flow is .

Proof. Clearly X is a mapping from O into E. In addition,

%lﬂ(t,x)‘t=0 = 311#(0,)01.

From Theorem 4.7 9,1 is of class C*¥~! and it follows that X is a vector field of
class C¥~! (see exercise below).
Now,

d d d
X(W(svx)) = EW(L 1//(S,X))|[=0 = EW(Z‘ +va))\;=o = £W(S,X),
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therefore v (s, x) is an integral curve. This curve is defined on R and ¥ (0, x) = x.
Hence ¥ (s, x) is the maximal integral curve with initial conditions (0, x). If « is the
maximal integral curve with initial conditions (¢, x), then a(s) = (s —t, x) and so
« is defined on R. We have shown that X is complete and has v for reduced flow. O

Exercise 10.2. Show that the mapping
O — E,x+— 01¥(0,x)1

is of class C*¥~1.

Remark. The vector field X is called the infinitesimal generator of the one-
parameter subgroup.

The next result follows immediately from the proposition above.

Theorem 10.6. There is a -1 correspondence between smooth complete vector
fields and smooth one-parameter subgroups.



Chapter 11
The Calculus of Variations: An Introduction

If £ is a normed vector space composed of mappings, for example, the space of
continuous real-valued functions defined on a compact interval, then we refer to a
real-valued mapping F defined on a subset S of £ as a functional . The calculus of
variations is concerned with the search for extrema of functionals. In general, the set
S is determined, at least partially, by constraints on the mappings and the functional
F is defined by an integral. The elements of S are often said to be F-admissible
(or admissible if there is no possible confusion).

Many physical problems involve looking for best trajectories in some sense.
For example, one might consider crossing a river from one point to another in the
quickest possible time or finding the shortest way from going from one point to
another on some surface. Such problems lead in general to the minimization of
the integral of a mapping defined on a compact interval with given values for the
endpoints. We will concentrate on this classical problem, called a fixed endpoint
problem. Unlike for optimization problems in finite-dimensional spaces, critical
points (and hence extrema) in infinite-dimensional spaces are usually difficult to
determine. However, the critical points of fixed endpoint problems can in general be
characterized as solutions of differential equations, which can often be solved. This
makes fixed endpoint problems particularly interesting.

11.1 The Space C'(1, E)

In this section we introduce a normed vector space which is important both in the
calculus of variations and elsewhere. Let £ be a normed vector space and [ = [a, b]
a compact interval of R. The space of continuous mappings y from / into E, which
we note C°(1, E) (or C(I, E)), is a vector space. This space has the natural norm:

[Ylico = supfly(@)l.
tel

R. Coleman, Calculus on Normed Vector Spaces, Universitext, 229
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If E is a Banach space, then so is C°(I, E) (see Exercise 1.23). We recall that a
mapping y from I into E is of class C! if it has derivatives at all points ¢ € I and
the mapping y is continuous. The set of all C'-mappings (or curves) y defined on
I form a vector space which we note C ! (1, E). This space has a natural norm:

Iylict = lvlico + 17 llco-

Proposition 11.1. If E is a Banach space and I is a nontrivial closed interval
[a,b], then C'(I, E) is a Banach space.

Proof. Let (y,) be a Cauchy sequence in C'(I, E). Then (y,) and (y,) are Cauchy
sequences in C°(1, E), hence (y,) has a limit y € C°(/, E) and (y,) has a limit
8§ € C°(1, E). As y, is continuous and y, a primitive of y,, we have

X

Y () — yala) = / ()

a

for x € I. Also,
ly(x) —y(a) — / S@ydelle < lly(x) = yn (e + llyn(@) —y(@)le

+|| / u(t) — 8(0)d | &
<20y = palles + (b — )1 — Sl co.

As this last expression converges to 0 when n goes to co, we obtain
X
y(x) = y(a) +/ 8(t)dt.

It follows that y = § and so the sequence (y,) convergesto y in C' (1, E). O

The normed vector space of mappings for the fixed endpoint problem will be
C! (1, E), for some compact interval / and Banach space E.

11.2 Lagrangian Mappings

As in the previous section, we suppose that / = [a, b] is a compact interval of
R and E a Banach space. The functional £ which we will define on a subset of
& = C!(I, E) will be the integral of an expression involving a curve in £ and its
derivative. However, before defining the functional we will do some preliminary
work.
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Let O is an open subset of R x E x E. A continuous real-valued function
L defined on O is called a Lagrangian function (or Lagrangian). A curve y €
C(1, E) is said to be L-admissible (or admissible if there is no possible confusion)
if (¢, y(t), y(t)) belongs to O forall ¢ € I.

Proposition 11.2. The set of L-admissible curves, which we note $2; (or §2), is
openin C' (I, E).

Proof. If §2 is empty, then £2 is open. Suppose that this is not the case and consider
the mapping

V:IxCIL,E)y— RxExXE,(t,y) —> (t,y(t),y(1)).

The coordinate mappings of Y are clearly continuous, hence ¥ is continuous. Let
us fix y € §2 and take 1 € . As ¥ is continuous, there is an open interval J; of
R containing 7, and an open ball B(y,r;) C C'(I, E) such that (s, 8(s), 5(s)) € O
whens € J; NI and § € B(y, ;). As I is compact, a finite number of the intervals

J; cover I. Let us note these intervals J;, ..., J,p and set r = min(ry,,..., r,p).
Ifs € I and § € B(y,r), then (s,8(s),8(s)) € O and hence § is admissible.
Therefore the open ball B(y, r) lies in £2 and it follows that §2 is open. O

Examples. 1. If E = R, O = R3 [ = [a,b] and L, is the real-valued function
defined by
Li(t,x,y) =e'x —3y*,

then 2,, = C'(I,R).
2.IfE=R,0=RxRx(-1,1),I = [a,b] and L, is the real-valued function
defined by

X
LZ(I,X,Y) =,
1 —y2

then
2L, ={yeC'(LLR):y(t) e (-1,1), r € I}.

If y € §2;, then the function

1+ L(t.y(t).y(1)

is defined and continuous on / = [a, b]. We define a mapping L from §2; into R by

b
L) = / L(t.y(0). (e))dr.

L is called the Lagrangian functional associated with L. Notice that here the £-
admissible curves are the L-admissible curves.
Suppose now that L is of class C'. We will consider the differentiability of £.
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Proposition 11.3. If L is of class C', then L is of class C.
Proof. If f is the real-valued function defined on I x £2 by

f.y) =L@t y@). 7)),

then f = L oy, where v is the mapping defined in the proof of Proposition 11.2.
As L and ¢ are continuous, f is continuous.
We now consider the partial differential d,1. We have

Yty +h) =y y) = 0, h(), h(1)).
The mapping
n:C'(I,E)—> I x E x E,h —> (0,h(t), h(1))

is linear and

In() | 1xexe = max (0], @), A0 £) < [hlcr,

therefore 7 is continuous. It follows that

Ry (t, y)h = (0,h(1), h(1)).

Thus d, exists at any point (¢, y). Being constant, it is also continuous.
Now let us look at f. Applying the chain rule to f = L oy with ¢ fixed, we
obtain

R fty)=L{Yty)odyy).

As 0,y is continuous on I X §2;, d, f is also continuous on / X £2,. From
Theorem 3.10 £ is of class C! and

b
L) = / 9, (. y)dt

or, using Proposition 3.7,

b
Lo = / 9, (1. y)hdr

forh € C'(I,E). O

Remark. We can say a little more:

hft,y)h =Lt y)) o dy(t,y)h
= L'(y(t,y))(0,h(t), h(1))
= QLW (t, y)h(t) + S LW, y)h(r)
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and so

b b )
£ = [ phar = [ (L)) + 0L C IO )ar.

From here on we will suppose that the Lagrangian L is of class C.

11.3 Fixed Endpoint Problems

Suppose now that we aim to minimize £ and that at the same time we require that
the endpoints of the curves y € £2; have certain values: y(a) = «, y(b) = B.
In this case we consider L restricted to the space

2p(a, p) ={y € 2. :y(a) = a,y(b) = B},

i.e., we search for mimima of the functional £ on the set S = 2 («, B).
If we set

A@.p) =1y € C'(1.E) 1 y(a) = a, y(b) = B},

then A(a, B) is a closed affine subspace of C!(1, E). It is the translation of the
closed vector space .A(0, 0) by the curve § defined by

8((1—s)a+sb) =(1—s)a + sp
with s € [0, 1]. To simplify the notation we will write A for A(0, 0). Clearly
Qp(a,p) = 2. N Aa, p).
From Corollary 2.4, if y is a minimum, then
L'(y)h =0

for h € A. A curve y € C'(I, E) satisfying this condition is called an extremal
of the Lagrangian functional £ with fixed endpoints a and b. It should be noticed
that an extremal is not necessarily an extremum (maximum or minimum) of the
fixed endpoint problem under consideration. An extremum is an extremal, but an
extremal is not necessarily an extremum. (It would probably be better to use the
term critical curve instead of extremal.) In the next section we will see that this
condition leads us to a differential equation called the Euler—Lagrange equation.

In the appendix to Chap. 9 we showed that, for any bounded open interval / of R,
there exists a smooth real-valued function g defined on R, which is strictly positive
on / and vanishes elsewhere. We will use this in the proof of the next result.
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Proposition 11.4. Let I = [a, b] be a closed bounded interval of R and A : I —
E* a continuous mapping such that

b
/ A(t)v(t)dt = 0

for every continuous function v : I —> E such that j;b v(t)dt = 0. Then A is
constant.

Proof. We will argue by contradiction. If 4 is not constant, then there exist#;,#, € R
such that
a<ti<th<b and A(t)) # A(t).

Without loss of generality we can suppose that there is an element u € E such that
A(ty)u > A(tr)u.
We take o1, ar € R such that
A(t)u > o > ap > A(tp)u.
As A is continuous, there is an € > 0 such that
A(t)u >« for t € (t) —€,t1 +€) and At)u < ap for t € (tp —€,t, +¢€).
We can take € sufficiently small so that

a<ti—e<ti+e<thh—e<tbh+e<bh.

Let A : R — R4 be a smooth real-valued function which is strictly positive on
the interval (—e, +¢) and vanishes elsewhere. We define a function ¢ on R by

plt) = A — 1) — At — 12).

Then pu is smooth and

/ab u(t)de

b b
/A(r—tl)dz—/ At — t)dr

b—t) b—ty
/ A(s)ds — / A(s)ds = 0,

-1 —i

becausea —t; < —e and e < b —t; fori = 1, 2. In addition,
te(ti—et1+e)=—=t—th<—€ and te(h—¢€lh+e€)—t—1 >c¢

and so we have
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u() >0 for te(t)—e,t; +¢€)
u() <0 for te(ty—e€,tr+¢).
u(t) =0 otherwise
We now define v : [a,b] —> E by v(t) = w(t)u. Then v is continuous and
[ v()dr = 0. Also,
b b b
/ A(t)v(t)dt = / At — 1) A(t)udt —/ At — 1) A(t)udt

t1+e th+e
= / At — 1) A(t)udt —/ At — ) A(t)udt

1—€ h—e
t+e th+te
> 051/ At —tp)dt —az/ At —1r)dt
11—€ Ih—e
+e
= (0] —a2) A(s)ds > 0.
—€
This is a contradiction and it follows that A is constant. O
Example. Let L be the Lagrangian defined on R? by
L(t,x,y) =y*
and I = [a,b], a closed bounded interval of R. We aim to find a curve y €

C'(1, R), with y(a) = 0 and y(b) = 1, such that y minimizes the Lagrangian
functional

b b
£o) = [ Levwson = [ 7o
If y is a minimum, then
b .
L) = / 29()h(1)dr = 0
forall 2 € C'(I,R) such that h(a) = h(b) = 0. It follows that

b
/ 27(0)v(t)dt = 0

for every continuous function v on [a, b] with fab v(t)dt = 0. From Proposition 11.4
there is a constant ¢ such that for all ¢ €

y(t) =c.
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It easily follows that the only possibility is the curve y defined on / by

t—a

b —

y(t) =

As yet we do not know whether y is a minimum. Assume that § € C!(1,R), with
8(a) = 0and 6(b) = 1. Then

b .
Ly +68)—L(y) = / (1) +8(1))* =y (1)°ds
b b .
:/ 8(1)2dt+2/ Y()8(t)dt
b
> 2/ 7(1)8(1)dr
2 [t 2
:_b_a/a S(tydr = — >0

b

Therefore y is the unique minimum of the problem.

11.4 Euler-Lagrange Equations

As mentioned in the last section, we can associate a differential equation to a fixed
endpoint problem. However, we will need some preliminary results.

Proposition 11.5. Let I be an interval of Rand A : I — E* andu : 1 — E
both differentiable att € I. Then Au : I —> R is differentiable at t and

d .
3 AOu@) = A@)u) + A@)u).

Proof. For s nonzero such that 1 + s € I we have
%[A(t + $)ult + 5) — A(Ou(t)] — A@Ou(t) — At)in?)
= G[A(z + $)u(t +5) — A@Ou(t + 5)] — A@)u(t + s))
+ (At +5) — A@u()) + G[A(z)u(z +5) — A(u(r)] — A(z)it(t)).

Each of the three parts of the expression on the right-hand side of the equation
converges to 0 when s approaches 0, hence the result. O
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We can now establish an important result which will enable us to characterize
extremals by means of differential equations.

Theorem 11.1. Let A, B : [ — E* be continuous. Then
b
/ At)y@®) + Bt)y()dt =0
a
forall'y € C'(I, E) such that y(a) = y(b) = 0 if and only if B is differentiable

and B = A.

Proof. Let A and B be continuous mappings from the interval / = [a, b] into E™.
Suppose that B is differentiableand 4 = B.Ify € C!'(I, E)and y(a) = y(b) = 0,
then using Proposition 11.5 we have

b b
/ AWy () + B@)p()di = / By (1) + B@)p (o)

bd
= [ S EOvou
= B(b)y(b) — B(a)y(a) = 0.
Suppose now that for any y € C'(I, E) such that y(a) = y(b) = 0 we have
b
/ A)y(t) + B(t)y(t)dr = 0.
If we set A1 (¢) = [, A(s)ds, then
d
3 Oy @) =A@y () + A1)y (1)

and so
b b d
/ AWy (0) + B (1)t = / & o)~ 4070 + By
b
— A4 Oy - / (AL (1) — BA))7(0)de

b
_ / (As(1) — BP0t
It follows that

b
/ (Ax(1) — BOW(©)dt = 0
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for every continuous function v : / — E such that [} b v(t)dt = 0. If we apply
Propqsition 11.4, then we see that A;— B is constant and therefore B is differentiable
and B = A. O

Using results from this and previous sections we now obtain a differential
equation characterizing an extremal, called the Euler—Lagrange equation:

Theorem 11.2. The curve y € C'(I,E) is an extremal of the fixed endpoint
problem if and only if the mapping 05 L(t, y(t), y(t)) is differentiable and

d
3 BLEy®).y®) = L. y(®).y(1)).

Proof. In Sect. 11.2 we obtained the following expression for the differential of the
Lagrangian functional:

b .
£ = [ (Lt yDhe) + 1L o) ).
However, y is an extremal if and only if
L'(y)h =0

for all h € C'([a,b]) such that h(a) = h(b) = 0. If we now apply Theorem 11.1,
with
A(t) = LY (t.y)) and  B(1) = d:L(¥ (1. y)),

then we obtain the result. |

Let us look in more detail at the case where £ = R”". Here the Lagrangian is
defined on an open subset O C R?>"*! and the image of a curve y lies in R”. With
x,y,h € R" we have

oL oL
L L(t,x,y)h = — (@, x,y)hy +---+ (t,x, y)h,,
axy dax;,
and
oL oL
o L(t,x,y)h = —(t,x,y)hy +---+ (t,x, y)h,
ayl 3)’;1

and the Euler—Lagrange equation becomes

d [JL d [dL aL
i (e et (G20 e = oy 4

+

a
Wy
Xn
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We thus obtain the equations

d

oL . oL .
< (a—yi(l,y(t),y(t))) = a_)ci(t’y(t)’y(t))

fori =1,...,n.
Example. Let L be the Lagrangian defined on R? by
L(t,x,y) = 2tx —x*> + y2.

and I = [0, 1]. We consider the problem of finding a curve y € C'(I, R), with
y(0) = 0 and y(1) = 2, which minimizes the Lagrangian functional

1

1
£0y) = /0 L(t.y(1). ()t = /0 209(1) — y2(0) + 72 (1)dr.

We have

L
a—=2(t—x) and a—L=2y
ax ady

and the Euler—Lagrange equation is

d
270 =20 = (1))

or
v +y@) =t

Therefore y is a solution of the differential equation
y+y=t,
whose general solution is
y(t) =acost + Bsint + ¢,

with «, B € R. Taking into account the endpoint values we obtain

sin ¢
1

which is the unique extremal. However, without further work, we do not know
whether y is a minimum or not.
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To close this section, it should be observed that the Euler—Lagrange equation is
in general not easy, if not impossible, to solve explicitly. However, even in this case,
it may give us important information about extremals.

11.5 Convexity

If the Lagrangian functional £ is g-convex on the set £2 («, ), then an extremal
lying in £27(x,B) is a global minimum. This follows from Proposition 7.5.
Therefore it is important to know whether £ is g-convex. The next result gives a
criterion for the g-convexity of the Lagrangian functional.

Theorem 11.3. [fthe Lagrangian L satisfies the property
L(t.x +h,y+k)—L(@t,x,y) = B L({t x,y)h + d3L(t. x, y)k,

then the associated Lagrangian functional L is g-convex on 21 («, B).

Proof. If y,y + 6 € 21(, B), then
b ) b
Lly +8)— L(y) = / L(ty(1) + 8(0). 9(0) + $())dr — f L(t.y(1). y(0))dr

b
= [ 0Ly )80 + L. 7O
= L'(y)s.
Therefore £ is g-convex on £27 («, B). O

We will refer to the condition of the theorem as condition (C)

Remark. Clearly, if the Lagrangian L is g-convex, then the condition (C) is
satisfied; however, the converse is not true. For example, if

L(t,x,y) =134+ x+ y?

for (t, x,y) € R3, then L satisfies condition (C), but L is not g-convex on R

Example. Let L be the Lagrangian defined on R3 by
L(t,x,y) =2tx + x> + y?

and I = [0, 1]. We consider the problem of finding a curve y € C'(I, R), with
y(0) = 0 and y(1) = 1, which minimizes the Lagrangian functional

1

1
L) = /0 L(ty(0). 7(1)dt = /0 209(0) + y2(0) + P(0)dr.
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We first look for an extremal. We have

L L
a—=2(t+x) and a—=2y
0x ady

and the Euler—Lagrange equation is

d
2470 =20+ ().

or
() — () =1.

Therefore y is a solution of the differential equation
y—y=t
whose general solution is
y(t) = ae’ + Be " —1t,
with o, § € R. Taking into account the endpoint values we obtain

(t)_2sinht ;
YO = Snn) "

which is the unique extremal. However, L satisfies the condition (C) and so the
Lagrangian functional £ is g-convex. It follows from Proposition 7.5 that y is a
global minimum (in fact, the unique global minimum).

Exercise 11.1. Let L(t,x,y) = x + y* and I = [0, 1]. Find the unique curve
y € CY(I,R), with y(0) = 0 and y(1) = 1, which minimizes the Lagrangian
functional

1
L) = /0 L(t.y(0). (e))dr.

11.6 The Class of an Extremal

Extremals are by definition of class C!; however, they may be of a higher class.
Suppose that the Lagrangian is of class C2. The partial differential d;L(¢, x, y)
belongs to £* and so d33L(t, x, y) is a continuous linear mapping from E into E*.
If 933 L(¢, x, ¥) is a normed vector space isomorphism for all (¢, x, y) in the domain
of L, then we say that L is regular.
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Theorem 11.4. If the Lagrangian L is regular and of class C*, with k > 2, on
its domain O, then any extremal is of class C* on the interior of its interval of
definition.

Proof. Let y be an extremal defined on an interval / and #y, € int/. Let us set
xo = y(t), yo = y(to) and zo = 9d3L(to. X0, yo). We consider the mapping

F:0—RxEXxE* (t,x,y) —> (t,x,0;L(t, x, y)).
F is differentiable and
F'(t0, x0, yo)(s. h, k) = (S,h, 013 L (to, X0, yo)s + 023 L(to, X0, yo)h

“+033L (0, xo, YO)k)-

As 033(t9, X0, yo) is a normed vector space isomorphism from E onto E*,
F’(to, x0, yo) is a normed vector space isomorphism from Rx E X E onto Rx Ex E*.
Also, F is of class C*~!. From the inverse mapping theorem we know that there is
a neighbourhood U of (g, x¢, yo) and a neighbourhood V' of (9, x¢, z9) such that
F : U — V is a C*~!-diffeomorphism. We can write

F7Nt,x,2) = (t.x,h(t, x,2)),

where / is a mapping of class C¥~.

Now let J be an open interval of R containing f, and W an open neighbourhood
of (xo0,20) such that J x W C V. We define a time-dependent vector field ¥ :
JXxW — E x E* by

Y(t.x,2) = (h(t,x,2), 0, L(t. x, h(t, x,2))).

Y is of class C¥~! and so there is a maximal integral curve ¢(t) = (x(t),z(t))
such that ¢ (tp) = (xo,20) defined on an open interval / C J. This integral curve
is of class C*~!. In addition, x(t) = h(t,x(t),z(¢)) and so x(¢) is of class C¥~,
It follows that x(¢) is of class C*.

Let us now set

p(t) = (y(t), :L(1,y(1), 7(1))).

We aim to show that p is an integral curve of the time-dependent vector field Y. For
t close to ty we have

h(t.y(0). 0Lt y (1), 7(1))) = y (1)

and, using the Euler—Lagrange equation,
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82L<Zv ]/(l),]’l([, V(t)v 83L(ts )/(Z), y(t)))) aZL(ts )/(Z), )/(t))

d

It follows that p(¢) is an integral curve of Y.

To conclude, we notice that p(fy) = (xo,z0) and so p(f) = ¢(t) on a
neighbourhood of #. Therefore y(t) = x(¢) and so y is of class C¥ on a
neighbourhood of #y. This finishes the proof. O

Suppose that the extremum y is of class C? on the interior of its domain [a, b].
As we have just seen, this is the case if the Lagrangian L is regular. Then, using the
Euler-Lagrange equation, we have

;—IL(t,V(t),J?(t)) = QL y(0), () + aL(t,y(1), 7(1)y (1)
+03L(1.y (1), (1)) 7 (1)
= Lt y(0), y(0) + %asL(a y(0),7(0))y(t)
+03L(t,y(1). (1)) 7 (1)

= DLy 7O) + o (BL o). 70)70).

Hence

%(L(t, y(0).7(1) = 03 Lt y(0). ()7 (1)) = L. y(1).y(1)).

If we now fix ¢ € (a, b) and integrate, we obtain

L(s.y(s).7(s)) = 93L(s,y(s), y(s)y (1) = / NL(@,y@),y(r)dt +d,

where d is a constant and s € (a, b). This equation is called the second Euler—
Lagrange equation. In particular, if L is independent of  and L(x, y) = L(t,x, y),
then 3 3

L(y(s).7(s)) = 02L(y(s).7(s))y(t) = d.

The constant d of course depends on the extremal. The second Euler—Lagrange
equation often has a simpler form than the (first) Euler—Lagrange equation, particu-
larly when L is independent of 7, and so is easier to apply.

Example. We consider the fixed endpoint problem with I = [—1, 1], Lagrangian
L(t,x,y) = x>(1 — y)?, defined on R x R% x R, and endpoint values % and 1.
Assume that y is a minimum. As L is of class C? and regular, y is of class C? and
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so satisfies the second Euler—Lagrange equation, i.e.,
YA=p)’+ 220 -9y =c.
which can be simplified to
vt =% —c.

As the left-hand side of the equation is positive, y?> > ¢. Also, given the endpoint
values, y cannot be constant so, at least on some open subinterval J of I, y? > c.
Setting u = y? we obtain it = 4(u — c¢) and on J

1 u(t)

2 (u(t) - o)

D=

%(u(t) ) = = +1.

Thus there is a constant b such that u(t) = (t + b)> + ¢. We claim that there are
adjacent open intervals K and J such that u(t) = c on K and u(t) > ¢ on J. If this
is not the case, then from the continuity of iz, we have u(t) = (t + b)*> + c on 1.
Now, using the end-point conditions, we obtain

1 17 1\> 17 11
b=—’ = —— = r)y=1\t¢t¢ — ——=l‘2 —t — —.
g ¢T g 10 (+8) -ty g

As u(0) = —%, u is negative on an open interval containing 0, which is impossible.
This establishes our claim. On K, it = 0 and on J, it = 2. Therefore u is not of
class C? and hence y is not of class C 2 a contradiction. It follows that there is no
minimum.

In this chapter we have only given an introduction to the calculus of variations,
concentrating on one particular problem, the fixed endpoint problem. There is a
lot more to be said, even about this problem, and of course there are other types
of problems, for example, with different constraints. Many problems require more
advanced techniques. There are various works written on the subject. I would
suggest looking first at the books by Troutman [25] and Sagan [21] and then that
of Dacorogna [10]. More advanced texts are those of Morse [17] and Struwe [24].
Troutman’s book gives many applications of the theory.
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partial differential, 66
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