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Preface

The aim of this book is to present an introduction to calculus on normed vector
spaces at a higher undergraduate or beginning graduate level. The prerequisites are
basic calculus and linear algebra. However, a certain mathematical maturity is also
desirable. All the necessary topology and functional analysis is introduced where
necessary.

I have tried to show how calculus on normed vector spaces extends the basic
calculus of functions of several variables. I feel that this is often not done and we
have, on the one hand, very elementary texts, and on the other, high level texts, but
few bridging the gap.

In the text there are many nontrivial applications of the theory. Also, I have
endeavoured to give exercises which seem, at least to me, interesting. In my
experience, very often the exercises in books are trivial or very academic and it
is difficult to see where the interest lies (if there is any!).

In writing this text I have been influenced and helped by many other works on
the subject and by others close to it. In fact, there are too many to mention; however,
I would like to acknowledge my debt to the authors of these works. I would also like
to express my thanks to Mohamed El Methni and Sylvain Meignen, who carefully
read the text and gave me many helpful suggestions.

Writing this book has allowed me to clarify many of my ideas and it is my
sincere hope that this work will prove useful in aiding others.

Grenoble, France Rodney Coleman
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Chapter 1
Normed Vector Spaces

In this chapter we will introduce normed vector spaces and study some of their
elementary properties.

1.1 First Notions

We will suppose that all vector spaces are real. Let E be a vector space. A mapping
k � k W E �! R is said to be a norm if, for all x; y 2 E and � 2 R we have

• kxk � 0;
• kxk D 0 ” x D 0;
• k�xk D j�jkxk;
• kx C yk � kxk C kyk.

The pair .E; k � k/ is called a normed vector space and we say that kxk is the norm
of x. The fourth property is often referred to as the normed vector space triangle
inequality.

Exercise 1.1. Show that k � xk D kxk and that k � k is a convex function, i.e.,

k�x C .1 � �/yk � �kxk C .1 � �/kyk

for all x; y 2 E and � 2 Œ0; 1�.
When there is no confusion, we will simply write E for a normed vector space.

To distinguish norms on different normed vector spaces we will often use suffixes.
For example, if we are dealing with the normed vector spaces E and F , we may
write k � kE for the norm on E and k � kF for the norm on F . The most common
norms on R

n are defined as follows:

kxk1 D jx1j C � � � C jxnj; kxk2 D
q
x21 C � � � C x2n and

kxk1 D maxfjx1j; : : : ; jxnjg;

R. Coleman, Calculus on Normed Vector Spaces, Universitext,
DOI 10.1007/978-1-4614-3894-6 1, © Springer Science+Business Media New York 2012
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2 1 Normed Vector Spaces

where xi is the i th coordinate of x. There is no difficulty in seeing that k � k1 and
k � k1 are norms. For k � k2 the only difficulty can be found in the last property. If
we set x � y D Pn

iD1 xiyi , the dot product of x and y, and write k � k for k � k2, then

p.t/ D t2kxk2 C 2t.x � y/C kyk2 D ktx C yk2 � 0:

As p is a second degree polynomial and always nonnegative, we have

4
�
.x � y/2 � kxk2kyk2� � 0

and so

kx C yk2 D .x C y/ � .x C y/ D kxk2 C kyk2 C 2.x � y/
� kxk2 C kyk2 C 2kxkkyk D .kxk C kyk/2:

This gives us the desired inequality.
If n D 1, then these three norms are the same, i.e.,

kxk1 D kxk2 D kxk1 D jxj:

Exercise 1.2. Characterize the norms defined on R.

In general, we will suppose that the norm on R is the absolute value.
It is possible to generalize the norms onRn defined above. We suppose thatp > 1

and for x 2 R
n we set kxkp D .

Pn
iD1 jxi jp/

1
p .

Proposition 1.1. kxkp is a norm on R
n.

Proof. It is clear that the first three properties of a norm are satisfied. To prove
the triangle inequality, we proceed by steps. We first set q D p

p�1 and prove the
following formula for strictly positive numbers a and b:

a
1
p b

1
q � a

p
C b

q
:

For k 2 .0; 1/ let the function fk W R �! R be defined by fk.t/ D k.t�1/�tk C1.
Then fk.1/ D 0 and dfk

dt .t/ D k.t � tk�1/. It follows that fk.t/ � 0 if t � 1 and so,
for k 2 .0; 1/ and t � 1,

tk � tk C .1 � k/:

If we set t D a
b

and k D 1
p

when a � b, or t D b
a

and k D 1
q

when a < b, then we
obtain the result.

The next step is to take x; y 2 R
n n f0g and set a D . jxi j

kxkp /
p and b D .

jyi j
kykq /

q in
the formula. We obtain
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jxiyi j
kxkpkykq � 1

p

� jxi j
kxkp

�p
C 1

q

� jyi j
kykq

�q
;

and then, after summing over i ,

nX
iD1

jxi jjyi j � kxkpkykq:

This inequality clearly also holds when x D 0 or y D 0.
Now,

kx C ykpp �
nX
iD1

jxi jjxi C yi jp�1 C
nX
iD1

jyi jjxi C yi jp�1

and, using the inequality which we have just proved,

nX
iD1

jxi jjxi C yi jp�1 � kxkp
 

nX
iD1

jxi C yi j.p�1/q
! 1

q

D kxkp
 

nX
iD1

jxi C yi jp
! 1

q

D kxkpkx C yk
p
q
p :

In the same way
nX
iD1

jyi jjxi C yi jp�1 � kykpkx C yk
p
q
p

and so

kx C ykpp � .kxkp C kykp/kx C yk
p
q
p ;

from which we obtain the triangle inequality. �

Exercise 1.3. Show that

lim
p!1

kxkp D kxk1 and lim
p!1 kxkp D kxk1

for any x 2 R
n.

Let E be a vector space and N .E/ the collection of norms defined on E. We
define a relation � on N .E/ by writing k � k � k � k� if there exist constants ˛ > 0
and ˇ > 0 such that

˛kxk� � kxk � ˇkxk�
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for all x 2 E. This relation is an equivalence relation. If k � k � k � k�, then we say
that the two norms are equivalent.

Exercise 1.4. Establish the inequalities kxk1 � kxk2 � kxk1 � nkxk1 and
deduce that these three norms on R

n are equivalent.

If S is a nonempty set, then a real-valued function d defined on the Cartesian
product S2 is said to be a metric (or distance) if it satisfies the following properties
for all x; y; z 2 S2:
• d.x; y/ � 0;
• d.x; y/ D 0 ” x D y;
• d.x; y/ D d.y; x/;
• d.x; y/ � d.x; z/C d.z; y/.

We say that the pair .S; d/ is a metric space and that d.x; y/ is the distance from
x to y. The fourth property is referred to as the (metric space) triangle inequality.
If .E; k � k/ is a normed vector space, then it easy to see that, if we set d.x; y/ D
kx � yk, then d defines a metric on E. Many of the ideas in this chapter can be
easily generalized to general metric spaces.

Exercise 1.5. What is the distance fromA D .1; 1/ to B D .4; 5/ for the norms we
have defined on R

2?

Consider a point a belonging to the normed vector space E. If r > 0, then the
set

B.a; r/ D fx 2 E W ka � xk < rg
is called the open ball of centre a and radius r . For r � 0 the set

NB.a; r/ D fx 2 E W ka � xk � rg

is called the closed ball of centre a and radius r . In R the ballB.a; r/ (resp. NB.a; r/)
is the open (resp. closed) interval of length 2r and centre a. We usually refer to balls
in the plane R

2 as discs.

Exercise 1.6. What is the form of the ball NB.0; 1/ � R
2 for the norms k � k1, k � k2,

and k � k1? (Notice that a ball may have corners.)

1.2 Limits and Continuity

We now consider sequences in normed vector spaces. If .xn/n2N is a sequence
in a normed vector space E and there is an element l 2E such that limn!1
kxn � lk D 0, then we say that the sequence is convergent. It is easy to see
that the element l must be unique. We call l the limit of the sequence and write
limn!1 xn D l . We will in general abbreviate .xn/n2N to .xn/ and limn!1 xn D l

to lim xn D l . The following result is elementary.
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Proposition 1.2. If .xn/ and .yn/ are convergent sequences in E, with lim xn D l1
and lim yn D l2, and � 2 R, then

lim.xn C yn/ D l1 C l2 and lim.�xn/ D �l1:

Suppose now that we have two normed vector spaces, .E; k � kE/ and .F; k � kF /.
Let A be a subset of E, f a mapping of A into F and a 2 A. We say that f is
continuous at a if the following condition is satisfied:

for all �>0; there exists ı>0 such that; if x 2 A and kx�akE<ı;
then kf .x/�f .a/k<�:

If f is continuous at every point a 2 A, then we say that f is continuous (on
A). Finally, if A � E and B � F and f W A �! B is a continuous bijection
such that the inverse mapping f �1 is also continuous, then we say that f is a
homeomorphism.

Exercise 1.7. Suppose that k � kE and k � k�
E are equivalent norms on E and k � kF

and k � k�
F equivalent norms on F . Show that f is continuous at a (resp. continuous)

for the pair .k � kE; k � kF / if and only if f is continuous at a (resp. continuous) for
the pair .k � k�

E; k � k�
F /.

Proposition 1.3. The norm on a normed vector space is a continuous function.

Proof. We have

kxk D kx � y C yk � kx � yk C kyk H) kxk � kyk � kx � yk:

In the same way kyk � kxk � ky � xk. As ky � xk D kx � yk, we have

jkxk � kykj � kx � yk;

and hence the continuity. �
The next result is also elementary.

Proposition 1.4. Let E and F be normed vector spaces, A � E, a 2 A, f and g
mappings from E into F and � 2 R.

• If f and g are continuous at a, then so is f C g.
• If f is continuous at a, then so is �f .
• If ˛ is a real-valued function defined on E and both f and ˛ are continuous at
a, then so is f̨ .

Corollary 1.1. The functions f W E �! F which are continuous at a (resp.
continuous) form a vector space.
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We now consider cartesian products of normed vector spaces. Let .E1; k �
kE1/; : : : ; .Ep; k�kEp / be normed vector spaces. The cartesian productE1�� � ��Ep
is a vector space. For .x1; : : : ; xp/ 2 E1 � � � � � Ep we set

k.x1; : : : ; xp/kS D kx1kE1 C � � � C kxpkEp and

k.x1; : : : ; xp/kM D max.kx1kE1 ; : : : ; kxpkEp /:

There is no difficulty in seeing that k � kS and k � kM are equivalent norms on E1 �
� � ��Ep. In general, we will use the second norm, which we will refer to as the usual
norm. If E1 D � � � D Ep D R and k � kEi D j � j for all i , then k � kS D k � k1 and
k � kM D k � k1.

Proposition 1.5. Let .E; k � k/ be a normed vector space.

• The mapping f W E �E �! E; .x; y/ 7�! x C y is continuous.
• The mapping g W R � E �! E; .�; x/ 7�! �x is continuous.

Proof. Let us first consider f . We have

k.x; y/ � .a; b/kM < � H) kx � ak < �; ky � bk < �
H) k.x C y/ � .aC b/k � kx � ak C ky � bk < 2�;

hence f is continuous at .a; b/.
We now consider g. If k.�; x/ � .˛; a/k < �, then j� � ˛j < � and kx � ak < �

and so

k�x�˛ak D k�x��aC�a�˛ak � j�jkx�akCj��˛jkak < .j˛jC�/�C�kak;

therefore g is continuous at .˛; a/. �
A composition of real-valued continuous functions of a real variable is continu-

ous. We have a generalization of this result.

Proposition 1.6. Let E, F and G be normed vector spaces, A � E, B � F , f a
mapping of A into F and g a mapping of B into G. If f .A/ � B , f is continuous
at a 2 A and g continuous at f .a/, then g ı f is continuous at a.

Proof. Let us take � > 0. As g is continuous at f .a/, there exists ı > 0 such that, if
y 2 B and ky�f .a/kF < ı, then kg.y/�g.f .a//kG < �. As f is continuous at a,
there exists ˛ > 0 such that, if x 2 A and kx�akE < ˛, then kf .x/�f .a/kF < ı.
This implies that kg.f .x// � g.f .a//kG < �. Therefore g ı f is continuous at a.

�

Corollary 1.2. If A � E and f W A �! R is continuous and nonzero on A, then
the function g D 1

f
is continuous on A.
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Proof. It is sufficient to notice that g can be written g D h ı f , where h is the
real-valued function defined on R� by h.t/ D 1

t
. �

To close this section, we give a characterization of continuity which uses
sequences.

Theorem 1.1. Let E and F be normed vector spaces, A � E and f a mapping of
A into F . Then f is continuous at a 2 A if and only if, for every sequence .xn/ in
A such that lim xn D a, we have limf .xn/ D f .a/.

Proof. Suppose first that f is continuous at a and let us take � > 0. There exists
ı > 0 such that, if x 2 A and kx � akE < ı, then kf .x/ � f .a/kF < �. Now
let .xn/ be a sequence in A with limit a. There is an n0 2 N such that, if n � n0,
then kxn � akE < ı. This implies that kf .xn/ � f .a/kF < �. It follows that
limf .xn/ D f .a/.

Now suppose that, when .xn/ � A and limxn D a, we have lim f .xn/ D f .a/.
If f is not continuous at a, then there is an � > 0 and a sequence .xn/ � A such
that kxn � akE < 1

n
and kf .xn/ � f .a/kF � �. However, then limxn D a and

the sequence .f .xn// does not converge to f .a/, a contradiction. So f must be
continuous at a. �

1.3 Open and Closed Sets

Let E be a normed vector space. A subset O of E is said to be open if for every
x 2 O , there is an open ball centred on x which lies entirely in O . If A � E and
there is an open set O such that a 2 O � A, then A is said to be a neighbourhood
of a. If A is itself open, then we say that A is an open neighbourhood of a.

Proposition 1.7. An open ball B.a; r/ is an open set.

Proof. Let x 2 B.a; r/ and set � D 1
2
.r � kx � ak/. Clearly 0 < � < r and, if

y 2 B.x; �/, then we have

ka � yk D ka � x C x � yk � ka � xk C kx � yk � ka � xk C � D r � � < r:

Therefore B.x; �/ � B.a; r/ and it follows that B.a; r/ is open. �

If E is a normed vector space, then

• E and ; are open;
• if .O˛/˛2A is a collection of open subsets, then [˛2AO˛ is an open set;
• if .Oi /niD1 is a finite collection of open subsets, then \n

iD1Oi is an open set.

(If ; is not open, then there is an x 2 ; such that for any r > 0 the ball B.x; r/ 6� ;.
As there is no x 2 ;, this statement is false. It follows that ; is open.)
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Exercise 1.8. Give an example of an infinite collection of open sets whose inter-
section is not open.

Notation. Let X be a set. We recall that, if S and T are subsets of X , then the
complement of S in T is the subset of X

T n S D fx 2 X W x 2 T and x … Sg:

We will refer to the set X n S simply as the complement of S and we will write cS
for this subset. Clearly T n S D T \ cS .

If E is a normed vector space and C � E is the complement of an open set, then
we say that C is closed. Notice that a subset composed of a single point is a closed
set. As might be expected, we have

Proposition 1.8. A closed ball NB.a; r/ is a closed set.

Proof. We need to show that the complement of NB.a; r/ is open. Let x 2 c NB.a; r/
and � D 1

2
.ka � xk � r/. Clearly � > 0. If y 2 B.x; �/, then

ka � yk � ka � xk � ky � xk > ka � xk � � D 2�C r � � D �C r > r:

Hence B.x; �/ 2 c NB.a; r/ and it follows that c NB.a; r/ is open. �

Using de Morgan’s laws, i.e.,

c.[˛2AA˛/ D \˛2AcA˛ and c.\˛2AA˛/ D [˛2AcA˛;

we obtain: if a E is normed vector space, then

• E and ; are closed;
• if .C˛/˛2A is a collection of closed subsets, then \˛2AC˛ is a closed set;
• if .Ci/niD1 is a finite collection of closed subsets, then [n

iD1Ci is a closed set.

Exercise 1.9. Give an example of an infinite collection of closed sets whose union
is not closed.

The union of all open sets included in a subset A of a normed vector space is
called the interior of A and we write intA for this set. The interior intA is the
largest open set lying in A. The intersection of all closed sets containing A is called
the closure of A and we write NA for this set. The closure NA is the smallest closed set
containing A. Clearly A is closed if and only if A D NA. The boundary of A, written
@A, is the intersection of the sets NA and cA.

Exercise 1.10. Show that

• A is closed if and only if @A � A;
• NA is the union of A and @A;
• a 2 @A if and only if every open neighbourhhood of a intersects both A and cA.
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Exercise 1.11. Let A be a subset of a normed vector space. Show that, if O is a
nonempty open subset of NA, thenO \ A ¤ ;.

Suppose now that k � k and k � k� are equivalent norms on a vector space E, i.e.,
there exist constants ˛ > 0 and ˇ > 0 such that

˛kxk� � kxk � ˇkxk�

for all x 2 E . Let us write B.a; r/ (resp. B�.a; r/) for the open ball of centre a and
radius r defined with respect to the norm k � k (resp.k � k�):

B.a; r/Dfx 2 E W kx�ak<rg and B�.a; r/Dfx 2 E W kx�ak� < rg:

Then

B�
�
a;
r

ˇ

�
� B.a; r/ � B� �a; r

˛

�
:

HenceO � E is open for the norm k � k if and only ifO is open for the norm k � k�.
This is also the case for closed subsets.

It is possible to characterize closed sets using sequences, as the next result shows.

Proposition 1.9. Let E be a normed vector space and A � E. A is closed if and
only if every convergent sequence in A has its limit in A.

Proof. Suppose first that A is closed and let .xn/ be a convergent sequence
contained inA. If limxn D x, then every open ball centred on x contains an element
of the sequence and hence an element of A. As cA is open, x … cA and so x 2 A.

Now consider the converse. Suppose that every convergent sequence included in
A has its limit in A. Let x 2 cA and suppose that for any n 2 N

� B.x; 1
n
/ contains

an element xn 2 A. The sequence .xn/ is included in A and converges to x and so,
by hypothesis, x 2 A. This however is a contradiction and so there exists an n such
that B.x; 1

n
/ � cA. It follows that cA is open and so A is closed. �

In a normed vector space E the subsets E and ; are both open and closed. Are
there any others? Suppose that A � E is an open and closed subset and that A ¤ E

and A ¤ ;. Also, let a 2 A and b 2 cA and let us set

Nt D supft 2 Œ0; 1� W a C s.b � a/ 2 A; 0 � s � tg:

Clearly Nt 2 .0; 1/. Now we set Nx D aC Nt .b � a/ and xn D a C .Nt � 1
n
/.b � a/ for

n 2 N
�. The sequence .xn/ lies in A and converges to Nx. As A is closed, Nx belongs

to A. By definition of Nt there exists a sequence .yn/ � cA, where

yn D a C .Nt C �n/.b � a/ and 0 < �n <
1

n
:

As limyn D Nx and cA is closed, we have Nx 2 cA, which is a contradiction. Thus
we have proved the
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Proposition 1.10. The only open and closed subsets of a normed vector space E
are the sets E and ;.

The following result is a very useful characterization of continuous functions. It
can also be used to decide whether a given set is open or closed.

Proposition 1.11. LetE and F be normed vector spaces,A � E and f a mapping
from A into F . Then the following statements are equivalent:

(a) f is continuous;
(b) f �1.O/ is the intersection of A with an open subset of E, if O is open in F ;
(c) f �1.C / is the intersection of A with a closed subset of E, if C is closed in F .

Proof. .a/H) .b/ Let O � F be open. If f .A/ \ O D ;, then f �1.O/ D ;, an
open subset of E; hence, the result is true in this case. Suppose now that f .A/ \
O ¤ ; and let f .a/ 2 O . As O is open, there is an open ball B.f .a/; r/ �
O . The continuity of f implies the existence of an open ball B.a; �a/ such that
f .B.a; �a/\ A/ � B.f .a/; r/. We obtain the inclusions

B.a; �a/ \A � f �1.B.f .a/; r// � f �1.O/:

We now have

f �1.O/ D [.B.a; �a/\ A/ D A \ .[B.a; �a//;

where the unions are taken over those a 2 A such that f .a/ 2 O . Thus f �1.O/ is
the intersection of A with an open subset in E.
.b/ H) .a/ Let a 2 A and r > 0. As B.f .a/; r/ is open, f �1.B.f .a/; r// is

the intersection of an open subset of E with A. However, a 2 f �1.B.f .a/; r//,
so there exists an open ball B.a; �/ whose intersection with A is contained in
f �1.B.f .a/; r//. This inclusion implies that f .B.a; �/ \ A/ � B.f .a/; r/. It
follows that f is continuous at a.
.b/ H) .c/ If C � F is closed, then cC is open and so f �1.cC / is the

intersection of A with an open subset U of E. However,

f �1.C / D A n f �1.cC / D A\ cU

and so f is the intersection of A with a closed subset of E.
.c/ H) .b/ This is proved in the same way as .b/ H) .c/ �

Exercise 1.12. Let E and F be normed vector spaces, A � E and f a mapping
fromA into F . Show that ifA is open (resp. closed) and f continuous, then f �1.B/
is open (resp. closed), if B is an open (resp. closed) subset of F . Also, show that, if
f �1.B/ is open (resp. closed) when B is an open (resp. a closed) subset of F , then
A is open (resp. closed) and f continuous. What can we say if A D E?
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Example. Let u W Rn �! R be a continuous function and let us define f W Rn �
R �! R by f .x; y/ D u.x/ � y. Then f is continuous and so f �1.0/ is closed.
However, f �1.0/ is the graph of u; therefore, the graph of u is closed in R

n � R.

1.4 Compactness

In this section we will introduce the fundamental notion of compactness. First we
consider limit points. As above, we will suppose that E is a normed vector space.
Let A be a subset of E. We say that x 2 E is a limit point of A if every open ball
B.x; r/ contains points of A other than x. (Notice that x is not necessarily in A.) A
is said to have the Bolzano–Weierstrass property if every infinite subset of A has a
limit point in A.

Example. 0 is a limit point of the set f1; 1
2
; 1
3
; : : :g. Are there any others?

Exercise 1.13. Show that A � E is closed if and only if A contains all its limit
points.

Suppose now that fOi gi2I is a collection of open subsets of E and A � [i2IOi .
Then we say that the collection is an open cover of A. A subcover is a subcollection
of the open cover which is also an open cover of A. If any open cover of A contains
a finite subcover, then we say that A is compact.

Proposition 1.12. If A � E is compact, then A has the Bolzano–Weierstrass
property.

Proof. Let A � E be compact and B � A infinite. Suppose that B has no limit
point in A. Then each point a 2 A is the centre of a ball B.a; ra/ containing at most
one element of B (the point a, if a 2 B). These balls form an open cover of A,
which has a finite subcover. This implies that B is finite, a contradiction. It follows
that A has the Bolzano–Weierstrass property. �

If A � E , then we define the diameter of A by

diam.A/ D supfkx � yk W x; y 2 Ag:

Notice that, if A D ;, then diam.A/ D �1. The set A is bounded if it lies in some
open ball centred on the origin. For a nonempty set, being bounded is equivalent to
having a finite diameter.

Example. The diameter of an open ball is twice its radius.

Consider an open cover fOigi2I of a set A. If there is a number ˛ > 0 such that
any subset ofAwith diameter less than ˛ lies in some memberOi of the open cover,
then we say that ˛ is a Lebesgue number for the cover. We say that A is sequentially
compact if every sequence contained inA has a convergent subsequence whose limit
lies in A. It turns out that these apparently unrelated notions are in fact related.
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Lemma 1.1. If A � E is sequentially compact, then any open cover of A has a
Lebesgue number.

Proof. Suppose that A is sequentially compact and let fOi gi2I be an open cover of
A. If fOi gi2I has no Lebesgue number, then we can find a sequence of subsets .An/
of A, with diam.An/ < 1

n
, each included in noOi . Let .xn/ be a sequence in A such

that xn 2 An. By hypothesis, .xn/ has a subsequence converging to a point x 2 A.
x belongs to some Oi0 and, as Oi0 is open, there is an open ball B.x; r/ � Oi0 . Let
us now take n0 such that xn0 2 B.x; r

2
/ and 1

n0
< r

2
. If y 2 An0 , then

ky � xk � ky � xn0k C kxn0 � xk < r

2
C r

2
D r;

and so An0 � B.x; r/ � Oi0 , a contradiction. The result now follows. �

If E and F are normed vector spaces, A a subset of E and f a mapping from
A into F , then we say that f is uniformly continuous if the following condition is
satisfied:

for all � > 0; there exists ˛ > 0 such that if x; y 2 A and kx � ykE < ˛;
then kf .x/ � f .y/kF < �:

Clearly, if f is uniformly continuous, then f is continuous. It is easy to find ex-
amples of continuous mappings which are not uniformly continuous. For example,
the function f W R�C �! R; t 7�! 1

t
is continuous, but not uniformly continuous.

However, we do have the following result:

Proposition 1.13. If E and F are normed vector spaces, A � E sequentially
compact and f W A �! F continuous on A, then f is uniformly continuous.

Proof. Let � > 0. Suppose that f is continuous on A; then for each a 2 A, there is
an open ball B.a; ra/ such that kf .x/� f .a/kF < �

2
if x 2 B.a; ra/\A. The balls

B.a; ra/ form an open cover of A. If A is sequentially compact, then this cover has
a Lebesgue number ˛. If x; y 2 A and kx � ykE < ˛, then x and y lie in some ball
B.a; ra/ and so

kf .x/ � f .y/kF � kf .x/ � f .a/kF C kf .a/ � f .y/kF < �

2
C �

2
D �:

This proves the result. �
A subset A of E is totally bounded if for any � > 0 there is a finite collection of

open balls of radius � forming an open cover of A.

Exercise 1.14. Show that a totally bounded set is bounded.

Lemma 1.2. If A � E is sequentially compact, then A is totally bounded.

Proof. Let A be sequentially compact and suppose that A is not totally bounded.
Then there is an � > 0 and an infinite sequence .an/ � A such that
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anC1 2 A n f[n
iD1B.ai ; �/g :

Clearly kai � aj k � � if i ¤ j , which implies that the sequence .an/ has no
convergent subsequence. We have thus obtained a contradiction. It follows that A is
totally bounded. �

We are now in a position to show that compactness and sequential compactness
are equivalent. In fact, we will prove a little more.

Theorem 1.2. If E is a normed vector space and A � E, then the following three
conditions are equivalent:

(a) A is compact;
(b) A has the Bolzano–Weierstrass property;
(c) A is sequentially compact.

Proof. We have already established that .a/ H) .b/ (Proposition 1.12).
.b/ H) .c/ Let .xn/ be a sequence in A. If .xn/ does not contain an infinite

subset, then .xn/ contains a constant subsequence, which clearly converges to
an element of A. On the other hand, if .xn/ contains an infinite subset, then by
hypothesis .xn/ has a limit point x 2 A. It follows that .xn/ has a subsequence
converging to x.
.c/ H) .a/ Let fOigi2I be an open cover of A. By Lemma 1.1 this cover has a

Lebesgue number ˛. We now set � D ˛
3

. From Lemma 1.2 we can find a1; : : : ; as 2
A such that A � [s

kD1B.ak; �/. However, for each k

diamB.ak; �/ D 2� D 2˛

3
< ˛

and hence each ball B.ak; �/ lies in some Oik . We thus obtain

A � [s
kD1B.ak; �/ � [s

kD1Oik ;

i.e., fOikgskD1 is a finite subcover of A. �

We will see a little further on that in finite-dimensional spaces we can character-
ize the compact subsets in another way. These are precisely the subsets which are
closed and bounded. Before proving this we will establish some other results.

Exercise 1.15. LetE be a vector space,A � E and k�k and k�k� equivalent norms
on E . Show that A is compact in the normed vector space .E; k � k/ if and only if A
is compact in the normed vector space .E; k � k�/.

Exercise 1.16. Show that a closed subset of a compact set is compact.

Exercise 1.17. Let E and F be normed vector spaces, A a compact subset of E
and f W A �! F continuous. Show that f .A/ is a compact subset of F .

Proposition 1.14. If E is a normed vector space and A � E is compact, then A is
closed and bounded.
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Proof. Let A � E be compact. If .xn/ is a convergent subsequence of A, then .xn/
has a subsequence converging to an element x 2 A. However, x must be the limit
of .xn/. Thus a convergent sequence of A has its limit in A and so A is closed.

If A is not bounded, then we can construct a sequence .xn/ � A such
that kxnk > n. This sequence cannot have a convergent subsequence, because
convergent sequences are bounded. It follows that A is bounded. �

Exercise 1.18. Show that a nonempty compact subset of a normed vector space has
a boundary point.

It is difficult in general to know whether a real-valued function attains a
maximum or a minimum on a given set. However, for compact sets we have the
following result:

Theorem 1.3. If E is a normed vector space, A � E compact and f W A �! R

continuous, then f is bounded on A and attains its lower and upper bounds.

Proof. If f .A/ is not bounded, then there is a sequence .xn/ � A such that
jf .xn/j > n. As A is sequentially compact, .xn/ has a subsequence .yn/ converging
to a point x 2 A. However, f is continuous and so lim f .yn/ D f .x/ and hence
the sequence .f .yn// is bounded, which is a contradiction. It follows that f .A/ is
bounded.

Let .xn/ be a sequence in A such that

f .xnC1/ � f .xn/ and limf .xn/ D inf
x2A f .x/:

The sequence .xn/ has a convergent subsequence .yn/ whose limit y belongs to A.
We have

inf
x2Af .x/ D limf .xn/ D lim f .yn/ D f .y/:

In the same way we can show that there is an element z 2 A such that f .z/ D
supx2A f .x/. �

We now turn our attention to the particular case of compactness in the normed
vector space .Rn; k:k1/.

Lemma 1.3. A subset A of .Rn; k:k1/ which is closed and bounded is compact.

Proof. First, let us consider the case where n D 1. AsA is bounded, there is a closed
interval Œa; b� such that A � Œa; b�. Let .xk/ be a sequence in A and for each k 2 N

let us set Xk D fxp W p � kg and ak D infXk . The sequence .ak/ is increasing and
bounded above (by b) and so has a limit x. For each k we take yk 2 Xk such that
ak � yk < ak C 1

k
. Then

jyk � xj � jyk � akj C jak � xj < 1

k
C jak � xj:

Therefore lim yk D x and, as A is closed, x 2 A. We have established that A is
sequentially compact and so compact.
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Now let us consider the case where n � 2. A is contained in a closed rectangle
Œa1; b1� � � � � � Œan; bn�. Let .xk/ be a sequence in A. Using superscripts for the
coordinates of elements of the sequence, we have xk D .x1k; : : : ; x

n
k /. The sequence

.x1k/ contains a subsequence .x11k/ converging to an element �1 2 Œa1; b1�, because
Œa1; b1� is compact. We now consider the second coordinate. The sequence .x21k/
contains a subsequence .x22k/ converging to an element �2 2 Œa2; b2�, because
Œa2; b2� is compact. Notice that .x12k/, being a subsequence of .x11k/, converges to �1.
We now take a convergent subsequence .x33k/ of the sequence .x32k/. Continuing in
the same way we obtain a subsequence .yk/ of .xk/ such that .ysk/ converges to �s 2
Œas; bs� for s D 1; : : : ; n. Setting � D .�1; : : : ; �n/ we have lim kyk � �k1 D 0. As
A is closed, � 2 A. Therefore A is sequentially compact and so compact. �

At the beginning of this chapter we showed that certain norms on R
n were

equivalent. We will now show that all norms onRn are equivalent and, as a corollary,
that all norms on a finite-dimensional normed vector space are equivalent.

Theorem 1.4. If k � k is a norm defined on R
n, then k � k is equivalent to the norm

k � k1. It follows that all norms on R
n are equivalent.

Proof. Let .ei / be the standard basis of Rn. If x D Pn
iD1 xi ei , then

kxk �
nX
iD1

jxi jkeik �
 

nX
iD1

keik
!

kxk1 D ˇkxk1;

therefore k � k is continuous on .Rn; k � k1/. Let S be the unit sphere in this space:
S D fx 2 R

n W kxk1 D 1g. S is closed and bounded and so compact. The function
f W S �! R; x 7�! 1

kxk is continuous on S and so by Theorem 1.3 there is a

constantK > 0 such that 1
kxk � K , or kxk � 1

K
D ˛. For x ¤ 0 we have

k x

kxk1
k � ˛ H) kxk � ˛kxk1;

an inequality which is also true for x D 0. Therefore

˛kxk1 � kxk � ˇkxk1

for all x 2 R
n, which establishes the equivalence of the two norms. �

Corollary 1.3. All norms on a finite-dimensional vector space E are equivalent.

Proof. Let .ui / be a basis of E. For x D Pn
iD1 xiui we set �.x/ D .x1; : : : ; xn/. �

is a linear isomorphism from E onto R
n. If k � kE and k � k�

E are norms on E, then
we define norms k � k and k � k� on R

n by

kyk D k��1.y/kE and kyk� D k��1.y/k�
E:

As k � k and k � k� are equivalent, so are k � kE and k � k�
E . �
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We are now in a position to prove the characterization of compact sets to which
we referred above.

Theorem 1.5. The compact subsets of a finite-dimensional normed vector space
are the subsets which are closed and bounded.

Proof. We have already seen that a compact set is closed and bounded, so we
only need to prove the converse. Let A be a closed and bounded subset of an n-
dimensional normed vector space E. We suppose that � and the norm k � k on R

n

are defined as above. The set �.A/ is closed and bounded with respect to the norm
k�k and therefore compact, because k�k is equivalent to k�k1. As ��1 is continuous,
A is compact (Exercise 1.17). �
Exercise 1.19. Show that in a finite-dimensional normed vector space a bounded
subset is totally bounded.

Exercise 1.20. Let K be a closed subset of a finite-dimensional normed vector
space E and f a real-valued continuous function defined on K such that

lim
n!1 kxnk D 1 H) lim f .xn/ D 1:

Show that f has a minimum onK .

Exercise 1.21. LetA be a noncompact subset of a finite-dimensional normed vector
space E . Show that there is a continuous real-valued function defined on A which
is not bounded.

Having shown that closed bounded sets in a finite-dimensional normed vector
space are compact, it is natural to consider such sets in an infinite-dimensional
normed vector space. We will take up this question in the next section.

1.5 Banach Spaces

The notion of a Cauchy sequence in R can be generalized to normed vector spaces.
We say that a sequence .xk/ in a normed vector space E is a Cauchy sequence if it
satisfies the following property:

for all � > 0, there is an N.�/ 2 N such that kum � unk < �, if m; n � N.�/.

It is easy to see that a convergent sequence is a Cauchy sequence and that a Cauchy
sequence is bounded. We say that a normed vector spaceE is complete, or a Banach
space, if every Cauchy sequence in E converges.

Theorem 1.6. The normed vector space .Rn; k � k1/ is a Banach space.

Proof. Let .xk/ be a Cauchy sequence in R
n. Using superscripts for coordinates

of elements of the sequence, we have xk D .x1k; : : : ; x
n
k /. For i D 1; : : : ; n, the

sequence .xi
k/ is a Cauchy sequence. As Cauchy sequences in R converge, for each
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i there is an xi such that limk!1 xik D xi . If we set x D .x1; : : : ; xn/, then it is
easy to see that limk!1 xk D x. �

Corollary 1.4. A finite-dimensional normed vector space is a Banach space. In
particular, the normed vector spaces .Rn; k � kp/, for 1 � p < 1, are Banach
spaces.

Proof. Let .ui / be a basis of the n-dimensional normed vector space .E; k � k/. If
x D Pn

iD1 xiui and we set �.x/ D .x1; : : : ; xn/, then � is a linear isomorphism of
E onto R

n. Now setting
k��1.y/k� D kyk1

for y 2 R
n we obtain a norm on E. As .Rn; k � k1/ is complete, so is .E; k � k�/.

The equivalence of norms on E implies that .E; k � k/ is also complete. �

Corollary 1.5. A finite-dimensional subspace of a normed vector space is closed.

Proof. If F is a finite-dimensional subspace of a normed vector space .E; k � k/,
then .F; k � k/ is a Banach space. Let .xn/ be a sequence in F with limit x 2 E. As
.xn/ is convergent, .xn/ is a Cauchy sequence in F and so has a limit x0 2 F . As
the limit of a convergent sequence is unique, x D x0 and so x 2 F . It follows that
F is closed. �

We now return to the question of closed bounded sets in an infinite-dimensional
normed vector space. Let E be an infinite-dimensional normed vector space and S
its unit sphere:

S D fx 2 E W kxk D 1g:
We will construct by induction a sequence .un/ � S such that kui � ujk > 1

2
if

i ¤ j . For u1 we choose any element of S . Suppose now that we have constructed
the first n elements of the sequence and let Fn D Vect .u1; : : : ; un/, i.e., the vector
subspace generated by the vectors u1; : : : ; un. As Fn is finite-dimensional, S is not
included in Fn and so there is an element x 2 S , which is not in Fn. Also, Fn is
closed and so

˛ D inf
y2Fn

kx � yk > 0:

We now take Ny 2 Fn such that ˛ � kx � Nyk < 2˛ and set unC1 D x� Ny
kx� Nyk . Clearly

unC1 2 S . For k D 1; : : : ; n, we set zk D Ny C kx � Nykuk . Then zk 2 Fn and so

kunC1 � ukk D kx � zkk
kx � Nyk � ˛

kx � Nyk >
1

2
:

Therefore we have constructed a sequence .un/ with the required properties. The
existence of such a sequence implies that S , a closed bounded set, cannot be
sequentially compact. Hence a closed bounded subset of a normed vector space
is not necessarily compact. (Of course such a subset may be compact, for example,
a subset composed of a finite number of points.) In fact, we have also proved the
following theorem, referred to as Riesz’s theorem.
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Theorem 1.7. The unit sphere S of a normed vector spaceE is compact if and only
if E is finite-dimensional.

Exercise 1.22. Let E be an infinite-dimensional normed vector space and A a
subset of E such that intA ¤ ;. Show that A is not compact.

Remark. The sequence .un/ constructed above shows that in an infinite-dimensional
normed vector space a subset may be bounded without being totally bounded: any
open ball of radius 1

4
can contain at most one element of the sequence .un/; hence a

finite number of such balls cannot cover S .

Let l1 be the collection of bounded sequences of real numbers. With the usual
operations on sequences:

.xk/C .yk/ D .xk C yk/ and �.xk/ D .�xk/

for � 2 R, l1 is a vector space. If we set

k.xk/k1 D sup jxkj;

then k�k1 defines a norm on l1. We claim that l1 with this norm is a Banach space.
To simplify the notation, let us write k � k for k � k1. Let .xk/ be a Cauchy sequence
in l1. As Cauchy sequences are bounded, there exists M > 0 such that kxkk � M

for all k. If we write xi
k for the i th coordinate of xk , i.e., xk D .x1k; x

2
k; : : :/, then the

sequence .xi
k/ is a Cauchy sequence and so has a limit xi . As the Cauchy sequence

.xi
k/ is bounded by M , so is the limit xi . If we now set x D .x1; x2; : : :/, then

x 2 l1. We now show that limxk D x. Let � > 0 andN be such that kxk �xlk < �
for k; l � N . Then for every i and k; l � N we have

jxik � xi j � jxik � xil j C jxil � xi j < � C jxil � xi j:

However, liml!1 jxil � xi j D 0 and so, for k � N , we obtain jxik � xi j � �. It
follows that kxk � xk � �. We have shown that lim xk D x and so that .l1; k � k1/
is a Banach space.

Now suppose that 1 � p < 1 and let lp be the collection of sequences .xn/ of
real numbers such that

P1
nD1 jxnjp < 1. If .xn/ and .yn/ are two sequences in lp ,

then, using the first section of this chapter, we have for m 2 N
�

 
mX
nD1

jxn C ynjp
! 1
p

�
 

mX
nD1

jxnjp
! 1
p

C
 

mX
nD1

jynjp
! 1
p

�
 1X
nD1

jxnjp
! 1
p

C
 1X
nD1

jynjp
! 1
p

and it follows that .xn C yn/ 2 lp and

 1X
nD1

jxn C ynjp
! 1

p

�
 1X
nD1

jxnjp
! 1

p

C
 1X
nD1

jynjp
! 1

p

:
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With the usual operations on sequences, lp is a vector space and, if we set

k.xn/kp D
 1X
nD1

jxnjp
! 1

p

;

then k � kp defines a norm on lp . We leave it to the reader to show that .lp; k � kp/ is
a Banach space.

Exercise 1.23. Let A be a nonempty subset of a normed vector space E and C(A)
the set of bounded continuous real-valued functions defined on A. With the usual
operations

.f C g/.x/ D f .x/C g.x/ and .�f /.x/ D �f .x/

for � 2 R, C.A/ is a vector space. Show that a norm may be defined on C.A/ by
setting

kf k D sup
x2A

jf .x/j

and that C.A/ with this norm is a Banach space.

Remark. We may generalize this exercise by taking A to be any metric space. If A
is compact, then the bounded continuous real-valued functions defined onA are just
the continuous real-valued functions defined on A.

1.6 Linear and Polynomial Mappings

As all norms on R
n are equivalent, the continuity of a mapping from R

n into a
normed vector space E or of a mapping from a normed vector space E into R

n is
unaffected by the norm on R

n we choose. In general, we will work with the norm
k � k1.

Consider a linear mapping f from R
n into a normed vector space E. If .ei / is

the standard basis of Rn and x D Pn
iD1 xi ei , then

kf .x/kE �
nX
iD1

kxif .ei /kE D
nX
iD1

jxi jkf .ei /kE � M kxk1;

whereM D Pn
iD1 kf .ei /kE . Therefore

kf .x/ � f .y/kE D kf .x � y/kE � M kx � yk1

and so f is continuous. More generally, a linear mapping from a finite-dimensional
normed vector space into another normed vector space is always continuous.
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We now consider the continuity of polynomials (in several variables). A constant
function f W R

n �! R is clearly continuous. As the projection pi W R
n �!

R; .x1; : : : ; xn/ 7�! xi is linear, pi is continuous. Also, a polynomial is a sum of
products of constant mappings and projections and so continuous.

Let E and F1; : : : ; Fp be normed vector spaces, A � E and f a mapping
from A into F1 � � � � � Fp . The vector f .x/ has p coordinates which we may
write f1.x/; : : : ; fp.x/. We thus obtain p mappings fi W A �! Fi . We call these
mappings the coordinate mappings (or functions) of f . A particular case is when
Fi D R for all i ; in this case F1 � � � � � Fp D R

p .

Proposition 1.15. The mapping f W A �! F1 � � � � � Fp is continuous at a 2 A if
and only if its coordinate mappings are continuous at a.

Proof. Suppose first that f is continuous at a 2 A and let us take � > 0. There is a
ı > 0 such that

x 2 A and kx � akE < ı H) kf .x/ � f .a/kM < �;

where k � kM is the usual norm on F1 � � � ��Fp . This implies that, for i D 1; : : : ; p,

kfi .x/ � fi .a/kFi < �

and it follows that the fi are continuous at a.
Conversely, suppose that the fi are continuous at a and let us take � > 0. For

each i , there is a ıi > 0 such that

x 2 A and kx � akE < ıi H) kfi .x/ � fi .a/kFi < �:

If we set ı D min ıi , then for i D 1; : : : ; p

x 2 A and kx � akE < ı H) kfi .x/ � fi .a/kFi < �
H) kf .x/ � f .a/kM < �

and it follows that f is continuous at a. �

Example. From the above, if f W Rn �! R
m is such that each coordinate function

is a polynomial, then f is continuous.

Let us return to linear mappings. We have seen that a linear mapping from a
finite-dimensional vector space into a normed vector space is continuous. However,
this is not in general the case. Here is an example. We may define a norm k � k on
the vector space of polynomials in one variable in the following way: for p.x/ DPn

iD1 aixi we set kpk D max jai j. The mapping

� W E �! E;p 7�! Pp;
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where Pp is the derivative of p, is clearly linear. Consider the sequence of polyno-
mials .pn/ defined by pn.x/ D 1

n
xn. Clearly limpn D 0. However, k Ppnk D 1

for all n and so � is not continuous. The next result characterizes continuous linear
mappings.

Theorem 1.8. Let E and F be normed vector spaces and � a linear mapping from
E into F . Then the following statements are equivalent:

(a) � is continuous;
(b) � is continuous at 0;
(c) � is bounded on the closed unit ball NB.0; 1/ of E;
(d) There exists � 2 RC such that

k�.x/kF � �kxkE
for all x 2 E .

Proof. .a/ H) .b/ This is true by the definition of continuity.
.b/ H) .c/ If f is continuous at 0, then there exists ˛ > 0 such that

kx � 0kE � ˛ H) k�.x/ � �.0/kF � 1;

i.e.,
kxkE � ˛ H) k�.x/kF � 1:

If x 2 NB.0; 1/, then k˛xkE � ˛ and so k�.˛x/kF � 1. Using the linearity of � we
obtain ˛k�.x/kF � 1 and hence the result.
.c/ H) .d/ By hypothesis, there exists � 2 RC such that

x 2 NB.0; 1/ H) k�.x/kF � �:

If x 2 Enf0g, then x
kxk 2 NB.0; 1/ and so k�. x

kxk/kF � �. It follows that k�.x/kF �
�kxkE , which is also true when x D 0.
.d/ H) .a/ If (d) holds and x; y 2 E, then

k�.x/ � �.y/kF D k�.x � y/kF � �kx � ykE;

therefore � is continuous. �

The continuous linear mappings between two normed vector spaces E and F
form a vector space L.E; F /. If we set

j�jL.E;F / D sup
kxkE�1

k�.x/kF

for � 2 L.E; F /, then j � jL.E;F / is a norm on L.E; F /. Notice that for any x 2 E

we have
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k�.x/kF � j�jL.E;F /kxkE:
If G is another normed vector space and  2 L.F;G/, then

j ı �jL.E;G/ � j jL.F;G/j�jL.E;F /
We usually write L.E/ for L.E;E/ and E� for L.E;R/. E� is called the dual of
E and its elements are often referred to as linear forms . When there is no confusion
possible, we will usually write j�j for j�jL.E;F /.
Exercise 1.24. Show that

j�jL.E;F / D inff� 2 RC W k�.x/kF � �kxkE; x 2 Eg

and, if dimE � 1, then

j�jL.E;F / D sup
kxkED1

k�.x/kF :

There is a natural question, namely when is the space L.E; F / complete, i.e., a
Banach space. The following result gives us a sufficient condition.

Theorem 1.9. If E and F are normed vector spaces and F is complete, then the
space L.E; F / is complete.

Proof. Let .�n/ be a Cauchy sequence in L.E; F /. Then for each x 2 E we have

k�n.x/ � �m.x/kF � j�n � �mjL.E;F /kxkE
and so .�n.x// is a Cauchy sequence in F . As F is complete, this sequence has a
limit, which we will write �.x/. It is easy to see that � is a linear mapping. As .�n/
is a Cauchy sequence, the norms j�nj have an upper boundM . Therefore

k�.x/kF D k lim �n.x/kF D lim k�n.x/kF � M kxkE
and so � is continuous. It remains to show that lim�n D �. Let � > 0 and N 2 N

�
be such that m; n � N H) j�m � �nj < �

2
. If kxkE � 1 andm; n � N , then

k�n.x/ � �m.x/kF � j�n � �mjkxkE < �

2
:

We may choosem � N such that k�m.x/ � �.x/kF < �
2

and so

k�n.x/ � �.x/kF � k�n.x/ � �m.x/kF C k�m.x/ � �.x/kF < �:

As k�n.x/ � �.x/kF < � for every x such that kxkE � 1, we have j�n � �j � �

and it follows that lim�n D �. This ends the proof. �
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Let E and F1; : : : ; Fp be normed vector spaces and let us set F D F1 � � � ��Fp .
The mapping f fromE into F is linear and continuous if and only if its coordinate
mappings are also linear and continuous. Therefore the mapping ˆ W f 7�!
.f1; : : : ; fp/, when restricted to L.E; F /, has its image in L.E; F1/�� � ��L.E; Fp/.
There is no difficulty in seeing thatˆ defines a linear isomorphism between the two
spaces. Also,

jf jL.E;F / D sup
kxkE�1

kf .x/kF

D sup
kxkE�1

max.kf1.x/kF1 ; : : : ; kfp.x/kFp /

D max. sup
kxkE�1

kf1.x/kF1 ; : : : ; sup
kxkE�1

kfp.x/kFp /

D k.jf1jL.E;F1/; : : : ; jfpjL.E;Fp//kM ;

where k � kM is the usual norm on the cartesian product of the spaces L.E; Fi /.
Thereforeˆ also preserves the norm.

If E and F are normed vector spaces and f W E �! F a continuous linear
isomorphism whose inverse f �1 is also continuous, then we say that f is a normed
vector space isomorphism and that the spaces E and F are isomorphic (as normed
vector spaces). In this case, we write E ' F . If f W E �! F is a linear
isomorphism which preserves the norm, i.e., kf .x/kF D kxkE for all x 2 E, then
we say that f is an isometric isomorphism. Clearly an isometric isomorphism is a
normed vector space isomorphism. If there exists an isometric isomorphism fromE

onto F , then we say that the two spaces are isometrically isomorphic.

Exercise 1.25. Show that two finite-dimensional normed vector spaces of the same
dimension are isomorphic.

Exercise 1.26. Let E be a normed vector space. Show that the mapping ˆ W
L.R; E/ �! E; f 7�! f .1/ is an isometric isomorphism and thus that L.R; E/
and E are isomorphic.

Exercise 1.27. Show that if E, F , and G are normed vector spaces and � W F �!
G is a normed vector space isomorphism, then the mapping ˆ from L.E; F / into
L.E;G/, defined by ˆ.f / D � ı f , is a normed vector space isomorphism. Show
that ˆ is an isometric isomorphism if � is an isometric isomorphism.

Suppose now that � W E �! F is a normed vector space isomorphism. Clearly,
if the dimensions of E and F are 0, then � is norm-preserving. Suppose now that
this is not the case. We can define a norm k � k�

E on E by setting

kxk�
E D k�.x/kF :

We have
kxk�

E D k�.x/kF � j�jkxkE
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and
kxkE D k��1.�.x//kE � j��1jk�.x/kF D j��1jkxk�

E:

Because j��1j ¤ 0, we can write

1

j��1j kxkE � kxk�
E � j�jkxkE:

We have shown that we can give E an equivalent norm such that f is an isometric
isomorphism.

1.7 Normed Algebras

A vector space E may have a multiplication as well as its addition and scalar
multiplication. In this case, if E with its addition and multiplication is a ring and
satisfies the property:

�.xy/ D .�x/y D x.�y/

for � 2 R and x; y 2 E, then we say that E is an algebra. If the multiplication
is commutative, then we say that the algebra is a commutative algebra. We usually
assume that there is an identity for the multiplication, for which we use the symbol
1E (or just 1). If E is an algebra and has a norm k � k satisfying the properties

kxyk � kxkkyk and k1Ek D 1;

then we say thatE is a normed algebra. If E is also complete, then we say that E is
a Banach algebra. IfE and F are normed algebras and f 2 L.E; F / such that f is
also a ring homomorphism, then we say that f is a normed algebra homomorphism.
If f is a normed vector space isomorphism, then f is said to be a normed algebra
isomorphism and E and F isomorphic normed algebras.

Exercise 1.28. Show that if E is a normed algebra, then the multiplication as a
mapping from E2 into E is continuous.

Let us look at some examples.R has a natural vector space structure and, with the
usual multiplication, is a commutative algebra. The absolute value defines a norm on
R and, with this norm, R is a normed algebra. As R is complete, R is a commutative
Banach algebra.

R
2 also has a natural vector space structure and, with the multiplication

.x; y/ � .u; v/ D .xu � yv; xv C yu/;

R
2 is a commutative algebra. If we give R

2 the norm k � k2, R2 becomes a normed
algebra. As R

2 is complete, R2 is a commutative Banach algebra. (Of course, the
multiplication we have here is that used in defining the field of complex numbers.)
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We have already seen that, if E is a normed vector space, then we can define a
norm on L.E/ by setting

j�jL.E/ D sup
kxk�1

k�.x/k:

With this norm L.E/ is a normed algebra. From Theorem 1.9, if E is a Banach
space, then L.E/ is a Banach algebra.

Here is another example of a normed algebra. Consider the set RŒX� of real
polynomials in one variable. RŒX� is clearly an algebra and has the polynomial
P 	 1 for multiplicative identity. If, for P 2 RŒX� we set

kP k D sup
x2Œ0;1�

jP.x/j;

then we obtain a normed algebra.
In Exercise 1.23 we introduced the Banach space C.A/ of bounded continuous

real-valued functions defined on a metric space, in particular, on a nonempty subset
of a normed vector space. If we now add the multiplication defined by

.f � g/.x/ D f .x/g.x/;

then C.A/ becomes a Banach algebra.

Notation. We will write Mmn.R/ for the set ofm�n real matrices; ifm D n, then
we will use the shorter notation Mn.R/ instead of Mnn.R/.

As a final example, let us consider the space Mn.R/, with n � 1. There is no
difficulty in seeing that Mn.R/ with the usual operations on matrices is an algebra.
Suppose now that k � k is a norm defined on R

n. If, for A 2 Mn.R/ we set

jAj D sup
kxkD1

kAxk;

then we obtain a normed algebra. As Mn.R/ is finite-dimensional, Mn.R/ is a
Banach algebra. We say that the norm we have just defined is subordinate to the
norm k � k.

An element x in a normed algebra E is invertible (or regular), if there exists
y 2 E such that xy D yx D 1. Otherwise we say that x is noninvertible (or
singular). If x is invertible, then the y is unique and we call this element the inverse
of x and write x�1 for it. Clearly 0 is not invertible; however, other elements may
also be noninvertible. We will write E� for the set of invertible elements of E. E�,
with the multiplication of E, is a group.

Exercise 1.29. Let E be a normed algebra. Show that kxnk � kxkn for all x 2 E

and n 2 N. What can we say if x is invertible and n 2 Z� D fn 2 Z W n < 0g?
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We aim to look at the mapping � W x 7�! x�1 in some detail; however, we will
need a preliminary result.

Lemma 1.4. If E is a Banach algebra and k1 � xk < 1, then x is invertible.

Proof. Let r D k1 � xk. Then for n 2 N

k.1 � x/nk � k1 � xkn D rn:

It follows that the partial sums of the power series
P

n�0.1 � x/n form a Cauchy
sequence in E . As E is complete, the partial sums converge to an element of E,
which we will denote

P1
nD0.1 � x/n. If we set y D P1

nD0.1 � x/n, then

y � xy D .1 � x/y D
1X
nD1
.1 � x/n D y � 1;

which implies that xy D 1. We can show in the same way that yx D 1 and so x is
invertible and x�1 D P1

nD0.1 � x/n. �

Theorem 1.10. If E is a Banach algebra, then E� is open and the mapping � W
x 7�! x�1 is continuous and hence a homeomorphism from E� onto itself.

Proof. Let a 2 E� and let us set r D 1
ka�1k . If x lies in the open ball B.a; r/, then

k1 � a�1xk D ka�1.a � x/k � ka�1kka � xk < 1;

therefore, from the lemma, a�1x 2 E�. This implies that x D a.a�1x/ 2 E�. Thus
the ball B.a; r/ � E� and it follows that E� is open. Also, as

x�1a D .a�1x/�1 D
1X
nD0
.1 � a�1x/n;

we have

kx�1 �a�1k D k.x�1a�1/a�1k � ka�1kkx�1a�1k D ka�1kk
1X
nD1
.1�a�1x/nk:

If we take x 2 B.a; r
2
/, then k1 � a�1xk < 1

2
and

kx�1�a�1k � ka�1k
1X
nD1

k.1�a�1x/kn � 2ka�1kk1�a�1xk � 2ka�1k2ka�xk;

and so � is continuous at a. �
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Let E and F be normed vector spaces. We will write I.E; F / for the subset of
invertible mappings belonging to L.E; F /. Clearly I.E;E/ D L.E/�. From what
we have seen above, if E is a Banach space, then L.E/� is an open subset of L.E/
and the mapping � W u �! u�1 is a homeomorphism from L.E/� onto itself. We
will now generalize this result.

Theorem 1.11. If E and F are Banach spaces, then I.E; F / is open in L.E; F /
and I.F;E/ is open in L.F;E/. If I.E; F / is not empty, then the mapping  W
u 7�! u�1 is a homeomorphism from I.E; F / onto I.F;E/.
Proof. If I.E; F / is empty, then it is open. If this is not the case, then let w 2
I.E; F /. If we set ˛.u/ D w�1 ı u for u 2 L.E; F /, then ˛.u/ 2 L.E/ and ˛ is
a normed vector space isomorphism from L.E; F / onto L.E/. As ˛.I.E; F // D
I.E/, I.E; F / is open in L.E; F /. In the same way we may show that I.F;E/ is
open in L.F;E/.

The mapping may be written  D ˇ ı� ı˛, where � is the inversion mapping
on L.E/� and ˇ the normed vector space isomorphism from L.E/ onto L.F;E/
defined by ˇ.v/ D v ı w�1. As  is a composition of three continuous mappings,
 is continuous. Also, as  �1 D ˛�1 ı � ı ˇ�1,  �1 is continuous and so  is a
homeomorphism from I.E; F / onto I.F;E/. �

In an algebra certain types of vector subspace deserve particular attention. An
ideal in an algebra A is a vector subspace I such that, when a 2 A and x 2 I ,
then

(a) ax 2 I ;
(b) xa 2 I .

If the first (resp. second) condition is satisfied (and not necessarily both of them),
then I is called a left-sided ideal (resp. right-sided ideal). An ideal I is a maximal
ideal if there is no ideal J ¤ A which properly contains I . Using Zorn’s lemma it
is easy to show that a proper ideal is always contained in a maximal ideal. We may
define maximal left- and right-sided ideals in a similar way and obtain analogous
results. As f0g is an ideal, an algebra contains all three types of maximal ideal.

The intersection of all left-sided maximal ideals is a left-sided ideal. We have a
similar statement for right-sided ideals. It turns out that these intersections are the
same. This subset ofA is an ideal, which is called the Jacobson radical of A, usually
noted J.A/. It is also the case that a 2 J.A/ if and only if 1 � xay is invertible for
all x; y 2 A. (Proofs of the statements given here may be found in any standard text
on ring theory, for example [9].)

Exercise 1.30. Let A be an algebra and I a left-sided ideal of A as a ring, i.e., I is
a subgroup of the group .A;C/ satisfying the condition (a). Show that I is a vector
subspace of A and thus that I is a left-sided ideal of A as an algebra.

Exercise 1.31. Let E be a normed algebra and I a left-sided ideal in E. Show that
NI is a left-sided ideal and deduce that a maximal left-sided ideal is always closed. It
follows that the Jacobson radical is closed.
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We will finish this section with an introduction to the quaternion algebra. We
define a multiplication on R

4 by setting

x � y D .x1y1 � x2y2 � x3y3 � x4y4/e1
D C.x1y2 C x2y1 C x3y4 � x4y3/e2
D C.x1y3 � x2y4 C x3y1 C x4y2/e3

D C.x1y4 C x2y3 � x3y2 C x4y1/e4;

where e1; : : : ; e4 is the standard basis of R4. With this multiplication and its standard
addition, R4 is an algebra with e1 as multiplicative identity. We usually write H for
this algebra (after William Hamilton who was the first to discover it) and, in this
context, .1; i; j;k/ for the standard basis. It is easy to check that

i2 D j2 D k2 D �1

and
ij D �ji D k; jk D �kj D i and ki D �ik D j:

Thus H is noncommutative. We may also check that, with the norm k � k2, H is a
normed algebra. Also, we have

kxyk D kxkkyk:

If x 2 H and we set
x� D .x1;�x2;�x3;�x4/;

then we call x� the conjugate of x and we have

.xy/� D y�x� and kxk2 D x�x D xx�:

From the last property, we see that every nonzero element of H is invertible:
x�1 D x�

kxk2 , i.e., H� D H
�. An algebra A such that A� D A� is called a division

algebra. Other examples are R and C. It turns out that all Banach division algebras
are isomorphic to R, C, or H. (A proof of this may be found in [4].)

1.8 The Exponential Mapping

In this section we will see how the exponential mapping of elementary calculus
generalizes to Banach algebras. Let E be a Banach algebra and u an element of E.
We set

sn D 1C u C u2

2Š
C � � � C un

nŠ
:
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If p > q, then

ksp � sqk D k
pX

iDqC1

ui

i Š
k �

pX
iDqC1

kuki
i Š
:

Therefore .sn/ is a Cauchy sequence and so converges. We write exp.u/ for the limit
of the sequence .sn/. The mapping

exp W E �! E; u 7�! exp.u/

is called the exponential mapping on E. Notice that k exp.u/k � ekuk, where e is
the usual exponential mapping on R.

Lemma 1.5. IfE is a normed algebra, u and v elements ofE,M D max.kuk; kvk/
and n 2 N

�, then
kun � vnk � nMn�1ku � vk:

Proof. For n D 1 the result is clear. Suppose that n � 2. Then we can write

un � vn D un�1.u � v/C un�2.u � v/v C un�3.u � v/v2 C � � � C .u � v/vn�1

and the result follows. �

Proposition 1.16. The exponential mapping is continuous.

Proof. LetE be a Banach algebra and u; v 2 E. IfM D max.kuk; kvk/ and n 2 N
�,

then from Lemma 1.5 we have

kun

nŠ
� vn

nŠ
k � Mn�1

.n � 1/Šku � vk

and so

k exp.u/� exp.v/k D
�����

1X
nD1

un � vn

nŠ

����� �
1X
nD1

Mn�1

.n � 1/Š
ku � vk D eMku � vk:

It follows that the mapping exp is continuous. �

Exercise 1.32. Generalize the real-valued functions sin, cos, sinh, and cosh to
Banach algebras and show that they are continuous.

The exponential mapping e defined on R has the property: exCy D exey . This
property carries over to Banach algebras for commuting elements.

Theorem 1.12. If E is a Banach algebra and u and v commuting elements of E,
then

exp.u C v/ D exp.u/ exp.v/:
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Proof. For m 2 N let

Am D
2mX
kD0

.u C v/k

kŠ
�
 

mX
iD1

ui

i Š

!0
@

mX
jD1

vj

j Š

1
A :

Because uv D vu, we have

.u C v/k

kŠ
D 1

kŠ

kX
iD0

kŠ

i Š.k � i/Š
uivk�i D

X
iCjDk

1

i Šj Š
uivj :

Therefore

Am D
X

0�iCj�2m

ui

i Š

vj

j Š
�

X
0�i�m;0�j�m

ui

i Š

vj

j Š

D
m�1X
kD0

uk

kŠ

2m�kX
jDmC1

vj

j Š
C

m�1X
kD0

vk

kŠ

2m�kX
jDmC1

uj

j Š
;

and so

kAmk �
m�1X
kD0

kukk
kŠ

2m�kX
jDmC1

kvkj
j Š

C
m�1X
kD0

kvkk
kŠ

2m�kX
jDmC1

kukj
j Š

D
2mX
kD0

.kuk C kvk/k
kŠ

�
 

mX
iD0

kuki
i Š

!0
@

mX
jD0

kvkj
j Š

1
A:

Lettingm go to 1, we obtain

k exp.u C v/� exp.u/ exp.v/k � ekukCkvk � ekukekvk D 0:

This proves the theorem. �

Corollary 1.6. IfE is a Banach algebra, then the image of the exponential mapping
is contained in E�.

Proof. As x and �x commute, we have

exp.�x/ exp.x/ D exp.0/ D 1

and so exp.x/ 2 E�. �

Exercise 1.33. Establish the identity

exp.u/ D lim
n!1

�
1C u

n

�n
:
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Appendix: The Fundamental Theorem of Algebra

Every nonconstant complex polynomial has a complex root. This is the so-called
fundamental theorem of algebra. This result can be proved using the existence
of a global minimum of a continuous function defined on a compact set. Before
beginning the proof, we recall that C, the field of complex numbers, is R2 equipped
with the usual componentwise addition and the multiplication:

.x; y/:.u; v/ D .xu � yv; xv C yu/:

If z D .x; y/, then the modulus of z, written jzj, is defined by jzj D p
x2 C y2, i.e.,

jzj D kzk2. It is easy to see that a complex polynomial, i.e., a polynomial mapping
with complex coefficients, is a continuous function from R

2 into itself.

Lemma 1.6. Let P be a nonconstant polynomial of degree n and z0 2 C such that
P.z0/ ¤ 0. Then for any � > 0 there exists z 2 C such that jz � z0j < � and
jP.z/j < jP.z0/j.
Proof. Let Q.z/ D 1

P.z0/
P.z0 C z/. Then degQ D n and Q.0/ D 1. Hence we can

write

Q.z/ D 1C apzp C apC1zpC1 C � � � C anzn D 1C apzp C zpT .z/;

where ap ¤ 0, p � 1 and T .0/ D 0. To simplify the notation let us write a for ap .

As T is continuous, there is an ˛ > 0 such that jT .z/j < jaj
2

for jzj < ˛. For such z
we have

jQ.z/j � j1C azp j C 1

2
jajjzjp:

We now set � D 1
p
.	 � arg a/, where arg a is the argument of a in the interval

Œ0; 2	/. We take � > 0 and choose r such that

0 < r < min

 
�; ˛;

1

jaj 1p

!

and set u D re{� . Then

aup D arpe{p� D arpe{.	�arg a/ D �jajrp;

which implies that
jaupj D jajrp < 1;

because r < 1

jaj 1p
. It follows that

1C aup D 1 � jajrp > 0:
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Now, juj < ˛ and so

jQ.u/j � j1C aupj C 1

2
jajjupj D 1 � jajrp C 1

2
jajjupj D 1 � 1

2
jajjupj < 1:

If z D z0 C u, then we have

P.z/ D P.z0/Q.u/ H) jP.z/j D jP.z0/jjQ.u/j < jP.z0/j:

In addition,
jz � z0j D juj D r < �:

This ends the proof. �
Lemma 1.7. If P is a nonconstant complex polynomial and M > 0, then there is
an r > 0 such that jP.z/j > M whenever jzj > r .

Proof. If P.z/ D a0 C a1z C � � � C anzn, with an ¤ 0, then for z ¤ 0

P.z/ D anzn
	�
a0

an

�
1

zn
C
�
a1

an

�
1

zn�1 C � � � C
�
an�1
an

�
1

z
C 1



D anzn.f .z/C1/:

Let A 2 R
�C be such that A > max0�i�n�1 j ai

an
j. Then

jf .z/j �
ˇ̌
ˇ̌a0
an

ˇ̌
ˇ̌ 1

jzjn C � � � C
ˇ̌
ˇ̌an�1
an

ˇ̌
ˇ̌ 1

jzj < A
�
1

jzjn C � � � C 1

jzj
�
:

For jzj � max.1; 2nA/ we have

jf .z/j < An 1jzj � 1

2

and so

j1C f .z/j D j1 � .�f .z/j � j1 � jf .z/jj D 1 � jf .z/j > 1� 1

2
D 1

2
:

This implies that if z is such that jzj � max.1; 2nA/, then

jP.z/j D janznjjf .z/C 1j � 1

2
janjjzjn:

To conclude, it is sufficient to notice that limt!1 janjtn D 1. �

Having proved the above two lemmas, we are in a position to establish the result
stated at the beginning of the appendix.
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Theorem 1.13. A nonconstant complex polynomial P has a root.

Proof. Suppose that jP.z/j > 0 for all z 2 C. From Lemma 1.7 there exists r > 0

such that jP.z/j > jP.0/j if jzj > r . As the closed disc

ND.0; r/ D fz 2 C W jzj � rg

is compact andP is continuous, there exists z0 2 ND.0; r/ such that jP.z/j � jP.z0/j
when z 2 ND.0; r/. If z … ND.0; r/, then jzj > r and so jP.z/j > jP.0/j � jP.z0/j.
Hence jP.z/j � jP.z0/j for all z 2 C, which contradicts Lemma 1.6. �

A quite different proof of the fundamental theorem of algebra may be found in
[19]. This proof is algebraic in nature, in contrast to the analytical proof given here.



Chapter 2
Differentiation

In this chapter we will be primarily concerned with extending the derivative defined
for real-valued functions defined on an interval of R. We will also consider minima
and maxima of real-valued functions defined on a normed vector space.

2.1 Directional Derivatives

Let O be an open subset of a normed vector space E, f a real-valued function
defined on O , a 2 O and u a nonzero element of E. The function fu W t �!
f .a C tu/ is defined on an open interval containing 0. If the derivative dfu

dt .0/ is
defined, i.e., if the limit

lim
t�!0

f .a C tu/� f .a/

t

exists, then we note this derivative @uf .a/. It is called the derivative of f at a in
the direction u. We refer to such derivatives as directional derivatives. Notice that,
if @uf .a/ is defined and � 2 R

�, then @�uf .a/ is defined and

@�uf .a/ D �@uf .a/:

If E D R
n and .ei / is its standard basis, then the directional derivative @ei f .a/

is called the i th partial derivative of f at a, or the derivative of f with respect to
xi at a. In this case we write @if .a/ or @f

@xi
.a/. If a D .a1; : : : ; an/, then

@f

@xi
.a/ D lim

t!0

f .a1; : : : ; ai C t; : : : ; an/ � f .a1; : : : ; an/
t

:

If for every point x 2 O , the partial derivative @f

@xi
.x/ is defined, then we obtain the

function i th partial derivative @f

@xi
defined on O . If these functions are defined and

continuous for all i , then we say that the function f is of class C1.

R. Coleman, Calculus on Normed Vector Spaces, Universitext,
DOI 10.1007/978-1-4614-3894-6 2, © Springer Science+Business Media New York 2012
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Example. If f is the function defined on R
2 by f .x; y/ D xexy , then the partial

derivatives with respect to x and y are defined at all points .x; y/ 2 R
2 and

@f

@x
.x; y/ D .1C xy/exy and

@f

@y
.x; y/ D x2exy:

As the functions .x; y/ 7�! .1C xy/exy and .x; y/ 7�! x2exy are continuous, f is
of class C1.

Remark. If I is an open interval of R, a 2 I and f W I �! R has a derivative at a,
then f is continuous at a. We have

f .a C t/ � f .a/
t

D df

dt
.a/C �.t/;

where limt!0 �.t/ D 0. This implies that

f .a C t/ � f .a/ D t
df

dt
.a/C t�.t/;

and the continuity of f at a follows. However, a function of two or more variables
may have all its partial derivatives defined at a given point without being continuous
there. Here is an example. Consider the function f defined on R

2 by

f .x; y/ D
(

x6

x8C.y�x2/2 if .x; y/ ¤ .0; 0/

0 otherwise
:

We have

lim
t!0

t6

t8 C t4
=t D 0 and lim

t!0

0

t2
=t D 0

and so
@f

@x
.0; 0/ D @f

@y
.0; 0/ D 0:

However, limx!0 f .x; x
2/ D 1, which implies that f is not continuous at 0.

The next result needs no proof. It is simply an application of the definition of a
partial derivative.

Proposition 2.1. Let O be an open subset of R
n, a 2 O and f and g real-valued

functions defined onO having partial derivatives with respect to xi at a. Then

@.f C g/

@xi
.a/ D @f

@xi
.a/C @g

@xi
.a/ and

@.fg/

@xi
.a/ D @f

@xi
.a/g.a/Cf .a/ @g

@xi
.a/:
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In addition, if � 2 R then

@.�f /

@xi
.a/ D �

@.f /

@xi
.a/:

Suppose now thatO is an open subset of Rn and f a mapping defined onO with
image in R

m. f has m coordinate mappings f1; : : : ; fm. If a 2 O and the partial
derivatives @fi

xj
.a/, for 1 � i � m and 1 � j � n, are all defined, then the m � n

matrix

Jf .a/ D

0
BB@

@f1
@x1
.a/ : : :

@f1
@xn
.a/

:::
:::

:::
@fm
@x1
.a/ : : :

@fm
@xn
.a/

1
CCA

is called the Jacobian matrix of f at a.

Example. If the mapping f of R3 into R
2 is defined by f .x; y; z/ D .xy; zexy/,

then all partial derivatives are defined at any point .x; y; z/ 2 R
3 and

Jf .x; y; z/ D
�

y x 0

yzexy xzexy exy

�
:

It is easy to generalize the definition of class C1 to a mapping having its image
in R

m. We say that such a function is of class C1 if its coordinate mappings are all
of class C1.

Remark. We do not need to restrict the directional derivative to functions defined on
open sets of a normed vector space. Let A be a nonempty subset of a vector space
E , f a real-valued function defined on A, and a 2 A. If u is a nonzero element of
E and there exists � > 0 such that a C tu 2 A, when jt j < �, then the function
fu W t �! f .aC tu/ is defined on the open interval .��; �/. If the derivative dfu

dt .0/

is defined, then as above we note this derivative @fu.a/ and call it the derivative of
f at a in the direction u.

2.2 The Differential

Let E and F be normed vector spaces, O an open subset of E containing 0, and g
a mapping from O into F such that g.0/ D 0. If there exists a mapping �, defined
on a neighbourhood of 0 2 E and with image in F , such that limh!0 �.h/ D 0 and

g.h/ D khkE�.h/;
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then we write g.h/ D o.h/ and say that g is a “small o of h”. If k � k�
E � k � kE

and k � k�
F � k � kF , then g.h/ D o.h/ for the norms k � kE and k � kF if and only if

g.h/ D o.h/ for the norms k � k�
E and k � k�

F . In particular, if E D R
n and F D R

m,
then the condition g.h/ D o.h/ is independent of the norms we choose for the two
spaces.

Let O be an open subset of a normed vector space E and f a mapping from O

into a normed vector space F . If a 2 O and there is a continuous linear mapping �
from E into F such that

f .a C h/ D f .a/C �.h/C o.h/

when h is close to 0, then we say that f is differentiable at a.

Proposition 2.2. If f is differentiable at a, then

(a) f is continuous at a;
(b) � is unique.

Proof. (a) As � is continuous at 0, limh!0 �.h/ D 0 and so limh!0 f .a C h/ D
f .a/.

(b) Suppose that

f .a C h/ D f .a/C �1.h/C o.h/ D f .a/C �2.h/C o.h/

and let x 2 E. For t > 0 small we have

f .a C tx/ � f .a/ D t�1.x/C tkxkE�1.tx/ D t�2.x/C tkxkE�2.tx/;

where limt!0 �i .tx/ D 0. This implies that

�2.x/ � �1.x/ D kxkE.�1.tx/ � �2.tx//

Letting t go to 0, we obtain �1.x/ � �2.x/ D 0. �

This unique continuous linear mapping � is called the differential of f at a,
written f 0.a/, df .a/ or Df(a). If f is differentiable at every point a 2 O , then we
say that f is differentiable on O . If in addition f is a bijection onto an open subset
U of F and the inverse mapping f �1 is also differentiable, then we say that f a
diffeomorphism. Clearly a diffeomorphism is a homeomorphism.

Notation. We will use the notation f 0 for differentials. If considering the derivative
of a real-valued function f defined on an open interval of R, then we will use
the notation df

dt or Pf . To simplify the notation, we will usually write f 0.a/h for
f 0.a/.h/.

Examples. If E and F are normed vector spaces and f W E �! F is constant,
then f 0.a/ is the zero mapping at any point a 2 E. If f W E �! F is linear and
continuous, then f 0.a/ D f at any point a 2 E.
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Exercise 2.1. LetE be a normed vector space and f a real-valued function defined
on E such that jf .x/j � kxk2E . Show that f is differentiable at 0.

Proposition 2.3. If we replace the norms on the spaces E and F by equivalent
norms, then the differentiability at a 2 O and the differential are unaffected.
In particular, if E and F are finite-dimensional, then we may choose any pair
of norms.

Proof. If f is differentiable at a and

g.h/ D f .a C h/� f .a/ � f 0.a/h;

then g.h/ D o.h/. If we replace one or both the norms of E and F by an equivalent
norm, then with respect to the new pair of norms, we have g.h/ D o.h/. It
follows that f is differentiable with respect to the second pair of norms and that
the differential at a is the same. �

Example. Let A 2 Mn.R/ be symmetric, b 2 R
n and f W Rn �! R defined by

f .x/ D 1

2
xtAx � btx:

(Here, as elsewhere, when employing matrices, we identify elements of R
n with

n-coordinate column vectors.) Let a 2 R
n. A simple calculation shows that

f .a C h/ D f .a/C .atA � bt /hC 1

2
htAh:

The function � W h 7�! .atA � bt /h is linear. As Rn is finite-dimensional, � is also
continuous. We also have

jhtAhj � kAhk2khk2 � jAj2khk22;
where j � j2 is the matrix norm subordinate to the norm k � k2. Hence f 0.a/ D �.

Exercise 2.2. Show that the mapping

f W Mn.R/ �! Mn.R/; X 7�! XtX

is differentiable at any point A 2 Mn.R/ and determine f 0.A/.

Proposition 2.4. Let f be a mapping defined on an open subset O of a normed
vector space E with image in the cartesian product F D F1 � � � � � Fp . Then f is
differentiable at a 2 O if and only if the coordinate mappings fi , for i D 1; : : : ; p,
are differentiable at a.

Proof. Suppose first that the coordinate mappings are differentiable at a:

fi .aC h/ D fi .a/C f 0
i .a/hC khkE�i .h/;
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where limh!0 �i .h/ D 0. The mapping

� W E �! F; h 7�! .f 0
1 .a/h; : : : ; f

0
p.a/h/

is a continuous linear mapping. If we set �.h/ D .�1.h/; : : : ; �p.h//, then
limh!0 �.h/ D 0 and

f .a C h/ D f .a/C �.h/C khkE�.h/:

Therefore f is differentiable at a.
Suppose now that f is differentiable at a:

f .a C h/ D f .a/C f 0.a/hC khkE�.h/;

where limh!0 �.h/ D 0. Then

fi .a C h/ D fi .a/C Li.h/C khkE�i .h/;

where f 0.a/h D .L1.h/; : : : ; Lp.h//. For each i the mapping Li is linear and
continuous and limh!0 �i .h/ D 0; hence fi is differentiable at a. �

Remark. The differential f 0.a/ is a continuous linear mapping from E into F . In
the above proof we have shown that the coordinate mappings of f 0.a/ at a are the
differentials at a of the coordinate mappings of f , i.e.,

f 0.a/ D .f 0
1 .a/; : : : ; f

0
p.a//:

Proposition 2.5. IfO is an open subset of a normed vector spaceE and f W E �!
R is differentiable at a 2 O , then the directional derivative @fu.a/ is defined for
any nonzero vector u 2 E and @fu.a/ D f 0.a/u. In particular, if E D R

n, then the
partial derivatives @f

@x1
.a/; : : : ;

@f

@xn
.a/ are defined.

Proof. We have

f .a C tu/ D f .a/C tf 0.a/u C o.tu/

and so

lim
t!0

f .a C tu/� f .a/

t
D f 0.a/u:

This ends the proof. �

Suppose that dimE D n < 1 and that .ei / is a basis of E. If x D Pn
iD1 xi ei ,

then

f 0.a/x D
nX
iD1

xif
0.a/ei D

nX
iD1

@ei f .a/e
�
i .x/;
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where .e�
i / is the dual basis of .ei /. We thus obtain the expression

f 0.a/ D
nX
iD1

@ei f .a/e
�
i :

If E D R
n and .ei / its standard basis, then we usually write dxi for e�

i . This gives
us the expression

f 0.a/ D
nX
iD1

@f

@xi
.a/dxi :

What we have just seen has practical importance. If we wish to determine
whether a real-valued function f defined on an open subset of Rn is differentiable
at a given point a, then first we determine whether all its partial derivatives at a
exist. If this is not the case, then f is not differentiable at a. If all the partial
derivatives exist, then we know that the only possibility for f 0.a/ is the linear
function � D Pn

iD1
@f

@xi
.a/dxi . To conclude, we consider the expression

f .a C h/� f .a/ � �.h/
khk D �.h/:

If limh!0 �.h/ D 0, then f is differentiable at a, otherwise it is not.

Example. Let f W R2 �! R be defined by

f .x; y/ D
(
x3�y3
x2Cy2 if .x; y/ ¤ .0; 0/

0 otherwise
:

A simple calculation shows that

@f

@x
.0; 0/ D 1 and

@f

@y
.0; 0/ D �1:

Therefore, if f 0.0; 0/ exists, then f 0.0; 0/ D dx � dy. However,

ˇ̌
ˇ̌ h3 � k3
h2 C k2

� .h � k/
ˇ̌
ˇ̌ =k.h; k/k2 D jhk.h � k/j

.h2 C k2/
3
2

:

Setting k D �h in the expression on the right-hand side of the equation, we
obtain 1p

2
. Therefore we do not have the necessary convergence and so f is not

differentiable at .0; 0/.

The previous example shows that a function may have partial derivatives at a
point without being differentiable at that point. This however is not the case for
functions of a single variable.
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Proposition 2.6. Let I be an open interval of R. Then f W I �! R is differentiable
at a 2 I if and only if f has a derivative at a.

Proof. From Proposition 2.5, if f is differentiable at a, then f has a derivative at a.
Now suppose that df

dx .a/ exists. Then

f .a C h/� f .a/

h
� df

dx
.a/ D �.h/;

where limh!0 �.h/ D 0. Multiplying by h we obtain

f .a C h/ D f .a/C df

dx
.a/hC h�.h/:

It follows that f is differentiable at a and that f 0.a/h D df
dx .a/h. �

If O is an open subset of Rn and f W O �! R
m is differentiable at a 2 O , then

f 0.a/ is a linear mapping from R
n into R

m. Let us write .enj / (resp..emi /) for the
standard basis of Rn (resp. Rm). We have f 0.a/ D .f 0

1 .a/; : : : ; f
0
m.a//. However,

f 0
i .a/e

n
j D @fi

@xj
.a/ and so

f 0.a/enj D
�
@f1

@xj
.a/; : : : ;

@fm

@xj
.a/

�
D

mX
iD1

@fi

@xj
.a/emi :

Therefore the j th column of the matrix of f 0.a/ with respect to the bases .enj / and

.emi / has for elements @f1
@xj
.a/; : : : ;

@fm
@xj
.a/. It follows that this matrix is the Jacobian

matrix Jf .a/.

Notation. If E and F are finite-dimensional vector spaces, BE and BF bases of
these spaces and L W E �! F a linear mapping, then we will write mat BEBF L for
the matrix of L with respect to the bases BE and BF . So we could write

mat .eni /.emi /f
0.a/ D Jf .a/:

The proof of the next result is elementary.

Proposition 2.7. LetE andF be normed vector spaces,O an open subset ofE and
a an element of O . If f and g are differentiable at a, then f C g is differentiable
at a, as is �f , for any � 2 R, and

.f C g/0.a/ D f 0.a/C g0.a/ and .�f /0.a/ D �.f 0.a//:

If F is a commutative normed algebra, then fg is differentiable at a and

.fg/0.a/ D f .a/g0.a/C g.a/f 0.a/:

Suppose that E and F are normed vector spaces, O an open subset of E and
f W O �! F differentiable at a 2 O . If QF is a vector subspace of F and the
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image of f lies in QF , then f is differentiable at a as a mapping from O into QF if
the image of f 0.a/ lies in QF . The following result gives us a sufficient condition for
this to be so.

Proposition 2.8. If QF is closed, then f is differentiable at a as a mapping from O

into QF .

Proof. For any h 2 E

lim
t!0

f .a C th/ � f .a/

t
D f 0.a/h:

Let .tn/ be a sequence in R
� with limit 0 and such that a C tnh 2 O . If we set

un D f .aCtnh/�f .a/
tn

, then the sequence .un/ is a convergent sequence contained in
QF . As QF is closed, its limit f 0.a/h is an element this subspace. This ends the proof.

�

2.3 Differentials of Compositions

In this section we consider the differentiability of mappings which are compositions.
LetE , F andG be normed vector spaces,O an open subset of E, U an open subset
of F and f W O �! F , g W U �! G be such that f .O/ � U . Then the mapping
g ı f is defined on O .

Theorem 2.1. If f is differentiable at a and g is differentiable at f .a/, then g ı f
is differentiable at a and

.g ı f /0.a/ D g0.f .a// ı f 0.a/:

Proof. To simplify the notation let us write b D f .a/. We have

f .a C h/ D f .a/C f 0.a/hC khkE�1.h/
and

g.b C k/ D g.b/C g0.b/k C kkkF �2.k/;
with limh!0 �1.h/ D 0 and limk!0 �2.k/ D 0. For h sufficiently small we may
write

g.f .a C h// D g.b C f 0.a/hC khkE�1.h//
D g.b/C g0.b/.f 0.a/hC khkE�1.h//

Ckf 0.a/hC khkE�1.h/kF �2
�
f 0.a/hC khkE�1.h/

�

D g.b/C g0.b/ ı f 0.a/hC khkE Q�.h/;
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where

Q�.h/ D g0.b/�1.h/C kf 0.a/
h

khkE C �1.h/kF �2
�
f 0.a/hC khkE�1.h/

�
:

To finish, we only need to show that limh!0 Q�.h/ D 0. However,

• limh!0 �1.h/ D 0 H) limh!0 g
0.b/�1.h/, because g0.b/ is continuous;

• kf 0.a/ h
khkE C �1.h/kF is bounded for small values of h, because f 0.a/ is

continuous and so bounded on the unit sphere;
• limh!0 �2.f

0.a/hC khkE�1.h// D 0, because f 0.a/ is continuous.

Therefore limh!0 Q�.h/ D 0. �
Corollary 2.1. If in the above theorem the normed vector spaces are euclidian
spaces, then

Jgıf .a/ D Jg.f .a//Jf .a/:

Proof. If E D R
n, F D R

m, G D R
s and Bn, Bm, Bs their standard bases, then

we have

Jgıf .a/ D mat BnBs .g ı f /0.a/
D mat BnBs g0.f .a// ı f 0.a/

D mat BmBs g0.f .a//mat BnBmf 0.a/

D Jg.f .a//Jf .a/;

which is the result we were looking for. �

Remark. The expression

.g ı f /0.a/ D g0.f .a// ı f 0.a/:

is often referred to as the chain rule.

Example. Let f W R3 �! R
2 and g W R2 �! R be defined by

f .x; y; z/ D .xy; exz/ and g.u; v/ D u2v:

Then

Jf .x; y; z/ D
�
y x 0

zexz 0 xexz

�
and Jg.u; v/ D �

2uv u2
�
:

Setting u D xy and v D exz in the second matrix, we obtain

Jg.f .x; y; z// D �
2xyexz x2y2

�
:
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Multiplying the matrices Jg.f .x; y; z// and Jf .x; y; z/, we obtain

Jgıf .x; y; z/ D �
.2xy2 C x2y2z/exz 2x2yexz x3y2exz

�
:

Exercise 2.3. Let I be an open interval of R,O an open subset of Rm, f a mapping
of I into R

m and g a real-valued function defined onO . We suppose that f .I / � O .
If a 2 I and f 0.a/ and g0.f .a// exist, show that

d

dt
g ı f .t/ D

mX
iD1

@g

@xi
.f .t//

dfi
dt
.t/:

For the functions

f W R �! R
2; t 7�! .t2; t3/ and g W R2 �! R; .x; y/ 7�! xy

calculate d
dt g ı f .t/ using the formula. Find an expression for the function g ı f

and then confirm the result.

Exercise 2.4. Let E and F be normed vector spaces, O an open subset of E, U
an open subset of F and f W O �! U a diffeomorphism. Show that, for any
point x 2 O , f 0.x/ is a normed vector space isomorphism from E into F and that
.f �1/0.f .x// D f 0.x/�1.

2.4 Mappings of Class C 1

If O � R
n is open and f a real-valued function whose partial derivatives are

defined and continuous on O , then we say that f is of class C1. More generally,
if f W O �! R

m is such that the mn functions @fi
@xj

are defined and continuous on

O , then we say that f is of class C1. In this section we will obtain a result giving
necessary and sufficient conditions for a mapping to be of class C1. This will enable
us to generalize this notion to mappings between any pair of normed vector spaces.

Consider a real-valued function f defined on an open subset O of Rn. We have
seen that if f has partial derivatives at a point a 2 O , then this does not imply
that f is differentiable at a. However, if we add a condition, then we do obtain
differentiability.

Theorem 2.2. If the functions @f

@x1
; : : : ;

@f

@xn
are defined on a neighbourhood V of a

and continuous at a, then f is differentiable at a.

Proof. As V is a neighbourhood of a, there is an open cube

C.a; �/ D fx 2 R
n W jxi � ai j < �g
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contained in V . If h lies in the open cube C.0; �/, then a C h 2 C.a; �/ and

f .a C h/� f .a/ D f .a1 C h1; : : : ; an C hn/� f .a1; : : : ; an/

D f .a1 C h1; : : : ; an C hn/� f .a1 C h1; : : : ; an�1 C hn�1; an/

Cf .a1 C h1; : : : ; an�1 C hn�1; an/

�f .a1 C h1; : : : ; an�2 C hn�2; an�1; an/
:::

Cf .a1 C h1; a2; : : : ; an/� f .a1; : : : ; an/:

Suppose that hn ¤ 0 and consider the function

gn W Œ0; hn� �! R; t 7�! f .a1 C h1; : : : ; an�1 C hn�1; an C t/:

From the mean value theorem there exists � 2 .0; 1/ such that

gn.hn/� gn.0/ D dgn
dt
.�hn/hn:

It follows that there exists yn 2 C.a; �/ such that

f .a1 C h1; : : : ; an C hn/� f .a1 C h1; : : : ; an�1 C hn�1; an/ D @f

@xn
.yn/hn:

(If hn D 0, then we may take yn D a.) We proceed in the same way for each line on
the right-hand side of the above expression to obtain y1; : : : ; yn 2 C.a; �/ such that

f .a C h/� f .a/ D
nX
iD1

hi
@f

@xi
.yi /:

Therefore

f .a C h/� f .a/ �
nX
iD1

hi
@f

@xi
.a/ D

nX
iD1

hi

�
@f

@xi
.yi /� @f

@xi
.a/

�
:

Now,

ˇ̌
ˇ̌
ˇ
nX
iD1

hi

�
@f

@xi
.yi /� @f

@xi
.a/

�ˇ̌ˇ̌
ˇ � khk1

nX
iD1

ˇ̌
ˇ̌ @f
@xi

.yi /� @f

@xi
.a/

ˇ̌
ˇ̌
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and limh!0 y
i D a for each i . As the functions @f

@xi
are continuous at a, we have

lim
h!0

nX
iD1

ˇ̌
ˇ̌ @f
@xi

.yi / � @f

@xi
.a/

ˇ̌
ˇ̌ D 0:

It follows that

f .a C h/ � f .a/ �
nX
iD1

hi
@f

@xi
.a/ D o.h/

and so f is differentiable at a. �

Corollary 2.2. Let O be an open subset of Rn and f W O �! R
m such that the

functions @fi
@xj

, for 1 � i � m and 1 � j � n, are defined on a neighbourhood V of

a 2 O and continuous at a. Then f is differentiable at a.

Proof. From the theorem above each coordinate function is differentiable at a and
so f is differentiable at a. �

Examples. 1. If f W R2 �! R
2 is defined by

f .r; �/ D .r cos �; r sin �/;

then we have

@f1

@r
D cos �;

@f1

@�
D �r sin �;

@f2

@r
D sin � and

@f2

@�
D r cos �:

The four partial derivatives are clearly continuous; therefore f is differentiable
at any point .r; �/ and

f 0.r; �/ D .cos �dr � r sin �d�; sin �dr C r cos �d�/:

2. If f W Rn �! R is defined by

f .x1; : : : ; xn/ D x1x2 � � �xn;

then
@f

@xi
.x/ D x1 � � �xi�1 OxixiC1 � � �xn;

where the “hat” indicates that the variable is absent. The n partial derivatives are
clearly continuous; hence f is differentiable at any point x and

f 0.x/ D
nX
iD1

x1 � � �xi�1 OxixiC1 � � �xndxi :



48 2 Differentiation

It is relatively easy to extend Theorem 2.2 to general finite-dimensional normed
vector spaces. Let E be an n-dimensional normed vector space, .vi / a basis of E,
.ei / the standard basis of Rn andL the linear mapping which sends vi to ei . Consider
a real-valued function f defined on an open subset O of E and suppose that the
directional derivatives @vi f .x/ are defined and continuous on a neighbourhood V
of a point a 2 O . If we set Qf D f ı L�1, then Qf is defined on the open subset
L.O/ of Rn and L.V / is a neighbourhood of L.a/. A simple calculation shows

that @ Qf
@xi
.L.x// D @vi f .x/ and it follows that Qf is differentiable at L.a/. As L is

differentiable at a and f D Qf ı L, f is differentiable at a and

f 0.a/ D Qf 0.L.a// ı L0.a/ D Qf 0.L.a// ı L:

Example. Suppose that n � 1 and let us consider the mapping det W Mn.R/ �! R,
where det.X/ is the determinant ofX . We will write E.i; j /, with 1 � i; j � n, for
the elements of the standard basis of Mn.R/, i.e.,

E.i; j /k;l D
(
1 if i D k; j D l

0 otherwise
:

For X 2 Mn.R/ we have

det.X C tE.i; j // � det.X/ D t�ij .X/;

where �ij .X/ is the .i; j /-cofactor of X . It follows that

@E.i;j / detX D �ij .X/:

As �ij .X/ is a polynomial in the entriesXij of X , @E.i;j /X is a continuous function
of X and so the mapping det is differentiable at any point X 2 Mn.R/.

Proposition 2.9. Let O be an open subset of Rn, f and g real-valued functions of
class C1 defined on O and � 2 R. Then f C g, �f and fg are of class C1. If g
does not vanish on O , then f

g
is of class C1.

Proof. We have the relations

@.f C g/

@xi
.x/ D @f

@xi
.x/C @g

@xi
.x/ and

@.�g/

@xi
.x/ D �

@f

@xi
.x/:

Also,
@.fg/

@xi
.x/ D @f

@xi
.x/g.x/C f .x/

@g

@xi
.x/:

As f and g are of class C1, the functions f , g, @f

@xi
and @g

@xi
are continuous; hence

the right-hand sides of the above expressions are continuous and so the functions
f C g, �f and fg are of class C1. If g does not vanish and we set h D f

g
, then
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@h

@xi
.x/ D g.x/

@f

@xi
.x/ � f .x/ @g

@xi
.x/

.g.x//2
;

and so @h
@xi

is continuous. Thus h is of class C1. �

Corollary 2.3. Let O be an open subset of Rn, f and g mappings of class C1

defined on O with image in R
m and � 2 R. Then f C g and �f are of class C1.

Proof. As f and g are of class C1, so are their coordinate mappings. Now

.f C g/i D fi C gi and .�f /i D �fi

and so the coordinate mappings of f C g and �f are of class C1. It follows that
f C g and �f are C1-mappings. �

Remark. From the above proposition and corollary, we see that the C1-mappings
defined on O form a vector space if the image space is R

m and, in the case where
m D 1, this is an algebra.

Proposition 2.10. Let O be an open subset of Rn, U an open subset of Rm, f a
mapping from O into R

m and g a mapping from U into R
s . If f .O/ � U and f

and g are of class C1, then g ı f is of class C1.

Proof. For x 2 O we have

Jgıf .x/ D Jg.f .x// ı Jf .x/;

therefore
@.g ı f /i
@xj

D
mX
kD1

@gi

@yk
.f .x//

@fk

@xj
.x/:

As f and the partial derivatives @gi
@yk

and @fk
@xj

are continuous, the partial derivative
@.gıf /i
@xj

is continuous. It follows that g ı f is of class C1. �

We now prove the characterization of C1-mappings referred to at the beginning
of the section.

Theorem 2.3. Let O be an open subset of Rn and f a mapping from O into R
m.

Then f is of class C1 if and only if f is differentiable on O and the mapping f 0
from O into L.Rn;Rm/ is continuous.

Proof. Let us set E D R
n, F D R

m and fix norms on these spaces. Suppose that f
is of class C1. From Theorem 2.2, we know that f is differentiable on O . Also, for
x 2 O and u 2 R

n we have

f 0.x/u D Jf .x/u:

Now jf 0.x/jL.E;F / D jJf .x/j;
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where j � j is the norm defined on Mmn.R/ by

jAj D sup
kxkE�1

kAxkF :

If we let
jAjM D max jaij j;

where A D .aij /, then j � jM also defines a norm on Mmn.R/. As f is of class C1,
we have

lim
h!0

jJf .x C h/� Jf .x/jM D 0:

However, the norm j � jM is equivalent to the norm j � j and so

lim
h!0

jJf .x C h/ � Jf .x/j D 0:

It follows that f 0 is continuous at x.
Now suppose that f 0 is defined and continuous on O . From Proposition 2.5 we

know that the partial derivatives of f are defined onO . Also, for x 2 O and u 2 R
n

we have
f 0.x/u D Jf .x/u:

As f 0 is continuous, we have

lim
h!0

jJf .x C h/ � Jf .x/j D 0 H) lim
h!0

jJf .x C h/� Jf .x/jM D 0;

which implies that the partial derivatives are continuous at x. �
The preceding theorem suggests the following generalization of the notion

of class C1. If E and F are normed vector spaces and O is open in E, then
f W O �! F is of class C1 if f is differentiable at every point x 2 O and the
mapping f 0 W O �! L.E; F / is continuous.

In closing this section we mention that the exponential mapping is of class C1.
This can be shown directly. However, the calculations are rather long. Later on we
will prove this result in a simple way, avoiding arduous calculations.

2.5 Extrema

Let us recall the notions of minimum and maximum. Suppose that f is a real-valued
function defined on a set X . We say that a 2 X is a (global) minimum if, for all
x 2 X ,

f .a/ � f .x/I
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a 2 X is (global) maximum if, for all x 2 X ,

f .a/ � f .x/:

If the inequality is strict when x ¤ a, then we speak of a strict minimum or strict
maximum. A point which is either a minimum or a maximum is called an extremum.
A function may have no minimum, a single minimum or several minima. The same
is true for maxima.

Examples. 1. f W R �! R; x 7�! x has neither a minimum nor a maximum.
2. f W R �! R; x 7�! x2 has a minimum but no maximum.
3. f W R �! R; x 7�! �x2 has a maximum but no minimum.
4. f W R �! R; x 7�! cosx has an infinite number of minima and maxima.

Let us now turn to normed vector spaces. We have already seen that if E is a
normed vector space, X � E compact and f W X �! R continuous, then f has
a minimum and a maximum (Theorem 1.3). This result is one of existence: it does
not tell us how to find the extrema. We now introduce a related notion which can
often help us in this direction. Let X be a subset of a normed vector space E and f
a real-valued function defined on X . We say that a 2 X is a local minimum if a has
a neighbourhoodN such that

f .a/ � f .x/

for all x 2 N \ X . We define a local maximum in an analogous way (reversing
the direction of the inequality). As above, if the inequality is strict when x ¤ a,
then we speak of a strict local minimum or maximum. A point which is either a
local minimum or maximum is called a local extremum . Clearly a global minimum
(resp. maximum) is a local minimum (resp. maximum); however, the converse is
not true. As a first step in looking for an extremum, it can be useful to look for local
extrema. We will present a fundamental result which helps us to do so.

Let a and b be elements of a vector space E. We call the set

Œa; b� D fx 2 E W x D �a C .1 � �/b ; � 2 Œ0; 1�g

the segment joining a to b. We write .a; b/ for Œa; b�� fa; bg. If X � E is such that
the segment Œa; b� always lies in E when a; b 2 E, then we say that X is convex.

Exercise 2.5. Show that segments and affine subspaces are convex and that in a
normed vector space closed and open balls are convex.

Theorem 2.4. Let E be a normed vector space, O � E open and X � O convex
and suppose that f is a real-valued function defined on O . If f restricted to X has
a local minimum at x and f is differentiable at x, then

f 0.x/.y � x/ � 0

for all y 2 X .
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Proof. Let � 2 .0; 1/. As X is convex, x C �.y � x/ 2 X and for � sufficiently
small we have

f .x C �.y � x// � f .x/ D f 0.x/.�.y � x//C o.�.y � x//
D �f 0.x/.y � x/C j�jky � xk�.�.y � x//;

where limh!0 �.h/ D 0. Dividing by �, we obtain

f 0.x/.y � x/C j�j
�

ky � xk�.�.y � x// � 0;

because x is a local minimum. Letting � go to 0, we obtain the result. �

Remark. The above inequality is called Euler’s inequality . If x is a maximum, then
x is a minimum of the function �f restricted to X and so we obtain the inequality
in the opposite direction.

Corollary 2.4. Let O be an open subset of a normed vector space E and X an
affine subspace of E: X D a C V , where V is a vector subspace of E and a 2 X .
We suppose that O \ X ¤ ;. If f is a real-valued function defined on O such that
f restricted to X has a local extremum at x and f is differentiable at x, then

f 0.x/v D 0

for all v 2 V .

Proof. We will prove the result for a local minimum; the other case can be proved
by considering �f . Suppose that f 0.x/v ¤ 0 for some v 2 V . Replacing v by �v
if necessary, we may suppose that f 0.x/v > 0. Let B be an open ball centred on
x and lying in O . If we set X1 D B \ X , then X1 is a convex subset of O . There
exists � > 0 such that y D x � �v 2 X1 and

f 0.x/.y � x/ D ��f 0.x/v � 0 H) f 0.x/v � 0;

a contradiction. Hence f 0.x/v D 0 for all v 2 V . �

Remarks. 1. A special case of the above result is when the function f is defined on
E: if fjX has a local extremum at x, then

f 0.x/v D 0

for all v 2 V .
2. If E D R

n, then we have
rf .x/v D 0

for all v 2 V , i.e., rf .x/ 2 V ?.



2.5 Extrema 53

Corollary 2.5. Suppose that O is an open subset of a normed vector space E. If
f W O �! R has a local extremum at x 2 O and f is differentiable at x, then
f 0.x/ D 0.

Proof. This result follows immediately from Corollary 2.4: it is sufficient to set
X D E . �

Suppose that O is an open subset of a normed vector space E and that the
mapping f W O �! R is differentiable at a point x 2 O . If f 0.x/ D 0, then
we say that x is a critical point of f . From what we have just seen, if x is a local
extremum, then x is a critical point; however, the converse is false. For example,
0 is a critical point of the mapping f W R �! R; x 7�! x3, but 0 is not a local
extremum.

Example. Consider the function

f W R2 �! R; .x; y/ 7�! x3y2.1� x � y/

defined on the set

X D
n
.x; y 2 R

2 W x � 0; y � 0; x C y � 1
o
:

As X is closed and bounded, X is compact. Therefore f has a minimum and a
maximum on X . Clearly f .x; y/ � 0 and f .x; y/ D 0 if and only if x D 0; y D 0

or xCy D 1, i.e., if and only if .x; y/ lies on the boundary ofX . Hence the minima
of f are those points lying on the boundary of X . As there are points .x; y/ such
that f .x; y/ > 0, any maximum .x; y/ of f must lie in the interiorO ofX , an open
set. Such a point is a maximum of the function restricted to O and so a critical point
of this function. We have

@f

@x
.x; y/ D x2y2.3 � 4x � 3y/ and

@f

@y
.x; y/ D x3y.2 � 2x � 3y/:

Setting the partial derivatives equal to 0, we find a unique solution to these equations
in the interior of X , namely the point A D . 1

2
; 1
3
/, so this must be the unique

maximum of f . (If we had found more than one critical point, then it would have
been necessary to calculate the value of f at each one of them and then choose the
point(s) giving the maximum value.)

Exercise 2.6. (An extension of Rolle’s Theorem) Let E be a normed vector space,
X a compact subset, whose interior is not empty, and f a real-valued continuous
function defined on X , which is differentiable on the interior of X . Show that if f
is constant on the boundary of X , then f has a critical point in the interior of X .
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2.6 Differentiability of the Norm

IfE is a normed vector space with norm k�k, then k�k is itself a mapping fromE into
R and we may consider its differentiability. We will write kxk0 for the differential of
the norm at x (if it exists). We should first notice that the norm is never differentiable
at the origin. Suppose that k0k0 exists. Then for small nonzero values of h, we have

khk D k0k0hC o.h/ H) lim
h!0

�
1 � k0k0 h

khk
�

D 0

and

khk D k � hk D �k0k0hC o.h/ H) lim
h!0

�
1C k0k0 h

khk
�

D 0:

Summing the two limits we obtain 2 D 0, which is clearly a contradiction. Hence
k0k0 does not exist.

The norm may or may not be differentiable at a point other than the origin. For
example, the norm k � kp defined on R

n is differentiable at all points other than the
origin if p 2 .1;1/; however, this is not the case if p D 1 or p D 1. We will study
these norms more in detail at the end of the section. At points where the differential
exists, we have the following interesting result:

Proposition 2.11. Let E be a normed vector space and k � k its norm. If k � k is
differentiable at a ¤ 0 and � > 0, then k � k is differentiable at �a and k�ak0 D
kak0. In addition, jkak0jE� D 1.

Proof. If k � k is differentiable at a, � > 0 and h 2 E n f0g small, then we have

k�a C hk D �ka C h

�
k

D �

�
kak C kak0 h

�
C o

�
h

�

��

D k�ak C kak0hC o.h/:

It follows that k�ak0 exists and k�ak0 D kak0.
Now let us show that jkak0jE� D 1. Consider the function

f W R�C �! R; � 7�! k�ak:

For a given � 2 R
�C and h 2 R sufficiently small, we have

k.�C h/ak D .�C h/kak

and so

lim
h!0

k.�C h/ak � k�ak
h

D lim
h!0

hkak
h

D kak:
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Therefore Pf .�/ D kak for all values of �. On the other hand, f D k � k ı �, where
�.�/ D �a, and so

f 0.�/s D k�ak0sa D skak0a:

This implies that Pf .�/ D kak0a and hence kak0a D kak. It follows that
jkak0jE� � 1.

Now let us show that jkak0jE� � 1. As k � k is differentiable at a, we may write

ka C �xk � kak � kak0�x D k�xk�.�x/;

where limh!0 �.h/ D 0. This implies that

jkak0�xj � jkaC �xk � kakj C jk�xk�.�x/j;

hence
jkak0xj � kxk.1C j�.�x/j/:

Letting � go to 0 we obtain
jkak0xj � kxk;

which implies that jkak0jE� � 1. This finishes the proof. �
Corollary 2.6. The norm is differentiable onEnf0g if and only if it is differentiable
on the unit sphere.

We have already briefly spoken of the differentiability of the norms k � kp defined
on R

n. We will now consider these norms in more detail. We will use the notation
@ikxkp for the i th partial derivative at x, which is simpler than @k�kp

@xi
.x/. There are

three cases to consider, namely k � kp , with 1 < p < 1, k � k1 and k � k1.

Case 1. k � kp , 1 < p < 1: all partial derivatives exist and are continuous on the
open set Rn n f0g.
If xi > 0, then

@ikxkp D 1

p
.jx1jp C � � � C jxnjp/

1
p�1

px
p�1
i D kxk1�pp x

p�1
i

and, for xi < 0, we have

@ikxkp D � 1
p
.jx1jp C � � � C jxnjp/

1
p�1

p.�xi /p�1 D kxk1�pp .�xi /p�1:

The case where xi D 0 is a little more delicate. We are interested in the following
limit (if it exists):

lim
t!0

1

t

�kx C teikp � kxkp
� D lim

t!0

1

t

��
jt jp C kxkpp

� 1
p � kxkp

�
;
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where ei is the i th element of the standard basis of Rn. If we divide the numerator
of the expression on the right-hand side by kxkp we obtain

�� jt j
kxkp

�p
C 1

� 1
p

� 1 D
�
1C 1

p

� jt j
kxkp

�p
C o

�� jt j
kxkp

�p��
� 1

D 1

p

� jt j
kxkp

�p
C o.jt jp/:

As

lim
t!0

kxkp
t

�
1

p

� jt j
kxkp

�p
C o.jt jp/

�
D 0;

we have
@ikxkp D 0:

Hence the partial derivatives are defined and continuous on R
nnf0g and so the norm

k � kp is of class C1 on this set.

Case 2. k � k1: all partial derivatives are defined and continuous on the open set
S D fx 2 R

n W xi ¤ 0 for al l ig.
We have

kxk1 D jx1j C � � � C jxnj:
If xi D 0, then

1

t
.kx C teik1 � kxk1/ D jt j

t

and so @ikxk1 does not exist, which implies that the differential is not defined at a
point x with a coordinate whose value is 0. Now suppose that this not the case and
that t 2 R is such that jt j < jxi j. For xi > 0

1

t
.kx C teik1 � kxk1/ D 1

and for xi < 0
1

t
.kx C teik1 � kxk1/ D �1:

It follows that in the first case @ikxk1 D 1 and in the second @ikxk1 D �1. If all
the coordinates of a point x are nonzero, then we may find a neighbourhoodN of x
such that, if y 2 N , then each coordinate yi of y is nonzero and has the same sign
as that of xi . Hence all partial derivatives of the norm are defined and continuous on
N . It follows that k � k1 is of class C1 on S .

Case 3. k � k1: all partial derivatives are defined and continuous on the open set
T D fx 2 R

n W jxi j D kxk1 for a unique ig.
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Let x ¤ 0 with jxkj D kxk1. First let us suppose that xk is not unique, i.e., there
is an index l , with l ¤ k, such that jxl j D jxkj. We now take hk; hl 2 R

� with
the same absolute value and such that hk has the same sign as xk and hl the sign
opposite to that of xl . We set h D .h1; : : : ; hn/, where hi D 0 for i ¤ k; l . Then
we have

kx C hk1 D jxk C hkj D jxkj C jhkj D kxk1 C khk1

and
kx � hk1 D jxl � hl j D jxl j C jhl j D kxk1 C khk1:

By addition we obtain

kx C hk1 C kx � hk1 � 2kxk1 D 2khk1: (2.1)

If we suppose that the differential exists at x, then we have

kx C hk1 � kxk1 � kxk01h D o.h/

and
kx � hk1 � kxk1 C kxk01h D o.h/:

An addition of the two expressions gives us

kx C hk1 C kx � hk1 � 2kxk1 D o.h/: (2.2)

Now, from the (2.1) and (2.2) we obtain

2khk1 D o.h/ H) lim
h!0

khk1
khk1

D 0;

which is clearly false. It follows that the norm is not differentiable at x.
Now let us suppose that xk is unique. Let ei be the i th member of the standard

basis of Rn and t 2 R
� small. Then

kx C teik1 D
(

jxk j for i ¤ k

jxk C t j for i D k
:

Therefore

@ikxk1 D

8
ˆ̂<
ˆ̂:

0 if i ¤ k

1 if i D k and xk > 0

�1 if i D k and xk < 0

:
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Also, there is a neighbourhoodN of x such that, if y 2 N , then yk is nonzero, has
the same sign as xk and kyk1 D jykj for a unique k. It follows that @ikyk1 D
@ikxk1 for all i . Thus the partial derivatives are defined and continuous on N and
so the norm is of class C1 on T .

Remark. We have seen above that certain norms onRn are differentiable at all points
other than the origin and others not. Thus equivalent norms on a vector space may
have different differentiability properties.
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Appendix: Gâteaux Differentiability

There is another differential which is often used. We have already defined the
directional derivative at a point with respect to a nonzero vector for a real-valued
function. In fact, we can extend this definition to mappings whose image lies in any
normed vector space. Let O be an open subset of a normed vector space E, f a
mapping defined on O whose image lies in a normed vector space F , a 2 O and u
a nonzero element of E. If the limit

lim
t�!0

f .a C tu/� f .a/

t

exists, then we note this derivative @uf .a/. It is called the directional derivative of
f at a in the direction u. If the directional derivative is defined in all directions and
there is a continuous linear mapping � from E into F such that for all u 2 E

@uf .a/ D �.u/;

then we say that f is Gâteaux-differentiable at a and that � is the Gâteaux
differential of f at a. If a mapping f is differentiable at a point a, then clearly
all its directional derivatives exist and we have @uf .a/ D f 0.a/u. Thus f is
Gâteaux-differentiable at a. However, the Gâteaux differential may exist without the
differential existing. Here is an example. If the mapping f W R2 �! R is defined by

f .x; y/ D
(

x6

x8C.y�x2/2 if .x; y/ ¤ .0; 0/

0 if .x; y/ D .0; 0/
;

then @.u;v/f .0; 0/ D 0 for all .u; v/ 2 R
2 and so the Gâteaux differential exists at

the origin. However, f .x; x2/ D x�2 and so f is not continuous at the origin and a
fortiori not differentiable.

Another point should also be made, namely that the existence of directional
derivatives at a point does not imply that the mapping is Gâteaux differentiable.
Let us consider the mapping g W R2 �! R defined by

g.x; y/ D
(
x.x2�3y2/
x2Cy2 if .x; y/ ¤ .0; 0/

0 if .x; y/ D .0; 0/
:

Then @.u;v/g.0; 0/ D g.u; v/ for all .u; v/ 2 R
2. As g is not linear, g is not Gâteaux

differentiable at .0; 0/.
To distinguish the differential from the Gâteaux differential, the differential is

often referred to as the Fréchet differential. From what we have seen, we have the
implications:
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Fréchet differentiable H) Gâteaux differentiable H) existence of
directional derivatives

and the implications are not reversible.
In fact, the Gâteaux differentiability of the norm is closely related to the geometry

of the unit sphere. The book by Beauzamy [3] handles this subject in some detail.



Chapter 3
Mean Value Theorems

In elementary calculus we learn the mean value theorem:

Theorem 3.1. Let f be a real-valued function defined on a closed bounded interval
Œa; b� � R. If f is continuous on Œa; b� and differentiable on .a; b/, then there is a
point c 2 .a; b/ such that

f .b/� f .a/ D Pf .c/.b � a/:

In this chapter we introduce some generalizations of this mean value theorem, which
are also often called mean value theorems. These theorems have many applications,
some of which we will introduce here.

We will need a generalization of the usual derivative of a real-valued function.
If � 2 R

� and x 2 E, a normed vector space, we will often write x
�

for 1
�
x, i.e.,

the scalar product of 1
�

with x. Suppose that I � R is an interval and that f is
a mapping whose image lies in a normed vector space E. Then we can define a
derivative in the usual way. If a 2 I and the limit

lim
t!0

f .a C t/ � f .a/

t

exists, then we call this limit, which we write df
dx .a/ or Pf .a/, the derivative of f

at a. If the interval I is open, then we can prove, as in Proposition 2.6, that f is
differentiable at a 2 I if and only if f has a derivative at a. In this case we have

f 0.a/t D t Pf .a/;

If the function f is differentiable at all points x 2 I , then we have a function
Pf W I �! E defined in a natural way. We should also notice that the norm of f 0.x/

is equal to that of Pf .x/ and so the continuity of Pf at x is equivalent to that of f 0
at x. Therefore f is of class C1, if Pf is continuous.

R. Coleman, Calculus on Normed Vector Spaces, Universitext,
DOI 10.1007/978-1-4614-3894-6 3, © Springer Science+Business Media New York 2012
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Remark. We may extend the term “differentiable” to a mapping defined on any
interval I . If f W I �! E has a derivative Pf .x/ at every point x 2 I , then we say
that f is differentiable. In this case if the mapping Pf is continuous, then we say that
f is of class C1.

3.1 Generalizing the Mean Value Theorem

Our first result is very close to the classical mean value theorem.

Theorem 3.2. Let O be an open subset of a normed vector space E and a and b
elements of E with Œa; b� � O . If f W O �! R is differentiable, then there is an
element c 2 .a; b/ such that

f .b/� f .a/ D f 0.c/.b � a/:

Proof. Let u W Œ0; 1� �! E be the mapping defined by u.t/ D a C t.b � a/. u
is continuous on Œ0; 1� and differentiable on .0; 1/. It follows that the real-valued
function g D f ıu is continuous on Œ0; 1� and differentiable on .0; 1/. For t 2 .0; 1/
we have

Pg.t/ D g0.t/1 D f 0.u.t// ı u0.t/1 D f 0.u.t//.b � a/:
From Theorem 3.1 there exists � 2 .0; 1/ such that

g.1/ � g.0/ D Pg.�/.1 � 0/ D Pg.�/:

This can be written
f .b/ � f .a/ D f 0.u.�//.b � a/

and hence the result. �
Remark. If E D R

n, then this result can be written

f .b/� f .a/ D
nX
iD1

�
@f

@xi
.c/

�
.bi � ai /:

Let S be a subset of a normed vector space. If A;B � S are nonempty and
form a partition of S and there exist open subsets U; V � E such that A D S \ U

and B D S \ V , then we say that the pair .A;B/ is a disconnection of S . If S
has a disconnection, then we say that S is disconnected, otherwise we say that S
is connected. Clearly, if S is open, then S is disconnected if and only if it is the
disjoint union of two nonempty open sets.

Exercise 3.1. Show that, if E is a normed vector space and S a convex subset of
E , then S is connected. (This exercise generalizes Proposition 1.10.)
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If S is a subset of a normed vector space E and � a continuous mapping from
Œ0; 1� into S , then we say that � is a path in S . If there is a partition P W 0 D
t0 < t1 < � � � < tp D 1 of Œ0; 1� such that � restricted to each subinterval Œti ; tiC1�
is affine, then we say that � is polygonal. In this case the image of � restricted to
Œti ; tiC1� is the segment Œ�.ti /; �.tiC1/�.

Lemma 3.1. If O is an open connected subset of a normed vector space E and
a; b 2 O , then there is a polygonal path lying in O joining a to b.

Proof. We define a relation “�” onO by writing x � y if there is a polygonal path
joining x to y. There is no difficulty in seeing that this is an equivalence relation.
It is sufficient to show that there is a unique equivalence class. To do so we take
a 2 O and let Œa� be its equivalence class. Let x 2 Œa�. As O is open, there is
an open ball B.x; r/ included in O . If y 2 B.x; r/, then the path � W Œ0; 1� �!
E; t 7�! x C t.y � x/ is affine, has its image in B.x; r/ and connects y to x. It
follows that y 2 Œa�. Hence B.x; r/ � Œa� and so Œa� is an open set. Therefore, if
there is more than one equivalence class, O has a disconnection, namely a given
equivalence class and the union of the others. This is a contradiction and the result
follows. �

We are now in a position to generalize a result from elementary analysis, namely,
if the derivative of a real-valued differentiable function defined on an open interval
of R vanishes, then the function is constant.

Theorem 3.3. If O is an open connected subset of a normed vector space E,
f W O �! R a differentiable function and the differential f 0 vanishes, then f
is constant.

Proof. Fix a 2 O and let x be any other element of O . From the lemma there is
a polygonal path � connecting a to x. From Theorem 3.2 and using the notation
above, we have

f .�.tiC1// � f .�.ti // D 0

for i D 0; : : : ; p � 1 and so f .x/ D f .a/. �

Let us consider the mapping

f W R �! R
2; t 7�! .cos.2�t/; sin.2�t//:

Here f .1/ � f .0/ D 0. However, f 0.t/ D .�2� sin.�t/dt; 2� cos.�t/dt/, where
dt is the identity on R, and so we cannot find t0 2 .0; 1/ such that f .1/ � f .0/ D
f 0.t0/.1 � 0/. Therefore we cannot generalize Theorem 3.2 to mappings whose
image lies in a general normed vector space. However, a consequence of this
theorem is:

jf .b/� f .a/j � sup
z2.a;b/

jf 0.z/jE�.b � a/:

This can be generalized as we will soon see. We will proceed by steps.
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Theorem 3.4. Let Œa; b� be an interval of R, F a normed vector space and f W
Œa; b� �! F and g W Œa; b� �! R both continuous on Œa; b� and differentiable on
.a; b/. If k Pf .t/kF � Pg.t/ for all t 2 .a; b/, then kf .b/� f .a/kF � g.b/ � g.a/.
Proof. Let us take � > 0. We define A.�/ to be the set of elements x 2 Œa; b� such
that for all y 2 Œa; x� we have

kf .y/ � f .a/kF � g.y/ � g.a/C �.y � a/:

Clearly a 2 A.�/. Also, if x 2 A.�/ and Qx 2 Œa; x�, then Qx 2 A.�/, and soA.�/ is an
interval. Let c be the least upper bound of A.�/. We claim that c 2 A.�/. If c D a,
then there is nothing to prove, so suppose that this not the case. If x 2 .a; c/, then

kf .x/ � f .a/kF � g.x/ � g.a/C �.x � a/:

Using the continuity of f and g, we see that this inequality applies for x D c and
therefore c 2 A.�/.

We will now show that c D b. If c < b, then, given the hypothesis on the
derivatives, we may find � 2 .0; b � c/ such that

kf .x/ � f .c/

x � c
kF � g.x/ � g.c/

x � c C �

for x 2 .c; c C �/, from which we obtain

kf .x/ � f .c/kF � g.x/ � g.c/C �.x � c/:

Now, using the triangle inequality, we have

kf .x/ � f .a/kF � kf .x/ � f .c/kF C kf .c/ � f .a/kF
� �

g.x/ � g.c/C �.x � c/
�C �

g.c/ � g.a/C �.c � a/�

D g.x/ � g.a/C �.x � a/;

which implies that .c; cC �/ � A.�/. This contradicts the definition of c. It follows
that c D b and we may write

kf .b/ � f .a/kF � g.b/ � g.a/C �.b � a/:

Letting � converge to 0 we obtain the result. �

Corollary 3.1. Let a; b 2 R, with a < b, F a normed vector space and f W
Œa; b� �! F continuous on Œa; b� and differentiable on .a; b/. If there is a constant
K such that j Pf .t/jF � K , then

kf .b/ � f .a/kF � K.b � a/:
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Proof. To establish this result, it is sufficient to set g.t/ D Kt and apply the
theorem. �

The next result, often called the mean value inequality, is the generalization
referred to above.

Corollary 3.2. Let E and F be normed vector spaces, O an open subset of E and
f W O �! F differentiable on O . If the segment Œa; b� � O , then

kf .b/ � f .a/kF � sup
x2.a;b/

jf 0.x/jL.E;F /kb � akE:

Proof. If supx2.a;b/ jf 0.x/jL.E;F / D 1, then there is nothing to prove, so suppose
that this is not the case. Let u W Œ0; 1� �! E be defined by u.t/ D .1 � t/a C tb. If
g D f ı u, then g is continuous on Œ0; 1� and differentiable on .0; 1/, with

Pg.t/ D f 0.u.t// ı u0.t/1 D f 0.u.t//.b � a/:

Therefore
k Pg.t/kF � sup

x2.a;b/
jf 0.x/jL.E;F /kb � akE:

From Corollary 3.1 we have

kg.1/ � g.0/kF � sup
x2.a;b/

jf 0.x/jL.E;F /kb � akE.1 � 0/;

i.e.,
kf .b/ � f .a/kF � sup

x2.a;b/
jf 0.x/jL.E;F /kb � akE:

This is what we set out to prove. �

Exercise 3.2. LetE be a normed vector space and f a differentiable mapping from
E into itself. Suppose that there exists k 2 .0; 1/ such that jf 0.x/ � idE jL.E/ � k

for all x 2 E. Prove that f is injective and that the inverse image of a bounded set
is bounded.

Exercise 3.3. Let E and F be normed vector spaces, O an open subset of E, a an
element of O and f a continuous mapping from O into F , which is differentiable
on O n fag. Suppose now that there is a continuous linear mapping l fromE into F
such that

lim
x!a

jf 0.x/ � l jL.E;F / D 0:

Show that f is differentiable at a, with f 0.a/ D l .

Corollary 3.2 can be used to prove another useful result.
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Corollary 3.3. Let E and F be normed vector spaces, O an open subset of E and
f W O �! F differentiable. If the segment Œa; b� lies in O , then we have

kf .b/� f .a/ � f 0.a/.b � a/kF � sup
x2.a;b/

jf 0.x/ � f 0.a/jL.E;F /kb � akE:

Proof. If we set 	.x/ D f .x/ � f 0.a/x, then 	 is differentiable and 	0.x/ D
.f 0.x/ � f 0.a//. Applying the previous corollary we obtain the result. �

Using Corollary 3.2 again, we can generalize Theorem 3.3. The proof is
analogous to that of Theorem 3.3.

Theorem 3.5. Let E and F be normed vector spaces,O an open connected subset
ofE and f W O �! F a differentiable mapping. If f 0 vanishes, then f is constant.

Exercise 3.4. Let E and F be normed vector spaces, O an open connected subset
of E and f a differentiable mapping from O into F with constant differential ˛ 2
L.E; F /. Show that there is a constant c 2 F such that f .x/ D ˛x C c.

3.2 Partial Differentials

In this section we will generalize the notion of partial derivative and then extend
certain results concerning partial derivatives.

Let E1; : : : ; En and F be normed vector spaces. We set

E D E1 � � � � � En
and define a norm on E as usual by

k.x1; : : : ; xn/kE D max
k

kxkkEk :

Now let O be an open subset of E and f a mapping from O into F . If we take a
point a 2 O and let the kth coordinate vary and fix the others, then we obtain a
mapping fa;k from Ek into F , defined on an open subset of Ek containing ak . If
fa;k is differentiable at ak , then we call the differential f 0

a;k.ak/ 2 L.Ek; F / the
kth partial differential of f at a and write @kf .a/ for f 0

a;k.ak/. In the case where
E D R

n, f has a kth partial differential at a if and only if f has a kth partial
derivative at a.

Exercise 3.5. Why is the mapping fa;k defined on an open subset of Ek?

We now extend certain results found in Chap. 2. We begin with Proposition 2.5.

Proposition 3.1. If f W O �! F is differentiable at a 2 O , then all the partial
differentials @kf .a/ exist and
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f 0.a/h D
nX

kD1
@kf .a/hi ;

where h D .h1; : : : ; hn/ 2 E.

Proof. For k D 1; : : : ; n, we define the mapping ia;k from Ek into E by

ia;k.t/ D .a1; : : : ; t; : : : ; an/;

where t is in the kth position. ia;k is an affine mapping and so differentiable. Also,
fa;k D f ı ia;k . Therefore, if f is differentiable at a, then the partial derivative
@kf .a/ is defined and

@kf .a/hk D f 0.a/.i 0k.ak/hk/ D f 0.a/.0; : : : ; hk; : : : ; 0/:

Using the linearity of f 0.x/, we obtain

f 0.a/h D
nX

kD1
@kf .a/hk:

This finishes the proof. �

If f W O �! F is differentiable, then for each k we have a mapping @kf from
O into L.Ek; F /, which is called a partial differential (mapping). If f is of class
C1 and a 2 O , then

k.@kf .a C x/ � @kf .a//hkkF D k.f 0.a C x/ � f 0.a//.0; : : : ; hk; : : : ; 0/kE
� jf 0.a C x/ � f 0.a/jL.E;F /khkkEk ;

which implies that

j@kf .a C x/ � @kf .a/jL.Ek ;F / � jf 0.a C x/ � f 0.a/jL.E;F /:

It follows that the partial differential @kf is continuous at a. To sum up, we have
proved the

Proposition 3.2. If f is of class C1, then its partial differentials exist and are
continuous.

The converse of this proposition is also true, namely, if f has continuous partial
differentials, then f is of class C1. We will prove a preliminary result, which
generalizes Theorem 2.2, and the converse will follow directly. To do so, we will
employ a mean value theorem, namely Corollary 3.2.

Theorem 3.6. Let E1; : : : ; En and F be normed vector spaces, O an open subset
of E D E1 � � � � � En and a 2 O . If f is a mapping from O into F having
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continuous partial differentials on a neighbourhood V of a, then f is continuously
differentiable at a.

Proof. Let h D .h1; : : : ; hn/ 2 E. We set

h0 D .0; : : : ; 0/ and hi D .h1; : : : ; hi ; 0; : : : ; 0/

for i D 1; : : : ; n. Clearly hn D h. Let Nı > 0 be such that the open ball B.x; Nı/ � V .
If khk < Nı, then aC hi 2 B.a; Nı/ for all i . For x 2 B.a; Nı/ we set

g.x/ D f .x/ � f .a/ �
nX
iD1

@if .a/.xi � ai /:

Then g.a/ D 0 and all the partial differentials of g are defined on V :

@ig.x/ D @if .x/ � @if .a/:

Let us fix � > 0. As the partial differentials @if are defined and continuous on V ,
there is a ı > 0, with ı � Nı, such that

khk < ı H) j@if .a C h/� @if .a/jL.Ei ;F / < �

for i D 1; : : : ; n. Now, using Corollary 3.2, we have

kg.a C h/kF �
nX
iD1

kg.a C hi /� g.a C hi�1/kF �
nX
iD1

�khikEi � n�khkE;

i.e.,

kf .a C h/ � f .a/ �
nX
iD1

@if .a/hikF � n�khkE:

It follows that f is differentiable at a and

f 0.a/h D
nX
iD1

@i f .a/hi :

We also have

k.f 0.a C k/� f 0.a//hkF �
nX
iD1

j@if .a C k/ � ıif .a/jL.Ei ;F /khikEi

�
nX
iD1

j@if .a C k/ � @if .a/jL.Ei ;F /khkE;
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which implies that

jf 0.aC k/ � f 0.a/jL.E;F / �
nX
iD1

j@if .a C k/ � @if .a/jL.Ei ;F /

and so f 0 is continuous at a. �

Corollary 3.4. If E1; : : : ; En and F are normed vector spaces, O an open subset
of E D E1 � � � � � En and f a mapping from O into F having continuous partial
differentials on O , then f is of class C1.

Putting our work in this section together, we obtain the following generalization
of Theorem 2.3:

Theorem 3.7. If E1; : : : ; En and F are normed vector spaces,O an open subset of
E D E1 � � � � � En and f a mapping from O into F , then f is of class C1 if and
only if f has continuous partial differentials defined on O .

3.3 Integration

In elementary calculus courses one learns the following result:

Theorem 3.8. Let I and Œa; b� be intervals of R, with Œa; b� closed and bounded,
and f a continuous real-valued function defined on Œa; b� � I . Then the function

g W I �! R; x 7�!
Z b

a

f .t; x/dt

is continuous. If, in addition, the partial derivative @f

@x
is defined everywhere on I

and is continuous, then g has a derivative at all points of I and

dg

dx
.x/ D

Z b

a

@f

@x
.t; x/dt:

We will now generalize this result. However, before doing so, we need to define the
integral of a mapping whose image lies in a Banach space. This we will do in this
section and in the next we will handle the generalization.

We first recall the definition of the Riemann integral. Let Œa; b� be a closed
bounded interval of R and f a real-valued bounded function defined on Œa; b�. For
a partition P W a D x0 < x1 < � � � < xn D b and i D 1; : : : ; n, we define

mi D inf
x2Œxi�1;xi �

f .x/ and Mi D sup
x2Œxi�1;xi �

f .x/
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and then

L.P; f / D
nX
iD1

mi .xi � xi�1/ and U.P; f / D
nX
iD1

Mi .xi � xi�1/:

Now we set

L
Z b

a

f D supL.P; f / and U
Z b

a

f D infU.P; f /;

where the sup and inf are taken over all partitions of Œa; b�. These expressions are
called respectively the lower and upper integrals of f . If these two integrals have
the same value, then we say that f is (Riemann) integrable and we write

Z b

a

f or
Z b

a

f .x/dx

for the common value of the lower and upper integrals. This common value is called
the (Riemann) integral of f .

It is not possible to generalize directly this definition of integral if we replace the
image space R by a general normed vector space E, because there is no notion of
inf or sup in such a space. However, if .fn/ is a sequence of real-valued integrable
functions converging uniformly to a real-valued function f , then f is integrable
and the sequence .

R b
a
fn/ converges to

R b
a
f . It is this property which allows us to

generalize the integral.
Let Œa; b� be a closed bounded interval of R and E a Banach space. We define a

norm k � k on B.Œa; b�; E/, the vector space of bounded mappings defined on Œa; b�
with image in E , by setting

kf k D sup
x2Œa;b�

kf .x/kE:

The normed vector space B.Œa; b�; E/ is a Banach space. We say that f W Œa; b� �!
E is a step mapping if there is a partition P W a D x0 < x1 < � � � < xn D b of
Œa; b� and elements c1; : : : ; cn 2 E such that f .x/ D ci on the interval .xi�1; xi /.
The set of step mappings, which we denote S.Œa; b�; E/, forms a vector subspace
of B.Œa; b�; E/. The closure of S.Œa; b�; E/, for which we will write R.Œa; b�; E/,
is also a vector subspace of B.Œa; b�; E/ and its elements are called regulated
mappings. We can characterize regulated mappings in the following useful way.

Proposition 3.3. An element of B.Œa; b�; E/ is regulated if and only if it has a left
limit at any point x 2 .a; b� and a right limit at any point x 2 Œa; b/.
Proof. Let f be a regulated mapping and .fn/ a sequence of step mappings
converging to f . Take � > 0. There exists an fn such that
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kf .t/ � fn.t/kE < �

2

for all t 2 Œa; b�. We now fix x 2 .a; b�. For � sufficiently small, fn is constant on
the interval .x � �; x/ and so, for s; t 2 .x � �; x/, we have

kf .s/ � f .t/kE � kf .s/ � fn.s/kE C kfn.s/ � fn.t/kE
Ckfn.t/ � f .t/kE < �

2
C 0C �

2
D �:

It follows, using the fact that E is a Banach space, that limt!x� f .t/ exists.
A similar argument shows that limt!xC f .t/ exists if x 2 Œa; b/.

Now suppose that the mapping f satisfies the condition on left and right limits
and let us take � > 0. For each point x 2 .a; b� there exists cx < x such that

s; t 2 .cx; x/ H) kf .s/ � f .t/kE < �;

and for each point x 2 Œa; b/ there exists dx > x such that

s; t 2 .x; dx/ H) kf .s/ � f .t/kE < �:

Using the compacity of Œa; b�, we see that there are elements x1; : : : ; xn 2 Œa; b�

such that
Œa; b� � Œa; da/ [ .cb; b�[

[
1�i�n

.cxi ; dxi /:

We now set
Y D

n
a; da; cb; b; cx1 ; : : : ; cxn ; dx1 ; : : : ; dxn

o

and write P W a D y0 < y1 < � � � < yp D b for the partition of Œa; b� obtained by
arranging the elements of Y in increasing order. If s; t 2 .yi�1; yi /, then kf .s/ �
f .t/kE < � and it follows that there is a step mapping 	 such that kf � 	k < �.
Hence f is a limit of step mappings and so is regulated. �

A regulated real-valued function is integrable. From the above proposition,
piecewise-continuous and monotone functions are regulated and so integrable.
However, there are integrable functions which are not regulated.

Exercise 3.6. Show that the real-valued function f defined on the interval
Œ�1; 1� by

f .x/ D
�

sin 1
x

x ¤ 0

0 x D 0

is integrable, but not regulated.

We will now show how it is possible to define the integral of a regulated mapping
whose image lies in a general Banach space E. We first consider step mappings. If
f is a step mapping defined on an interval Œa; b�, then there is a partition P W a D
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x0 < x1 < � � � < xn D b of Œa; b� and elements c1; : : : ; cn 2 E such that f .x/ D ci
on the interval .xi�1; xi /. We define the integral of f by

I.f / D
Z b

a

f D
nX
iD1
.xi � xi�1/ci :

The mapping I W S.Œa; b�; E/ �! E is linear and

kI.f /kE �
nX
iD1
.xi � xi�1/kcikE � .b � a/kf k;

therefore I is also continuous. If a < u < b, then f W Œa; u� �! E and f W
Œu; b� �! E are step mappings and

Z b

a

f D
Z u

a

f C
Z b

u
f:

For a � u � v � b, we set

Z u

u
f D 0 and

Z u

v
f D �

Z v

u
f:

With these conventions, for u; v;w 2 Œa; b� we have the relation

Z v

u
f D

Z w

u
f C

Z v

w
f;

which is called Chasle’s Law.
Suppose now that f is any regulated mapping. Then f is the limit of a sequence

of step mappings .fn/. As I is linear and continuous, the sequence .I.fn// is a
Cauchy sequence and so has a limit l , because E is a Banach space. If .gn/ is
another sequence of step mappings converging to f , then

kfn � gnk � kfn � f k C kf � gnk;

and so the sequence .fn � gn/ converges to 0 when n goes to infinity. This implies
that the sequence .I.gn// also has l for limit, so we can define without ambiguity
the integral of f by

I.f / D
Z b

a

f D lim
Z b

a

fn;

where .fn/ is any sequence of step mappings converging to f . We also use the
notation

R b
a
f .s/ds for

R b
a
f . It is easy to see that the mapping I extended to

R.Œa; b�; E/ is linear. As I.fn/ converges to I.f / and kfnk converges to kf k,
we have
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kI.f /kE � .b � a/kf k;
and so I is also continuous on R.Œa; b�; E/.
Exercise 3.7. This exercise generalizes what we have just seen. Suppose thatE is a
normed vector space, F a Banach space, S a vector subspace ofE and f W S �! F

a continuous linear mapping. Show that NS is a vector subspace of E and that f has
a unique extension to a continuous linear mapping Nf W NS �! F .

Exercise 3.8. Show that Chasle’s Law can be extended to the space of regulated
mappings.

Exercise 3.9. Show that if f is a regulated mapping defined on the interval
Œa; b�, then

k
Z b

a

f .s/dskE �
Z b

a

kf .s/kEds:

As with real-valued functions defined on an interval of R, there is a relation
between integrals and derivatives. Let E be a Banach space and f W Œa; b� �! E

regulated. Suppose that c 2 Œa; b� and for x 2 Œa; b� let us set

F.x/ D
Z x

c

f:

Theorem 3.9. F is a continuous function. If f is continuous at a point x 2 Œa; b�,
then F has a derivative at x and PF .x/ D f .x/.

Proof. We have

F.x C h/ � F.x/ D
Z xCh

c

f �
Z x

c

f D
Z xCh

x

f

and so
kF.x C h/ � F.x/kE � jhj sup

t2Œx;xCh�
kf .t/kE � jhjkf kE:

This implies that F is continuous.
Suppose now that f is continuous at x 2 Œa; b�. Then

F.x C h/� F.x/

h
� f .x/ D 1

h

Z xCh

x

.f .t/ � f .x//dt:

This implies that

����
F.x C h/ � F.x/

h
� f .x/

����
E

� sup
t2Œx;xCh�

kf .t/ � f .x/kE

and it follows that PF .x/ D f .x/. �
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If the mapping F is such that PF D f , then we say that F is a primitive of f .
Clearly, if F is a primitive of f and c 2 E, then so is F C c. The previous theorem
has the following corollary:

Corollary 3.5. If f W Œa; b� �! E is continuous, then f has a primitive.

We saw above that, if a mapping f has a primitive F , then the addition of a
constant to F gives us another primitive. The following result shows that there are
no other primitives.

Proposition 3.4. If F and G are primitives of a mapping f W Œa; b� �! E, then
there is a constant c 2 E such that G D F C c.

Proof. The derivative of F � G has the value 0 at all points t 2 .a; b/ and so the
differential .F � G/0 has the value 0. Using Theorem 3.5 we obtain F � G D c,
where c is constant. However, F and G are continuous, so F � G D c on Œa; b�,
and hence the result. �

Remark. If f W Œa; b� �! E is continuous, then from Theorem 3.9 we know that
the mapping

F W Œa; b� �! E; x 7�!
Z x

a

f

is a primitive of f . If G is a primitive of f , then from Proposition 3.4 there is a
constant c such that G D F C c. Therefore

G.b/ �G.a/ D F.b/ � F.a/ D
Z b

a

f:

This result generalizes the classical fundamental theorem of calculus. We will refer
to it also as the fundamental theorem of calculus.

Before closing this section we draw attention to an elementary property of the
derivative of a mapping whose image lies in a normed vector space. Let F be a
normed vector space, I an interval of R, f a mapping from I into F and ˛ a real-
valued function defined on I . Then f̨ is a mapping from I into F .

Proposition 3.5. If ˛ and f have derivatives at t 2 I , then f̨ also has a derivative
at t and

d

dt
. f̨ /.t/ D ˛.t/ Pf .t/C P̨ .t/f .t/:

Proof. As

˛.t C h/f .t C h/� ˛.t/f .t/ D ˛.t C h/f .t C h/� ˛.t C h/f .t/

C ˛.t C h/f .t/ � ˛.t/f .t/
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and the dérivatives P̨ .t/ and Pf .t/ existent, we can write

lim
h!0

1

h

�
˛.t C h/f .t C h/ � ˛.t/f .t/� D lim

h!0
˛.t C h/

1

h

�
f .t C h/� f .t/

�

C lim
h!0

1

h

�
˛.t C h/ � ˛.t/

�
f .t/

and the result follows. �

3.4 Differentiation under the Integral Sign

We suppose thatO is an open subset of a normed vector spaceE, F a Banach space,
Œa; b� a closed bounded interval of R and f W Œa; b� �O �! F continuous.

Lemma 3.2. For each x0 2 O and � > 0, there is a ı > 0 such that for all t 2 Œa; b�
we have

kx � x0kE < ı H) kf .t; x/ � f .t; x0/kF < �:
Proof. Let t 2 Œa; b�. As f is continuous at .t; x0/, there is a ıt > 0 such that

k.s; x/ � .t; x0/kR�E < ıt H) kf .s; x/ � f .t; x0/kF < �

2
:

The intervals .t � ıt ; t C ıt / form an open cover of the compact interval Œa; b�.
We may extract a finite open subcover: Œa; b� � [n

iD1.ti � ıti ; ti C ıti /: We set
ı D min ıti . Suppose now that kx � x0kE < ı and let us fix t 2 Œa; b�. There is a ti
such that jt � ti j < ıti . We have

kf .t; x/ � f .t; x0/kF � kf .t; x/ � f .ti ; x0/kF
C kf .ti ; x0/� f .t; x0/kF < �

2
C �

2
D �:

This ends the proof. �

We now consider the mapping

g W O �! F; x 7�!
Z b

a

f .t; x/dt

Proposition 3.6. The mapping g is continuous.

Proof. Let us fix x 2 O . From the previous section (Exercise 3.9)

�����
Z b

a

f .t; x C h/ � f .t; x/dt

�����
F

� .b � a/ sup
t2Œa;b�

kf .t; x C h/ � f .t; x/kF :
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We now fix � > 0. Applying Lemma 3.2 we obtain ı > 0 such that

khkE < ı H) sup
t2Œa;b�

kf .t; x C h/� f .t; x/kF � �;

which implies that
kg.x C h/� g.x/kF � .b � a/�

for khkE < ı. It follows that g is continuous at x. �

Shortly we will add a hypothesis, which will enable us to strengthen this property.
However, before doing so, we need a preliminary result.

Proposition 3.7. Suppose that E is a normed vector space, F a Banach space,
Œa; b� a closed bounded interval of R and A a regulated mapping from Œa; b� into
L.E; F /. If h 2 E , then A.t/h is a regulated mapping from Œa; b� into F and

Z b

a

A.t/hdt D
 Z b

a

A.t/dt

!
h:

Proof. Let S be a step mapping from Œa; b� into L.E; F /. We have a partition P W
a D x0 < x1 < � � � < xn D b of Œa; b� such that S.t/ D li 2 L.E; F / for
t 2 .ti�1; ti /. Clearly S.t/h is a step mapping from Œa; b� into F and

 Z b

a

S.t/dt

!
h D

 
nX
iD1
.ti � ti�1/li

!
h

D
nX
iD1
.ti � ti�1/lih

D
Z b

a

S.t/hdt:

Now let A.t/ be any regulated mapping from Œa; b� into L.E; F / and .Si .t// a
sequence of step mappings converging to A.t/. Then .Si .t/h/ is a sequence of step
mappings converging to A.t/h. Hence

 Z b

a

A.t/dt

!
h D

 
lim

Z b

a

Si .t/dt

!
h

D lim
Z b

a

Si .t/hdt

D
Z b

a

A.t/hdt:

This ends the proof. �
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Now we suppose that the partial differential @2f is defined and continuous on
the set Œa; b� �O . Then we have the

Theorem 3.10. The mapping

g W O �! F; x 7�!
Z b

a

f .t; x/dt

is of class C1 and

g0.x/ D
Z b

a

@2f .t; x/dt:

Proof. Let us fix x 2 O and consider the mapping

ˆx W E �! F; h 7�!
Z b

a

@2f .t; x/hdt:

ˆx is clearly linear. Also,

k@2f .t; x/hkF � j@2f .t; x/jL.E;F /khkE � sup
t2Œa;b�

j@2f .t; x/jL.E;F /khkE;

which implies that

�����
Z b

a

@2f .t; x/hdt

�����
F

� .b � a/ sup
t2Œa;b�

j@2f .t; x/jL.E;F /khkE:

Thereforeˆx is also continuous. We will now show thatˆx D g0.x/. First we have

kg.x C h/ � g.x/ �ˆx.h/kF D
�����
Z b

a

f .t; x C h/ � f .t; x/ � @2f .t; x/hdt

�����
F

� .b � a/ sup
t2Œa;b�

kf .t; x C h/� f .t; x/

�@2f .t; x/hkF :

From Corollary 3.3, for any t

kf .t; xCh/�f .t; x/�@2f .t; x/hkF � sup
y2Œx;xCh�

j@2f .t; y/�@2f .t; x/jL.E;F /khkE:

Let us fix � > 0. By hypothesis @2f is continuous, so from Lemma 3.2 we know
that there is a ı > 0 such that, for all t 2 Œa; b�

khkE < ı H) j@2f .t; x C h/ � @2f .t; x/jL.E;F / < �:
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Therefore
kg.x C h/ � g.x/ �ˆx.h/kF � .b � a/�khkE:

This proves that ˆx is the differential of g at x. However, from Proposition 3.7,
we have Z b

a

@2f .t; x/hdt D
 Z b

a

@2f .t; x/dt

!
h

and so we may write

g0.x/ D
Z b

a

@2f .t; x/dt:

To see that g0 is continuous it is sufficient to apply Proposition 3.6. �



Chapter 4
Higher Derivatives and Differentials

Let O � R
n be open and f a real-valued function defined on O . If the function

@f

@xi
is defined on O , then we can consider the existence of its partial derivatives. If

@
@xj
.
@f

@xi
/.a/ exists, then we write for this derivative @2f

@xj @xi
.a/ if i ¤ j , and @2f

@x2i
.a/ if

i D j . We also write @2j if .a/, or @2i if .a/, in the case where i D j . This derivative
is called the .j; i/th second partial derivative of f at a. If the given partial derivative
is defined for all x 2 O , then we obtain a real-valued function on O , also called the
.j; i/th second partial derivative. If these functions are defined and continuous for
all pairs .j; i/, then we say that f is of class C2.

Example. Consider the real-valued function f defined on R
2 by f .x; y/ D sinxy.

We have

@f

@x
.x; y/ D y cosxy and

@f

@y
.x; y/ D x cosxy

for .x; y/ 2 R
2. Differentiating the functions @f

@x
and @f

@y
, we obtain

@2f

@x2
.x; y/ D �y2 sin xy and

@2f

@y2
.x; y/ D �x2 sin xy

and also
@2f

@y@x
.x; y/ D cos xy � xy sinxy D @2f

@x@y
.x; y/:

The functions @2f

@x2
, @2f

@y@x
, @2f

@x@y
and @2f

@y2
are defined and continuous on R

2 and so f

is of class C2.

We can now consider the partial derivatives of the second partial derivatives of a
real-valued function f and so possibly obtain third partial derivatives. If these are all
defined everywhere and continuous, then we say that f is of class C3. Continuing
in the same way we obtain the definition of a function of class Ck for any k � 1.

R. Coleman, Calculus on Normed Vector Spaces, Universitext,
DOI 10.1007/978-1-4614-3894-6 4, © Springer Science+Business Media New York 2012
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We say that continuous functions are of class C0. If a function is of class Ck for all
k 2 N, then we say that f is of class C1, or smooth.

Exercise 4.1. Show that a polynomial function defined on R
n is of class C1.

In the example above we saw that the partial derivatives @2f

@y@x
and @2f

@x@y
had the

same expression. In the next section we will see that this was not an accident.
Before closing this section, notice that we extend these definitions to mappings

with image in R
m, with m > 1, by considering coordinate functions.

4.1 Schwarz’s Theorem

Under certain conditions we may change the order of differentiation without
affecting the result. For example, we may differentiate a function f W R

2 �!
R; .x; y/ 7�! f .x; y/ first with respect to x then with respect to y, or vice versa,
and obtain the same expression. The next result is known as Schwarz’s Theorem.

Theorem 4.1. Let O � R
2 be open and f W O �! R be such that the second

partial derivatives @2f

@y@x
and @2f

@x@y
are defined onO . If these functions are continuous

at .a; b/ 2 O , then
@2f

@y@x
.a; b/ D @2f

@x@y
.a; b/:

Proof. As O is open, there is an � > 0 such that closed square S D Œa � �; a C
�� � Œb � �; b C �� lies in O . Let .h; k/ be an element of the closed square S 0 D
Œ��; �� � Œ��; �� and suppose that h ¤ 0 and k ¤ 0. We set

�.h; k/ D f .a C h; b C k/ � f .a; b C k/� f .a C h; b/C f .a; b/:

If �.s/ D f .s; bC k/� f .s; b/, then�.h; k/ D �.aC h/� �.a/. The function
� is defined and continuous on Œa; a C h� and differentiable on .a; a C h/. From
Theorem 3.1 there exists � 2 .0; 1/ such that

�.aC h/� �.a/ D h P�.a C �h/;

or

�.h; k/ D h

�
@f

@x
.a C �h; b C k/ � @f

@x
.a C �h; b/

�
:

We now set  .t/ D @f

@x
.aC �h; t/. The function  is defined and continuous on

Œb; b C k� and differentiable on .b; b C k/. Using Theorem 3.1 again, we see that
there exists � 0 2 .0; 1/ such that

 .b C k/ �  .b/ D k P .b C � 0k/;
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or

@f

@x
.a C �h; b C k/ � @f

@x
.a C �h; b/ D k

@2f

@y@x
.aC �h; b C � 0k/:

Therefore

�.h; k/ D hk
@2f

@y@x
.aC �h; b C � 0k/:

As the function @2f

@y@x
is continuous at .a; b/, we have

lim
.h;k/!.0;0/

�.h; k/

hk
D @2f

@y@x
.a; b/:

We can also write�.h; k/ D �1.bCk/��1.b/, where �1.t/ D f .aCh; t/�f .a; t/.
Proceeding as above, we obtain

lim
.h;k/!.0;0/

�.h; k/

hk
D @2f

@x@y
.a; b/

and hence the result. �

Corollary 4.1. Let O � R
n be open and f W O �! R be such that the

second partial derivatives @2f

@xj @xi
and @2f

@xi @xj
are defined on O . If these functions

are continuous at a 2 O , then

@2f

@xj @xi
.a/ D @2f

@xi @xj
.a/:

Proof. Let i W R2 �! R
n be defined by

i.u; v/ D a C uei C vej ;

where ei (resp. ej ) is the i th (resp. j th) element of the standard basis of Rn. i is
continuous and so the set U D i�1.O/ is open in R

2. If we set g D f ı i , then g is

defined on U , as are the functions @2g

@v@u and @2g

@u@v , with

@2g

@v@u
.u; v/ D @2f

@xj @xi
.aCueiCvej / and

@2g

@u@v
.u; v/ D @2f

@xi @xj
.aCuei Cvej /:

As
@2g

@v@u
D @2f

@xj @xi
ı i and

@2g

@u@v
D @2f

@xi@xj
ı i;
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the functions @2g

@v@u and @2g

@u@v are continuous at .0; 0/ and so

@2g

@v@u
.0; 0/ D @2g

@u@v
.0; 0/

and the result follows. �

Example. Consider the real-valued function f defined on R
2 by

f .x; y/ D
(
xy.x2�y2/
x2Cy2 .x; y/ ¤ .0; 0/

0 .x; y/ D .0; 0/
:

It is not difficult to see that f is continuous. Simple calculations show that

@f

@x
.0; y/ D �y and

@f

@y
.x; 0/ D x

and so
@2f

@y@x
.0; 0/ D �1 and

@2f

@x@y
.0; 0/ D 1:

It is clear that outside of the set f.0; 0/g the second derivatives exist. Therefore,

from Schwarz’s Theorem, at least one of the functions @2f

@y@x
or @2f

@x@y
is discontinuous

at .0; 0/.

The next result follows directly from what precedes and needs no proof.

Theorem 4.2. IfO is an open subset of Rn, f W O �! R is of classC2 and a 2 O ,
then for i; j D 1; : : : ; n we have

@2f

@xj @xi
.a/ D @2f

@xi @xj
.a/:

It is possible to extend the preceding result to functions of class Ck with k � 3.

Let us write @kf

@xi1 :::@xik
for the partial derivative of f obtained by differentiating with

respect to the variable xik , then with respect to the variable xik�1
and so on up to the

variable xi1 . We write Sk for the group of permutations of the set f1; : : : ; kg. Then
we have the following result, which we will prove further on:

Theorem 4.3. Let O be an open subset of Rn, f W O �! R of class Ck and
.i1; : : : ; ik/ 2 N

k with 1 � i1; : : : ; ik � n. If � 2 Sk , then for a 2 O we have

@kf

@xi1 : : : @xik
.a/ D @kf

@xi�.1/ : : : @xi�.k/
.a/:
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4.2 Operations on C k-Mappings

In this section we will consider the sum, product and so on of mappings of class Ck .
We have already handled this subject for the case k D 1; here we will extend the
results to k > 1.

Proposition 4.1. Let O � R
n be open, f; g W O �! R of class Ck and � 2 R.

Then the functions f C g, �f and fg are of class Ck. If g does not vanish on O ,
then h D f

g
is of class Ck .

Proof. We have already proved the result for k D 1. Suppose that the result is true
for a given k and that the functions f and g are of class CkC1. We have

@.f C g/

@xi
.x/ D @f

@xi
.x/C @g

@xi
.x/ and

@.�f /

@xi
D �

@f

@xi

and also
@.fg/

@xi
.x/ D g.x/

@f

@xi
C f .x/

@g

@xi
.x/:

As the functions f , g, @f

@xi
and @g

@xi
are of class Ck, so are the functions @.fCg/

@xi
, @.�f /

@xi

and @.fg/

@xi
. It follows that f C g, �f and fg are of class CkC1. If g does not vanish,

then

@h

@xi
.x/ D g.x/

@f

@xi
.x/ � f .x/ @g

@xi
.x/

g.x/2
;

therefore @h
@xi

is of class Ck and so h is of class CkC1. The result now follows by
induction. �

Corollary 4.2. Let O � R
n be open, f; g W O �! R

m of class Ck and � 2 R.
Then the mappings f C g and �f are of class Ck .

Proof. As f and g are of class Ck , so are their coordinate functions fi and gi , for
all i . Now .f C g/i D fi C gi and .�f /i D �fi , hence .f C g/i and .�f /i are of
class Ck . It follows that f C g and �f are of class Ck . �

Remark. We have shown that the Ck-mappings defined on open subset of Rn, with
image in R

m, form a vector space. If m D 1, then this space is an algebra.

We now consider the composition of mappings.

Proposition 4.2. LetO � R
n,U � R

m be open and f W O �! R
m, g W U �! R

s

of class Ck with f .O/ � U . Then g ı f W O �! R
s is of class Ck.

Proof. We have already proved the result for k D 1. Suppose that the result is true
for some k and that the functions f and g are of class CkC1. For x 2 O we have

Jgıf .x/ D Jg.f .x// ı Jf .x/;
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therefore
@.g ı f /i
@xj

.x/ D
mX
kD1

@gi

@yk
.f .x//

@fk

@xj
.x/:

As @gi
@yk

and f are of class Ck , @gi
@yk

ı f is of class Ck . From Proposition 4.1,
@.gıf /i
@xj

is of class Ck and hence g ı f is of class CkC1. The result follows by
induction. �

4.3 Multilinear Mappings

Second and higher differentials are more difficult to define than second and higher
derivatives. The natural way of defining a second differential would be to take the
differential of the mapping x 7�! f 0.x/. Unfortunately, if E and F are normed
vector spaces and f a differentiable mapping from an open subset of E into F ,
then the image of f 0 lies not in F but in L.E; F /. This means that the differential
of f 0 lies in L.E;L.E; F //. If we take third and higher differentials, then the
mappings obtained become unwieldy. We get around this problem by identifying
differentials with multilinear mappings. In this section we will therefore look into
such mappings, before handling higher differentials in the next section.

Let E1; : : : ; Ek and F be vector spaces and f a mapping fromE1�� � ��Ek into
F . We may fix k�1 coordinates and so obtain a mapping from anEi into F . If such
a mapping is linear for each Ei , then f is said to be k-linear. A 1-linear mapping is
just a linear mapping. We use the general term multilinear mapping for any k-linear
mapping. In the case where k D 2, we say that f is bilinear and, in the case where
k D 3, trilinear. If E D E1 D � � � D Ek , then we speak of a k-linear mapping from
E into F . If F D R, then we use the term multilinear form for multilinear mapping.

Let us now suppose that the vector spaces E1; : : : ; Ek and F are normed vector
spaces. Setting E D E1 � � � � � Ek, then as usual we define a norm on E by

k.x1; : : : ; xk/kE D max.kx1kE1; : : : ; kxkkEk /:

We can characterize continuous multilinear mappings in a way analogous to that
used to characterize linear mappings (Proposition 1.15). We will write NB for the
closed unit ball of E.

Proposition 4.3. The following statements are equivalent:

(a) f is continuous on E;
(b) f is continuous at 0;
(c) f is bounded on NB;
(d) There exists 	 2 RC such that

kf .x1; : : : ; xk/kF � 	kx1kE1 � � � kxkkEk :
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Proof. .a/ H) .b/ This is true by the definition of continuity.
.b/ H) .c/ By hypothesis there exists ˛ > 0 such that kf .x/kF � 1 if kxkE � ˛.
If y 2 NB , then k˛ykE � ˛ and so

˛kkf .y/kF D k˛kf .y/kF D kf .˛y/kF � 1:

Hence kf .y/kF � 1

˛k
.

.c/ H) .d/ By hypothesis there exists 	 2 RC such that kf .y/kF � 	 if kykE �
1. If x D .x1; : : : ; xk/ 2 E, with xi ¤ 0 for all i , then y D . x1kx1kE1 ; : : : ;

xkkxkkEk / 2
NB and so

kf .y/kF � 	 or
kf .x/kF

kx1kE1 � � � kxkkEk
� 	:

Therefore kf .x/kF � 	kx1kE1 � � � kxkkEk . Clearly this is also true when one or
more of the xi is equal to 0.
.d/ H) .a/ Let us fix a 2 E and take h 2 E. We set

h0 D .0; : : : ; 0/ and hi D .h1; : : : ; hi ; 0; : : : 0/

for i D 1; : : : ; k. Then

f .a C h/� f .a/ D
kX
iD1

f .a C hi /� f .a C hi�1/:

However,
f .a C h1/ � f .a C h0/ D f .h1; a2; : : : ; ak/;

for 2 � i � k � 1,

f .a C hi / � f .a C hi�1/ D f .a1 C h1; : : : ; ai�1 C hi�1; hi ; aiC1; : : : ; ak/

and
f .a C hk/ � f .a C hk�1/ D f .a1 C h1; : : : ; ak�1 C hk�1; hk/:

Therefore

kf .a C h/� f .a/kF � 	kh1kE1ka2kE2 � � � kakkEk

C	
k�1X
iD2

ka1 C h1kE1 � � � kai�1 C hi�1kEi�1khikEi kaiC1kEiC1
� � � kakkEk

C	ka1 C h1kE1 � � � kak�1 C hk�1kEk�1
khkkEk :
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If khkE � ı, then khikEi � ı for all i . This implies that kai C hikEi � kaikEi C ı.
The continuity of f at a now follows. �

The continuous k-linear mappings fromE D E1� � � � �Ek into F form a vector
space, which we will write L.E1 � � � � � Ek IF /, or L.EIF /. If f 2 L.EIF / and
we set

jf j D sup
kxkE�1

kf .x/kF ;

then we obtain a norm. If Ei ¤ f0g for at least one i , then

jf j D sup
kxkED1

kf .x/kF :

Notice that
kf .x1; : : : ; xk/kF � jf jkx1kE1 � � � kxkkEk :

If E1 D � � � D Ek D E, then we will write L.Ek IF / for L.E � � � � � EIF /.
The space L.Ek IF / is not in general the same as the space L.Ek; F /, which is
composed of the continuous linear mappings from Ek into F .

Exercise 4.2. LetE1; : : : ; Ek be finite-dimensional normed vector spaces andE D
E1�� � ��Ek . Show that any multilinear mapping fromE into a normed vector space
F is continuous.

Exercise 4.3. Let f be a k-linear form on R
n. Show that f may be written

f .x1; : : : xk/ D
X

ai1;:::;ik x1;i1 � � �xk;ik

where the sum is taken over all sequences .i1; : : : ; ik/, such that ij 2 f1; : : : ; ng
and the ai1;:::;ik are real constants. Show that

P
i1;:::;ik

jai1;:::;ik j defines a norm on
L..Rn/k IR/.
Exercise 4.4. LetE1; : : : ; Ek andF1; : : : ; Fp be normed vector spaces. We setE D
E1 � � � � �Ek and F D F1 � � � � � Fp . For f 2 L.EIF /, we define the mapping

ˆ W L.EIF / �! L.EIF1/ � � � � � L.EIFp/; f 7�! .f1; : : : fp/;

where f1; : : : ; fp are the coordinate mappings of f . Show that ˆ is an isometric
isomorphism, if E and F have their usual product spaces norms.

Consider two normed vector spaces E and F and let us write L1.E; F / for
L.E; F /, L2.E; F / for L.E;L1.E; F // and so on. We will define linear continuous
mappingsˆk from Lk.E; F / into L.Ek IF /. We let ˆ1 be the identity on L.E; F /
and, for k D 2, we set

ˆ2.f /.x1; x2/ D f .x1/x2 2 F:
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There is no difficulty in seeing that ˆ2.f / is 2-linear. Also,

kf .x1/x2kF � jf .x1/jL1.E;F /kx2kE � jf jL2.E;F /kx1kEkx2kE;

hence ˆ2.f / is continuous. Therefore ˆ2.f / 2 L.E2IF /. The mapping ˆ2 is
linear and continuous with

jˆ2.f /jL.E2IF / � jf jL2.E;F /:

For k D 3 we set

ˆ3.f /.x1; x2; x3/ D .f .x1/x2/x3 2 F

and show, in a similar way, that ˆ3 is a linear continuous mapping from L3.E; F /
into L.E3IF / with

jˆ3.f /jL.E3IF / � jf jL3.E;F /:
For higher values of k we proceed in an analogous way, in each case obtaining

jˆk.f /jL.EkIF / � jf jLk.E;F /:

Exercise 4.5. Give the details of the construction of ˆ3.f / for f 2 L3.E; F /.
We may also define a mapping‰k from L.Ek IF / into Lk.E; F /. This is a little

more difficult. As for ˆ1, we let ‰1 be the identity on L.E; F /. Suppose now that
g 2 L.E2IF /. If we fix x1 2 E, then the mapping Ng.x1/ W x2 7�! g.x1; x2/ is
linear. In addition,

k Ng.x1/x2kF � jgjL.E2IF /kx1kEkx2kE:

Therefore Ng.x1/ 2 L.E; F / and

j Ng.x1/jL.E;F / � jgjL.E2IF /kx1kE:

Now, the mapping
Ng W E �! L.E; F /; x1 7�! Ng.x1/

is linear and continuous, with

j NgjL2.E;F / � jgjL.E2IF /:

If we set ‰2.g/ D Ng, then ‰2 is a linear continuous mapping, with

j‰2.g/jL2.E;F / � jgjL.E2IF /:
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For higher values of k we proceed in an analogous way, in each case obtaining

j‰k.g/jLk.E;F / � jgjL.EkIF /:

Exercise 4.6. Give the details of the construction of ‰3.g/ for g 2 L.E3IF /.
Theorem 4.4. If E and F are normed vector spaces, then the mappings ˆk from
Lk.E; F / into L.Ek IF / defined above are isometric isomorphisms.

Proof. It is sufficient to notice that ‰k is the inverse of ˆk . �
We will refer to the mappingsˆk and ‰k as standard isometric isomorphisms.

Exercise 4.7. Show that, if E and F are normed vector spaces and F complete,
then for all k � 1 L.Ek IF / is complete.

We say that a k-linear mapping f between vector spaces E and F is symmetric
if for any permutation � 2 Sk we have

f .x1; : : : ; xk/ D f .x�.1/; : : : ; x�.k//

for x1; : : : ; xk 2 E. In particular, if f is bilinear and symmetric, then

f .x; y/ D f .y; x/

for all x; y 2 E. The symmetric k-linear mappings from E into F clearly form a
vector subspace of the vector space of k-linear mappings from E into F .

Let us now consider continuous symmetric multilinear mappings. It is easy to
see that the continuous symmetric k-linear mappings from E into F form a vector
subspace of L.Ek IF /, which we will note LS .Ek IF /. In fact, we can say a little
more.

Proposition 4.4. The space LS .EkIF / is closed in L.Ek IF /.
Proof. Let .fn/ be a sequence in LS .EkIF / converging to f 2 L.EkIF /. If
x1; : : : ; xk 2 E and � 2 Sk , then using the symmetry of fn we have

kf .x1; : : : ; xk/� f .x�.1/; : : : ; x�.k/k � kf .x1; : : : ; xk/ � fn.x1; : : : ; xk/k
Ckfn.x�.1/; : : : ; x�.k//
�f .x�.1/ : : : ; x�.k//k

� jf � fnjkx1k � � � kxkk
Cjf � fnjkx�.1/k � � � kx�.k/k

D 2jf � fnjkx1k � � � kxkk:
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It now follows easily that

f .x1; : : : ; xk/ D f .x�.1/ : : : ; x�.k//:

This ends the proof. �

Remark. If F is a Banach space, then so is L.Ek IF / (see Exercise 4.7). As a closed
subspace of a Banach space is itself a Banach space, it follows that LS .EkIF / is a
Banach space if F is a Banach space.

In the next section we will apply our work here to the study of the differential.

4.4 Higher Differentials

Let E and F be normed vector spaces and O an open subset of E. If f W O �! F

is differentiable on an open neighbourhood V of a 2 O , then the mapping

f 0 W V 7�! L.E; F /; x 7�! f 0.x/

is defined. As we said in the previous section, if f 0 is differentiable at a, then
we would be tempted to define the second differential f .2/.a/ of f at a as
f 00.a/ D .f 0/0.a/. However, in this way f .2/.a/ 2 L2.E; F / and, if we continued
the process, we would find f .k/.a/ 2 Lk.E; F /, spaces which are not easy to
handle. Hence we proceed in a different way.

If f 0 is defined on some neighbourhood of a 2 E and its differential f 00.a/ 2
L2.E; F / exists, then we say that f is 2-times differentiable (or 2-differentiable) at
a and we define the second differential f .2/.a/ of f at a to be the 2-linear mapping
ˆ2.f

00.a// 2 L.E2IF /, where ˆ2 is the standard isometric isomorphism from
L2.E; F / onto L.E2IF /, which we defined in the previous section. Continuing in
the same way we define k-differentiability and the kth differential f .k/.a/ for higher
values of k. We will sometimes write f .1/ for f 0. To distinguish the differential in
Lk.E; F / corresponding to f .k/.a/, we will write f Œk�.a/ for it, i.e.,ˆk.f Œk�.a// D
f .k/.a/.

Proposition 4.5. Let E and F be normed vector spaces, O an open subset of E
and f a mapping from O into F . Then f is .k C 1/-differentiable at a 2 O if and
only if f .k/ is differentiable at a and in this case

f .k/0.a/h.h1; : : : ; hk/ D f .kC1/.a/.h; h1; : : : ; hk/

for h; h1; : : : ; hk 2 E.

Proof. Suppose first that f .k/ is differentiable at a. Then f .k/ is defined on a
neighbourhood U of a and we have f Œk�.x/ D ‰k ı f .k/.x/ for x 2 U . It follows
that f ŒkC1�.a/ exists.
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On the other hand, suppose that f is .k C 1/-differentiable at a. Then f Œk� is
defined on a neighbourhoodV of a and we have f .k/.x/ D ˆk ıf Œk�.x/ for x 2 V .
This implies that f .k/0.a/ exists.

As f .k/0.a/ D ˆk ı f ŒkC1�.a/, we have

f .k/0.a/h.h1; : : : ; hk/ D ˆk.f
ŒkC1�.a/h/.h1; : : : ; hk/

D ˆkC1 ı f ŒkC1�.a/.h; h1; : : : ; hk/

D f .kC1/.h; h1; : : : ; hk/:

This ends the proof. �
We will now see that a k-linear form f .k/.a/ is in fact symmetric. First we will

handle the case where k D 2.

Theorem 4.5. Let E and F be normed vector spaces, O an open subset of E and
f a mapping from O into F . If f is 2-differentiable at a 2 O , then f .2/.a/ is a
symmetric bilinear mapping.

Proof. For h; k 2 E small we set

�.h; k/ D f .a C hC k/ � f .a C k/� f .a C h/C f .a/:

Then

�.h; k/ � f .2/.a/.h; k/ D f .a C hC k/ � f .a C k/ � f 0.aC h/k C f 0.a/k

��f .a C h/� f .a/
�

C �
f 0.aC h/ � f 0.a/� f Œ2�.a/.h/

�
k:

Now we fix h and set

H.k/ D f .a C hC k/ � f .a C k/ � f 0.aC h/k C f 0.a/k:

Then

k�.h; k/ � f .2/.a/.h; k/kF � kH.k/ �H.0/kF C jf 0.a C h/� f 0.a/

�f Œ2�.a/.h/jL.E;F /kkkE
� sup

0���1
jH 0.�k/jL.E;F /kkkE C jf 0.a C h/ � f 0.a/

�f Œ2�.a/.h/jL.E;F /kkkE;
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from the mean value inequality (Corollary 3.2). However,

H 0.u/ D f 0.a C hC u/� f 0.a C u/� f 0.a C h/C f 0.a/

D f 0.a C hC u/� f 0.a/ � f Œ2�.a/.hC u/

� �f 0.aC u/� f 0.a/ � f Œ2�.a/u
�

� �f 0.aC h/ � f 0.a/ � f Œ2�.a/h
�
:

Now, writing j � j for j � jL.E;F /, we obtain

jH 0.u/j � jf 0.a C hC u/� f 0.a/ � f Œ2�.a/.hC u/j
Cj.f 0.aC u/� f 0.a/ � f Œ2�.a/u/j
Cj.f 0.aC h/ � f 0.a/ � f Œ2�.a/h/j:

Let us fix � > 0. If h and u are sufficiently small, then we have

jH 0.u/j � �khC ukE C �kukE C �khkE � 2�.khkE C kukE/:

If � 2 Œ0; 1�, then

jH 0.�k/j � 2�.khkE C k�kkE/ � 2�.khkE C kkkE/

and so
sup
0���1

jH 0.�k/j � 2�.khkE C kkkE/:

Therefore

k�.h; k/ � f .2/.a/.h; k/kF � �
2�.khkE C kkkE/C �khkE

�kkkE
D �.3khkE C 2kkkE/kkkE
� 2�.khkE C kkkE/2:

Now,

kf .2/.a/.h; k/ � f .2/.a/.k; h/kF � kf .2/.a/.h; k/ ��.h; k/kF
C k�.h; k/ � f .2/.a/.k; h/kF :

As �.k; h/ D �.h; k/, we obtain

kf .2/.a/.h; k/ � f .2/.a/.k; h/kF � 4�.khkE C kkkE/2:
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Suppose now that x; y 2 E n f0g. If ˛ > 0 is small, then so are h D ˛
2

x
kxkE and

k D ˛
2

y

kykE and so

˛2

4kxkEkykE kf .2/.a/.x; y/ � f .2/.a/.y; x/kF � 4�˛2;

which gives us

kf .2/.a/.x; y/ � f .2/.a/.y; x/kF � 16�kxkEkykE;

and hence the result. �

We now turn to the general case.

Corollary 4.3. Let E and F be normed vector spaces andO an open subset of E.
If f W O �! F is k-times differentiable at a 2 O , then f .k/.a/ is symmetric.

Proof. The question only arises for k � 2 and we have already handled the case
k D 2. Suppose that the result is true up to a given k and consider the case kC 1. If
f is .kC1/-differentiable at a 2 E, then f .k/ is defined on a neighbourhoodV of a
and by hypothesis f .k/.x/ 2 LS .Ek IF / for all x 2 V . Now, A D ‰k.LS .EkIF //
is closed in Lk.E; F / and so from Proposition 2.8 the image of f Œk�0.a/ lies in
A, i.e., for any x, ˆk.f Œk�0.a/x/ is symmetric. This means that, if we fix the first
variable of f .kC1/.a/, then the resulting k-linear mapping is symmetric.

Next we notice that LkC1.E; F / D L2.E;Lk�1.E; F //. If we set g D f Œk�1�,
then gŒ2�.a/ D f ŒkC1�.a/ and gŒ2�.a/ 2 L2.E;Lk�1.E; F //. Using Theorem 4.5
we have

g.2/.a/.x1; x2/ D g.2/.a/.x2; x1/

for x1; x2 2 E and it follows that

f .kC1/.x1; x2; x3; : : : ; xkC1/ D f .kC1/.x2; x1; x3; : : : ; xkC1/

for x1; x2; x3; : : : ; xkC1 2 E.
Suppose now that � 2 SkC1 and consider the expression

f .kC1/.a/.x�.1/; : : : ; x�.kC1//:

If �.1/ D 1, then

f .kC1/.a/.x�.1/; x�.2/ : : : ; x�.kC1// D f .kC1/.a/.x1; x�.2/ : : : ; x�.kC1//

D f .kC1/.a/.x1; x2; : : : ; xkC1/:

Now suppose that �.1/ ¤ 1. By hypothesis we can commute the last k variables to
obtain

f .kC1/.a/.x�.1/; : : : ; x�.kC1// D f .kC1/.a/.x�.1/; x1; : : :/:
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However, we can commute the first two variables. This followed by a second
commutation of the last k variables gives us

f .kC1/.a/.x�.1/; x1; : : :/ D f .kC1/.a/.x1; x�.1/; : : :/

D f .kC1/.a/.x1; x2; : : : ; xkC1/:

The result follows by induction. �

4.5 Higher Differentials and Higher Derivatives

We will now use the work of the previous section to obtain results on higher
derivatives of functions defined on open subsets of Rn.

We recall the definition of the directional derivative. Let O be an open subset of
a normed vector space E, f a mapping defined onO whose image lies in a normed
vector space F , a 2 O and u an element of E. If the limit

lim
t�!0

f .a C tu/� f .a/

t

exists, then this derivative, written @uf .a/, is called the directional derivative of f
at a in the direction u. If a mapping f is differentiable at a point a, then all its
directional derivatives exist and f 0.a/u D @uf .a/. If F is a product of m normed
vector spaces, in particular Rm, then

@uf .a/ D �
@uf1.a/; : : : ; @ufm.a/

�
;

where the fi are the coordinate mappings of f .
Suppose now that f is 2-differentiable at a. Then, for v 2 E we have

f Œ2�.a/v D d

dt
f 0.a C tv/jtD0

2 L.E; F /:

However, �
d

dt
f 0.a C tv/jtD0

�
u D d

dt
.f 0.aC tv/u/jtD0

:

As

f 0.a C tv/u D d

ds
f .a C tv C su/jsD0

;

we obtain

f .2/.a/.v; u/ D d

dt

d

ds
f .a C tv C su/jtDsD0

:
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More generally, if f is k-times differentiable and v1; : : : ; vk 2 E, then we have

f .k/.a/.v1; : : : ; vk/ D d

dt1
� � � d

dtk
f .a C t1v1 C � � � C tkvk/jt1D���DtkD0

:

As f .k/ is symmetric, changing the order of derivation on the right-hand side does
not change the result.

If we now take E D R
n, F D R and vj D eij , for j D 1; : : : ; k, where the eij

are elements of the standard basis of Rn, then we see that

@kf

@xi1 � � � @xik
.a/ D f .k/.a/.ei1 ; : : : ; eik /;

i.e., all kth order partial derivatives exist and permutation of the order of differenti-
ation does not affect the value of the partial derivative. Also, if h1; : : : ; hk 2 R

n and
hi D Pn

jD1 hij ej , then

f .k/.a/.h1; : : : ; hk/ D f .k/.a/

0
@

nX
jD1

h1j ej ; : : : ;

nX
jD1

hkj ej

1
A

D
X
i1;:::;ik

@kf

@xi1 � � � @xik
.a/h1;i1 � � �hk;ik ;

where the sum is taken over all sequences .i1; : : : ; ik/ such that ij 2 f1; : : : ; ng.
An important case of the above is when k D 2. Then the result can be written in

matrix form:
f .2/.a/.h1; h2/ D ht1Hf .a/h2;

where

Hf .a/ D
�

@2f

@xi @xj
.a/

�

1�i;j�n
and we have identified the vectors h1 and h2 with column vectors. The symmetric
matrix Hf .a/ is called the Hessian matrix of f at a.

Example. In the example after the corollary to Schwarz’s Theorem, the second

partial derivatives @2f

@x@y
.0; 0/ and @2f

@y@x
.0; 0/ are not equal; therefore the function

cannot be 2-differentiable at the origin.

Let us now consider mappings f from an open interval I � R into a normed
vector space F , i.e., curves in F . We have already seen that a curve f is
differentiable at a point of a 2 I if and only if f has a derivative Pf .a/ at a. Also,
in this case

f 0.a/s D s Pf .a/:
We will now show that the situation is similar for higher derivatives.
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Theorem 4.6. Let I 2 R be an open interval, F a normed vector space, f a
mapping from I into R and k 2 N

�. Then f is k-differentiable at a if and only if f
has a kth derivative at a. In this case we have

jf .k/.a/j D
����

dk

dtk
f .a/

����:

Proof. For k D 1 we have already proved the result, so let us consider higher values
of k. First suppose that f is k-differentiable at a. We have seen above that, if f is a
mapping from an open subset O of a normed vector space E into a normed vector
space F and k-differentiable at a point a, then

f .k/.a/.v1; : : : ; vk/ D d

dt1
� � � d

dtk
f .a C t1v1 C � � � C tkvk/jt1D���DtkD0

:

If we now take E D R, O an open interval of R and vi D 1, then we obtain

f .k/.a/.1; : : : ; 1/ D dk

dtk
f .a/;

and so the kth derivative is defined at a.
Now suppose that the derivative dk

dtk
f .a/ exists. We set

g.a/.h1; : : : ; hk/ D hk � � �h1 dk

dtk
f .a/;

with h1; : : : ; hk 2 R. We claim that g.a/ D f .k/.a/. First we have

f 0.aC h1/h2 � f 0.a/h2 D h2 Pf .a C h1/� h2 Pf .a/

D h2

�
d2

dt2
f .a/h1 C o.h1/

�
:

The mapping h2 7�! h2h1
d2

dt 2 f .a/ belongs to L.R; F /. Thus the mapping h1 7�!
h1

d2

dt 2 f .a/ is a mapping from R into L.R; F /. As this mapping is linear and
continuous, we have

f .2/.a/.h1; h2/ D f Œ2�.a/.h1/h2 D h2h1
d2

dt2
f .a/:

Continuing in the same way we obtain

f .k/.a/.h1; : : : ; hk/ D hk � � �h1 dk

dtk
f .a/:
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This proves that g.a/ D f .k/.a/, i.e., f is k-differentiable at a. Proving that

jf .k/.a/j D
����

dk

dtk
f .a/

����

is elementary. �

Remark. We may extend the term “k-differentiable” to a mapping defined on any
interval I . If f W I �! E has derivatives ds

dt s f .a/ at every point a 2 I for s D
1; : : : ; k, then we say that f is k-differentiable.

4.6 Cartesian Product Image Spaces

In Chap. 2 we saw that if E and F are normed vector spaces, with F a cartesian
product of p normed vector spaces, and f a mapping from an open subset of E
into F , then f is differentiable at a 2 O if and only if the coordinate mappings
f1; : : : ; fp are differentiable at a. In this case we can write

f 0.a/ D .f 0
1 .a/; : : : ; f

0
p.a//:

We will now show that we have an analogous result for higher differentials.

Proposition 4.6. Let O be an open subset of a normed vector space E and f a
mapping from O into a normed vector space F , which is a cartesian product of
p normed vector spaces. Then f is k-differentiable at a 2 O if and only if the
coordinate mappings f1; : : : ; fp are k-differentiable at a. In this case we have

f .k/.a/ D .f
.k/
1 .a/; : : : ; f .k/

p .a//:

Proof. We have already proved the result for k D 1, so let us assume that k � 2.
Suppose that the differentials f .k/

1 .a/; : : : ; f
.k/
p .a/ exist. From Proposition 4.5

f
.k�1/0
i .a/ exists for all i and so f .k�1/0.a/ exists. Using Proposition 4.5 again, we

see that f .k/.a/ exists.
Now suppose that the differential f .k/.a/ exists. This implies that f .k�1/0.a/

exists and it follows that f .k�1/0
i .a/ exists for all i . From this we deduce that f .k/

i .a/

exists for all i .
As

f .k�1/0.a/ D .f
.k�1/0
1 .a/; : : : ; f .k�1/0

p .a//;

from Proposition 4.5 we obtain

f .k/.a/ D .f
.k/
1 .a/; : : : ; f .k/

p .a//:

This ends the proof. �
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Remark. The differential f .k/.a/ is a mapping fromEk into F . We have shown that
the coordinate mappings of f .k/.a/ are f .k/

1 .a/; : : : ; f
.k/
p .a/, i.e., the coordinate

mappings of the kth differential at a are the kth differentials at a of the coordinate
mappings of f . Thus f is k-differentiable on an open subset U of E if and only if
its coordinate mappings are k-differentiable on U , and in this case we have

f .k/.x/ D .f
.k/
1 .x/; : : : ; f .k/

p .x//

for all x 2 U . This implies that f .k/ is continuous on U if and only if the mappings
f
.k/
1 ; : : : ; f

.k/
p are continuous on U .

4.7 Higher Partial Differentials

We have seen that a C1-mapping defined on a cartesian product space has
continuous partial differentials (Proposition 3.2). It is natural to ask what can be
said in the case where the mapping has a higher class of differentiability. In this
section we will study this question.

LetE1; : : : ; Ep and F be normed vector spaces and let us setE D E1�� � ��Ep .
For f 2 L.E; F / and i D 1; : : : ; p, we define fi W Ei �! F by

fi .x/ D f .0; : : : ; 0; x; 0 : : : ; 0/;

where the x is in the i th position. For each i , fi 2 L.Ei ; F / and the mapping
G W f 7�! .f1; : : : ; fp/ is a linear mapping from L.E; F / into L D L.E1; F / �
� � � � L.Ep; F /. In fact, G is a linear isomorphism with G�1 defined by

G�1.f1; : : : ; fp/.x1; : : : ; xp/ D f1.x1/C � � � C fp.xp/:

We can say a little more.

Proposition 4.7. G is a normed vector space isomorphism.

Proof. We have

jf j D sup
k.x1;:::;xp/k�1

kf .x1; : : : ; xp/k

D sup
max kxik�1

kf .x1; : : : ; xp/k

� sup
kx1k�1

kf1.x1/k C � � � C sup
kxpk�1

kfp.xp/k:
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However,

k.f1; : : : ; fp/kL D max .jf1j; : : : ; jfpj/
D max . sup

kx1k�1
kf1.x1/k; : : : ; sup

kxpk�1
kfp.xp/k/:

Therefore
jf j � pk.f1; : : : ; fp/kL

and so G�1 is continuous. In addition,

kf1.x1/k D kf .x1; 0; : : : ; 0/k � jf jk.x1; 0; : : : ; 0/k D jf jkx1k;

hence jf1j � jf j. In the same way, for any other i , jfi j � jf j and so

k.f1; : : : ; fp/kL � jf j:

Thus G is continuous. We have shown that G is a normed vector space
isomorphism. �

We now consider partial differentials.

Theorem 4.7. If E1; : : : ; Ep and F are normed vector spaces, O an open subset
of E D E1 � � � � � Ep and f a mapping of class Ck , with k � 1, from O into F ,
then the partial differentials @1f; : : : ; @pf are of class Ck�1.

Proof. For k D 1 we have already proved the result (Proposition 3.2), so suppose
that k � 2. If a 2 O , then f 0.a/ 2 L.E; F / and

f 0.a/.x1; : : : ; xp/ D @1f .a/x1 C � � � C @pf .a/xp:

As
f 0.a/.0; : : : ; 0; xi ; 0; : : : ; 0/ D @if .a/xi ;

we have, in the notation of the previous proposition,

G.f 0.a// D .@1f .a/; : : : ; @pf .a//:

The mapping a 7�! f 0.a/ is of class Ck�1 and G continuous (and hence smooth),
therefore the mapping a 7�! G.f 0.a// is of class Ck�1 and it follows from
Proposition 4.6 that the partial differentials @if are of class Ck�1. �

4.8 Generalizing C k to Normed Vector Spaces

We have seen that a mapping f defined on open subset of Rn with image in R
m

is of class C1 if and only if it is differentiable on O and the differential f 0 is a
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continuous mapping fromO into L.Rn;Rm/. Our aim in this section is to show that
this result may be extended to mappings of class Ck for any k. In the following we
will suppose that Rn is endowed with the norm k � k1, which we will write k � k. We
will first consider the case of real-valued functions, i.e., where m D 1.

Proposition 4.8. LetO be an open subset of Rn and f W O �! R k-differentiable.
If f .k/ is continuous, then f is of class Ck .

Proof. As f is k-differentiable, f has all partial derivatives of order k at any point
a 2 O . Given that f .k/ is continuous at a, for x sufficiently small and h1; : : : ; hk 2
R
n we can write

jf .k/.a C x/.h1; : : : ; hk/ � f .k/.a/.h1; : : : ; hk/j
� jf .k/.aC x/ � f .k/.a/jL..Rn/kIR/kh1k � � � khkk:

If we take h1 D ei1; : : : ; hk D eik , where the eij are members of the standard basis
of Rn, then we obtain

ˇ̌
ˇ̌ @kf

@xi1 � � � @xik
.a C x/ � @kf

@xi1 � � � @xik
.a/

ˇ̌
ˇ̌ � jf .k/.a C x/ � f .k/.a/jL..Rn/k IR/

and so the partial derivatives are continuous at a. We have proved that f is of
class Ck . �

We now turn to the converse of this result. Let f be a real-valued function of
class Ck defined on an open subset O of Rn. For x 2 O we set

f.k/.x/.h1; : : : ; hk/ D
X
i1;:::;ik

@kf

@xi1 � � � @xik
.x/h1;i1 : : : hk;ik ;

where the sum is taken over all distinct sequences .i1; : : : ; ik/ such that ij 2
f1; : : : ; kg. f.k/ is clearly a k-linear form. We have already seen that f .k/.a/ D
f.k/.a/ if f is k-differentiable at a.

Proposition 4.9. Let f be a real-valued function defined on an open subset O of
R
n. If f is of class Ck , then f is k-differentiable on O , f .k/.x/ D f.k/.x/ for all

x 2 O , and f .k/ is continuous.

Proof. We will establish this result by induction on k. We have already proved the
statement for k D 1. Suppose now that it is true for k and consider the case k C 1.
f .k/ is a mapping from O into L..Rn/k IR/, which has partial derivatives at all
points x 2 O :

@

@xi
f .k/.x/.h1; : : : ; hk/ D

X
i1;:::;ik

@kC1f
@xi @xi1 � � � @xik

.x/h1;i1 � � �hk;ik :
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As f is of class CkC1, the partial derivatives of f .k/ are continuous onO . It follows
that f .k/ has continuous partial differentials onO :

@if
.k/.x/si .h1; : : : ; hk/ D si

X
i1;:::;ik

@kC1f
@xi @xi1 � � � @xik

.x/h1;i1 � � �hk;ik :

Hence f .k/ is differentiable on O . However, from Proposition 4.5, f is .k C 1/-
differentiable on O and

f .k/0.x/s.h1; : : : ; hk/ D f .kC1/.x/.s; h1; : : : ; hk/:

Thus f .kC1/ has the required form and the differential f .kC1/ is continuous
on O . �
Example. Multivariate polynomials are of class Ck for every k � 1 and so are
k-differentiable for every k � 1.

We have shown that, if f is a real-valued function defined on an open subset
of R

n, then f is of class Ck if and only if f is k-differentiable and the kth
differential is continuous. We now suppose that the image of f lies in R

m, with
m not necessarily restricted to the value 1. However, f is k-differentiable at a point
x and the kth differential is continuous at x if and only if this is the case for the
coordinate mappings. We thus obtain the following more general result:

Theorem 4.8. If O is an open subset of Rn and f is a mapping from O into R
m,

then f is of class Ck if and only if f is k-differentiable and the mapping f .k/ is
continuous.

This theorem suggests the following generalization of the notion of class Ck . If E
and F are normed vector spaces, O an open subset of E and f a mapping from O

into F , then we say that f is of class Ck if f is k-differentiable and the mapping
f .k/ is continuous. If f is of class Ck for all k � 1, then we say that f is of class
C1 or smooth. The mappings of class Ck from O into F form a subspace of the
vector space of mappings from O into F .

Examples. 1. Let E and F be normed vector spaces and f W E �! F a
continuous linear mapping. Then f 0.x/ D f for all x 2 E. As the mapping
x 7�! f 0.x/ 2 L.E; F / is constant, f is of class C1 and f .k/ D 0, for k � 2.

2. Suppose now that E1, E2 and F are normed vector spaces and that f W E1 �
E2 �! F is a continuous bilinear mapping. f is differentiable and at any point
.x; y/ 2 E1 � E2 and we have

f 0.x; y/.h; k/ D f .x; k/C f .h; y/
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for .h; k/ 2 E1 � E2. The mapping f 0 W E1 � E2 �! L.E1 � E2; F / is clearly
linear and continuous and so f .2/ exists and is constant. It follows that f is of
class C1 and f .k/ D 0 for k � 3. If E is a normed vector space, then the
addition and scalar multiplication are both bilinear and continuous, therefore of
class C1.

Exercise 4.8. Let E1; : : : ; Ep and F be normed vector spaces and f W E1 � � � � �
Ep �! F a continuous p-linear mapping. Show that f is of class C1 and that
f .k/ D 0 for k � p C 1.

We now state a result which follows directly from our previous work and the
definition of a mapping of class Ck which we have just given.

Proposition 4.10. Let E and F be normed vector spaces, where F is the Cartesian
product of the normed vector spaces F1; : : : ; Fp . If O is an open subset of E and
f is a mapping from O into F , then f is of class Ck if and only if the coordinate
mappings f1; : : : ; fp are all of class Ck.

Remark. We have seen that we may extend the term “k-differentiable” to a mapping
defined on any interval I . We may also extend the term class “Ck”. If f W I �! E

is k-differentiable and the mapping ds

dt s f is continuous, then we say that f is of
class Ck .

4.9 Leibniz’s Rule

If f and g are real-valued functions defined and differentiable on an open interval
I of R, then the product fg is differentiable and

d

dx
.fg/.x/ D df

dx
.x/g.x/C f .x/

dg

dx
.x/

for x 2 I . This is known as Leibniz’s rule. Clearly, if f and g are of class C1, then
so is fg. In Proposition 4.1 we generalized this: if f and g are of class Ck then
so is fg. The function .u; v/ 7�! uv from R

2 into R is a continuous and bilinear
and so we are naturally led to consider mappings of the form x 7�! b.f .x/; g.x//,
where b is a continuous bilinear mapping and f and g mappings of class Ck. The
following generalization of Leibniz’s rule proves to be particularly useful.

Theorem 4.9. Let E, F1, F2 and G be normed vector spaces, O an open subset of
E and f W O �! F1, g W O �! F2 mappings of class Ck . Suppose also that the
mapping b W F1 � F2 �! G is a continuous bilinear mapping. Then the mapping
� W O �! G defined by

�.x/ D b.f .x/; g.x//

is of class Ck .
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Proof. We will prove this result by induction on k. Let us first consider the case
k D 1. � is a composition of the differentiable mappings x 7�! .f .x/; g.x// and
b, hence � is differentiable and

�0.x/h D b.f .x/; g0.x/h/C b.f 0.x/h; g.x//:

If we set

l1.x/h D b.f .x/; g0.x/h/ and l2.x/h D b.f 0.x/h; g.x//;

then l1.x/; l2.x/ 2 L.E;G/ and �0.x/ D l1.x/C l2.x/. For u sufficiently small we
have

l1.x C u/h� l1.x/h D b.f .x C u/; g0.x C u/h/� b.f .x/; g0.x/h/

D b
�
f .x/C f 0.x/u C o.u/; g0.x C u/h

�� b
�
f .x/; g0.x/h

�

D b
�
f .x/; .g0.x C u/� g0.x//h

�C b
�
f 0.x/u; g0.x C u/h

�

Cb�o.u/; g0.x C u/h
�
:

If khk � 1, then

kl1.x C u/h� l1.x/hk � jbjkf .x/kjg0.x C u/� g0.u/j
Cjbjjf 0.x/jkukjg0.x C u/j C jbjko.u/kjg0.x C u/j:

As the right-hand side of this expression converges to 0 when u converges to 0, l1 is
continuous at x. In the same way l2 is continuous at x and so �0 is continuous at x.
It follows that � is of class C1.

Suppose now that the result is true up to order k and that f and g are of class
CkC1. For A 2 L.E; F1/ and y 2 F2, let lA;y W E �! G be defined by

lA;y.h/ D b.A.h/; y/:

Clearly lA;y 2 L.E;G/. If we set ˛.A; y/ D lA;y , then ˛ is a continuous bilinear
mapping from L.E; F1/ � F2 into L.E;G/. However, f 0 and g are of class Ck ,
therefore by hypothesis the mapping x 7�! ˛.f 0.x/; g.x// is of class Ck. If we
now set, for y 2 F1 and B 2 L.E; F2/,

ly;B .h/ D b.y; B.h//;

then ly;B 2 L.E;G/. The mapping ˇ defined by ˇ.y;B/ D ly;B is a continuous
bilinear mapping from F1�L.E; F2/ into L.E;G/. Using the induction hypothesis
again, we see that the mapping x 7�! ˇ.f .x/; g0.x// is of class Ck . However,

�0.x/ D ˛.f 0.x/; g.x//C ˇ.f .x/; g0.x//
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and so �0 is of classCk . It follows that � is of classCkC1. This finishes the induction
step and so the proof. �

As a first application of this result we will prove that a composition of class
Ck-mappings is of class Ck .

Theorem 4.10. Let E, F and G be normed vector spaces, O an open subset of E,
U an open subset of F and f W O �! F , g W U �! G mappings of class Ck with
f .O/ � U . Then the mapping g ı f W O �! G is of class Ck.

Proof. For A 2 L.E; F / and B 2 L.F;G/, let ˛.A;B/ D B ıA 2 L.E;G/. Then
˛ is bilinear and continuous. As f and g are differentiable,gıf is differentiable and

.g ı f /0.x/ D g0.f .x// ı f 0.x/ D ˛.f 0.x/; g0 ı f .x//:

If k D 1, then we see immediately that .g ı f /0 is continuous and hence that g ı f
is of class C1. If k � 2, then from the previous theorem .g ı f /0 is of class Ck�1
and it follows that g ı f is of class Ck . �

As a second application of Theorem 4.9, let us return to the inversion mapping
� W x 7�! x�1 defined on the open group E� of invertible elements of a Banach
algebra E . We have already seen that this mapping is a homeomorphism from E�
onto itself (Theorem 1.10). We now consider the differentiability of �.

Theorem 4.11. Let E be a Banach algebra and � W E� �! E the inversion
mapping, i.e., �.x/ D x�1. Then � is of class C1.

Proof. First let us show that � is differentiable. For x 2 E� we define the
mapping lx from E into itself by lx.h/ D �x�1hx�1. lx is clearly linear. Also,
k � x�1hx�1k � k � x�1k2khk, and so lx is continuous. In addition, for h small
we have

k�.x C h/ � �.x/ � lx.h/k D k.x C h/�1 � x�1 C x�1hx�1k
D k.x C h/�1

�
x � .x C h/C .x C h/x�1h

�
x�1k

D k.x C h/�1.hx�1/2k
� k.x C h/�1kkx�1k2khk2:

This shows that � is differentiable, with �0.x/ D lx.
We will now show that � is of class C1. For a; b 2 E we define an element

˛.a; b/ of L.E/ by setting ˛.a; b/.h/ D �ahb for h 2 E. ˛ is clearly a
bilinear mapping from E2 into L.E/. As k˛.a; b/.h/k � kakkbkkhk, we have
j˛.a; b/jL.E/ � kakkbk, which implies that ˛ is a continuous bilinear mapping.
However, �0.x/ D ˛.x�1; x�1/. As �0 is a composition of continuous mappings, it
is continuous. It follows that � is of class C1.
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Suppose now that � is of class Ck . As the bilinear mapping ˛ is of class Ck , the
mapping x 7�! ˛.x�1; x�1/ is of class Ck , i.e., �0 is of class Ck . It follows that �
is of class CkC1. By induction, � is of class C1. �

Now suppose that E and F are Banach spaces and let us consider again the
subset G.E; F / of L.E; F / composed of invertible mappings. We have already
seen that this subset is open and that the mapping  W u 7�! u�1 is continuous
(Theorem 1.11). We can say more about this mapping.

Corollary 4.4. If I.E; F / is not empty, then the mapping

 W I.E; F / �! I.F;E/; u 7�! u�1

is of class C1.

Proof. As in the proof of Theorem 1.11, we fix w 2 I.E; F /. We have already
seen that the mapping  may be written  D ˇ ı � ı ˛, where ˛ is the normed
vector space isomorphism from L.E; F / onto L.E/ defined by ˛.u/ D w�1 ı u,
� is the inversion mapping on L.E/� and ˇ the normed vector space isomorphism
from L.E/ onto L.F;E/ defined by ˇ.v/ D v ı w�1. From the theorem, � is of
class C1. Also ˇ and ˛ are continuous linear mappings and so are of class C1. It
follows that  is of class C1. �

Suppose now that E and F are normed vector spaces, O � E and U � F

open sets and f W O �! U a diffeomorphism, i.e., f is bijective and f and f �1
are both differentiable. If f and f �1 are of class Ck , then we say that f is a Ck-
diffeomorphism . If f W O �! U is a diffeomorphism, then

f �1 ı f D idO and f ı f �1 D idU ;

therefore, for x 2 O and y 2 U , we have

.f �1/0.f .x// ı f 0.x/ D idE and f 0.f �1.y// ı .f �1/0.y/ D idF :

With y D f .x/, we obtain

f 0.x/ ı .f �1/0.f .x// D idF :

It follows that f 0.x/ is invertible and that

.f 0.x//�1 D .f �1/0.f .x//:

Now let us suppose that E and F are Banach spaces. If y 2 U , then

.f �1/0.y/ D
�
f 0.f �1.y//

��1
:
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Therefore we have the composition .f �1/0 D  ıf 0 ıf �1. If f is of class C1, then
all three mappings are continuous and it follows that f is a C1-diffeomorphism. We
can generalize this result.

Theorem 4.12. Let O (resp. U ) be an open subset of a Banach spaces E (resp. F )
and f W O �! U a diffeomorphism. If f is of class Ck , then f �1 is also of class
Ck, i.e., f is a Ck-diffeomorphism.

Proof. We will prove the result by induction on k. For k D 1 we have already
established the result. Now suppose that the theorem is true for k and consider the
case kC1. As f is class CkC1, f is also of class Ck, so by the induction hypothesis
f �1 is of class Ck . Also, f 0 is of class Ck , because f is of class CkC1. As  is
smooth, the composition .f �1/0 D  ı f 0 ı f �1 is of class Ck. This proves that
f �1 is of class CkC1. �

Remark. Suppose that f is a differentiable mapping from an open subset O of a
normed vector space E with image in a normed vector space F . If dimE D n < 1
and dimF D m < 1 and n ¤ m, then f cannot be a diffeomorphism onto its
image, because f 0.x/ is a linear isomorphism for any point x 2 O . This is also the
case if one of the normed vector spaces is finite-dimensional and the other not.



Chapter 5
Taylor Theorems and Applications

In elementary calculus we learn certain polynomial approximations of a real-valued
function in the neighbourhood of a point. These depend on the degree of differ-
entiability of the function and, given certain conditions, it is possible to bound or
estimate the error. The aim of this chapter is to generalize these approximations to
mappings between normed vector spaces. In the case where the function concerned
is a real-valued function defined on an open subset of Rn, we obtain a polynomial
approximation, with the polynomial being in several variables.

5.1 Taylor Formulas

We will begin with some notation.

• LetE and F be normed vector spaces,O an open subset ofE containing 0 and g
a mapping fromO into F such that g.0/ D 0. If there exists a mapping �, defined
on a neighbourhood of 0 2 E and with image in F , such that limh!0 �.h/ D 0

and
g.h/ D khkkE�.h/;

then we will write g.h/ D o.khkkE/, or o.khkk/ when the norm is understood. If
k D 1, then o.khk/ D o.h/.

• If E is a normed vector space and h is a vector in E, then we will write hk for
the vector .h; : : : ; h/ 2 Ek .

Lemma 5.1. Let E and F be normed vector spaces, � W Ek �! F continuous
k-linear and symmetric and ˆ W E �! F defined by ˆ.x/ D �.xk/. Then ˆ is
differentiable and

ˆ0.x/h D k�.xk�1; h/

for x; h 2 E .

R. Coleman, Calculus on Normed Vector Spaces, Universitext,
DOI 10.1007/978-1-4614-3894-6 5, © Springer Science+Business Media New York 2012
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Proof. We have

ˆ.x C h/ D �.x C h; : : : ; x C h/

D �.xk/C k�.xk�1; h/C terms of the form �.xp; hq/;

with p C q D k and q � 2. The mapping h 7�! k�.xk�1; h/ is linear and
continuous; also,

k�.xp; hq/kF � j�jL.Ek IF /kxkpEkhkqE :
The result now follows. �

Theorem 5.1 (Taylor’s formula, asymptotic form). Let E and F be normed
vector spaces, O an open subset of E and a 2 O . If f W O �! F is .k � 1/-
differentiable and f .k/.a/ exists, then for x sufficiently small

f .aC x/ D f .a/C f .1/.a/x C 1

2
f .2/.a/.x2/C � � � C 1

kŠ
f .k/.a/.xk/C o.kxkk/:

Proof. We will prove this result by induction on k. First, by the definition of the
differential, it is true for k D 1. We now suppose that it is true up to order k� 1 and
consider the case k. We set

�.x/ D f .a C x/ � f .a/ � f 0.a/x � 1

2
f .2/.a/.x2/� � � � � 1

kŠ
f .k/.a/.xk/:

Using Lemma 5.1 we obtain

�0.x/h D f 0.aC x/h� f 0.a/h� f .2/.a/.x; h/� � � � � 1

.k � 1/Šf
.k/.a/.xk�1; h/:

By hypothesis, for the mapping f 0 W O �! L.E; F / we can write

f 0.a C x/ D f 0.a/C .f 0/0.a/x C 1

2
.f 0/.2/.a/.x2/C � � �

C 1

.k � 1/Š
.f 0/.k�1/.a/.xk�1/C o.kxkk�1/;

therefore

f 0.aC x/h D f 0.a/hC f .2/.a/.x; h/C 1

2
f .3/.a/.x2; h/C � � �

C 1

.k � 1/Š
f .k/.a/.xk�1; h/C o.kxkk�1/h:

Hence �0.x/h D o.kxkk�1/h and so �0.x/ D o.kxkk�1/. Let us fix � > 0. From
what we have just seen, there exists ı > 0 such that j�0.x/jL.E;F / < �kxkk�1

E if
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kxkE < ı. From Corollary 3.2 we have

k�.x/kF D k�.x/ � �.0/kF � �kxkkE ;

or
����f .a C x/ � f .a/ � f 0.a/x � 1

2
f .2/.a/.x2/ � � � � � 1

kŠ
f .k/.a/.xk/

����
F

� �kxkkE :

It follows that

f .aC x/ D f .a/C f .1/.a/x C 1

2
f .2/.a/.x2/C � � � C 1

kŠ
f .k/.a/.xk/C o.kxkk/:

Hence the result is true for k. This ends the proof. �
Remark. If E D R

n and F D R, then a consideration of the expression for f .s/.a/

shows that f .s/.a/.xs/ is a homogeneous polynomial in the variables x1; : : : ; x1.
Hence f can be approximated in a neighbourhood of a by a polynomial Pf;a;k
defined on R

n. However, with the above result we have no way of estimating the
error committed in taking Pf;a;k .x/ for f .a C x/.

Let E and F be normed vector spaces,O an open subset of E and f W O �! F

k-differentiable. If we fix h1; : : : ; hk 2 E, then we may define a mapping � fromO

into F by
�.x/ D f .k/.x/.h1; : : : ; hk/:

Proposition 5.1. If f .kC1/.a/ exists, then �0.a/ exists and

�0.a/h D f .kC1/.a/.h; h1; : : : ; hk/:

Proof. Let ˛ be the mapping from L.Ek IF / into F defined by

˛. / D  .h1; : : : ; hk/:

Then ˛ is linear and continuous; also, � D ˛ ı f .k/. Hence

�0.a/ D ˛0.f .k/.a// ı f .k/0.a/ D ˛ ı f .k/0.a/:

Therefore

�0.a/h D ˛.f .k/0.a/h/ D f .k/0.a/h.h1; : : : ; hk/ D f .kC1/.a/.h; h1; : : : ; hk/:

This ends the proof. �

Lemma 5.2. Let E and F be normed vector spaces, O an open subset of E and
f W O �! F a .kC 1/-differentiable mapping. Suppose that a 2 O and h 2 E are
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such that the segment Œa; a C h� 2 O . Then the mapping

� W Œ0; 1� �! F; t 7�! f .a C th/C
kX
iD1

.1� t/i

i Š
f .i/.aC th/.hi /

is continuous on Œ0; 1� and differentiable on .0; 1/ with

d�

dt
.t/ D .1 � t/k

kŠ
f .kC1/.a C th/.hkC1/:

Proof. There is no difficulty in seeing that � is continuous on Œ0; 1�. If, for i D
1; : : : ; k, we set

�i .x/ D f .i/.x/.hi /;

then from Proposition 5.1 �i is differentiable and

d

dt
f .i/.aC th/.hi / D d

dt
�i .aC th/ D �0

i .a C th/h D f .iC1/.aC th/.hiC1/:

Applying Proposition 3.5 we obtain

d

dt

.1 � t/i

i Š
f .i/.a C th/.hi / D .1 � t/i

i Š
f .iC1/.a C th/.hiC1/

� .1 � t/i�1

.i � 1/Š
f .i/.aC th/.hi /:

Hence the result. �
Theorem 5.2 (Taylor’s formula, Lagrange’s remainder). Let E and F be
normed vector spaces, O an open subset of E and f W O �! F a .k C 1/-
differentiable mapping. Suppose that a 2 O and that x 2 E is such that the
segment Œa; a C x� is contained in O . Then

f .aC x/ D f .a/C f .1/.a/x C 1

2
f .2/.a/.x2/C � � � C 1

kŠ
f .k/.a/.xk/C R.a; x/;

where

kR.a; x/kF � kxkkC1
E

.k C 1/Š
sup
0���1

jf .kC1/.a C �x/jL.EkC1IF /:

Proof. If
sup
0���1

jf .kC1/.aC �x/jL.EkC1IF / D 1;
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then there is nothing to prove, so let us suppose that this is not the case. Let � be
defined as in the preceding lemma. Then

k P�.t/kF � .1 � t/k
kŠ

sup
0���1

jf .kC1/.a C �x/jL.EkC1IF /kxkkC1
E D .1 � t/k

kŠ
C:

If we set

 .t/ D � .1 � t/kC1

.k C 1/Š
C;

then

P .t/ D .1 � t/k

kŠ
C:

Therefore, from Theorem 3.4,

k�.1/ � �.0/kF �  .1/ �  .0/ D C

.k C 1/Š
:

Observing that

�.1/� �.0/ D f .a C x/ � f .a/ �
kX
iD1

1

kŠ
f .k/.a/.xk/;

we obtain the result. �
Remark. If we know C , then we can set a bound on the remainder R.a; x/. This is
not possible with the previous Taylor formula (Theorem 5.1).

In the case where F D R we may obtain a particular expression for R.a; x/
which reminds us of the remainder in the classical Taylor formula for a real-valued
function defined on a compact interval of R.

Theorem 5.3. Let E be a normed vector space, O an open subset of E and f W
O �! R a .k C 1/-differentiable function. Suppose that a 2 O and that x 2 E

is such that the segment Œa; a C x� is contained in O . Then there is a real number
� 2 .0; 1/ such that

f .a C x/ D f .a/C f .1/.a/x C 1

2
f .2/.a/.x2/C � � �

C 1

kŠ
f .k/.a/.xk/C 1

.k C 1/Š
f .kC1/.a C �x/.xkC1/:

Proof. If we set g.t/ D f .aC tx/, then g has continuous derivatives up to order k
on Œ0; 1� and a .k C 1/th derivative on .0; 1/. An induction argument, with the help
of Proposition 5.1, shows that

di g

dt i
.t/ D f .i/.a C tx/.xi /:
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From Taylor’s formula for a function defined on a compact interval of R, we know
that there is a real number � 2 .0; 1/, such that

g.1/ D g.0/C
kX
iD1

1

i Š

dig

dt i
.0/C 1

.k C 1/Š

dkC1g
dtkC1 .�/;

or

f .a C x/ D f .a/C
kX
iD1

1

i Š
f .i/.a/.xi /C 1

.k C 1/Š
f .kC1/.aC �x/.xkC1/:

This ends the proof. �
In Theorem 5.2 we obtain a bound on the remainder R.a; x/. We do not however

determine its value. If we strengthen the hypotheses slightly, then we do obtain a
precise measure of the value of R.a; x/.
Theorem 5.4 (Taylor’s formula, integral remainder). Let E and F be normed
vector spaces with F complete, O an open subset of E and f W O �! F of class
CkC1. If a 2 O and x 2 E is such that the segment Œa; a C x� is contained in O ,
then

f .a C x/ D f .a/C f .1/.a/x C 1

2
f .2/.a/.x2/C � � �

C 1

kŠ
f .k/.a/.xk/C

Z 1

0

.1 � t/k

kŠ
f .kC1/.a C tx/.xkC1/dt:

Proof. Let � be the mapping defined in Lemma 5.2. As f is of class CkC1, � is
of class C1 on an open interval containing Œ0; 1�. Using the fundamental theorem of
calculus, we have

�.1/ D �.0/C
Z 1

0

P�.t/dt
or

f .a C x/ D f .a/C f .1/.a/x C 1

2
f .2/.a/.x2/C � � �

C 1

kŠ
f .k/.a/.xk/C

Z 1

0

.1 � t/k
kŠ

f .kC1/.a C tx/.xkC1/dt;

which is the result we were looking for. �
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5.2 Asymptotic Developments

Let E and F be normed vector spaces, O an open subset of E and f a mapping
from O into F . We say that f has an asymptotic development of order k at a point
a 2 O if there are symmetric continuous i -linear mappings Ai , for i D 1; : : : ; k,
such that for small values of x we have

f .a C x/ D f .a/CA1x C 1

2
A2.x

2/C � � � C 1

kŠ
Ak.x

k/C o.kxkk/:

From Theorem 5.1, if f is k-differentiable at a, then f has an asymptotic
development of order k at a. By definition, if f has an asymptotic development
of order 1 at a, then f is differentiable at a; however, f may have an asymptotic
development of order k > 1 without being k-differentiable. Here is an example. Let
f W R �! R be defined by

f .x/ D
(
x3 sin 1

x
x ¤ 0

0 x D 0
:

For x close to 0 we can write

f .x/ D x2
�
x sin

1

x

�
D x2�.x/;

where limx!0 �.x/ D 0. Therefore f has an asymptotic development of order 2
at 0. Also,

Pf .x/ D
(
3x2 sin 1

x
� x cos 1

x
x ¤ 0

0 x D 0

and so
Pf .x/ � Pf .0/

x
D 3x sin

1

x
� cos

1

x
;

which has no limit at 0. Therefore Rf .0/ does not exist and it follows that f .2/.0/

does not exist.

In the appendix to this chapter we define and briefly study homogeneous
polynomials. We use a result from this appendix in the proof of the next theorem.

Theorem 5.5. Let E and F be normed vector spaces, O an open subset of E and
f a mapping from O into F . If f has an asymptotic development at a 2 E of order
k, then this development is unique.
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Proof. Suppose that

f .a C x/ � f .a/ D
kX
iD1

1

i Š
Ai .x

i /C o.kxkk/ D
kX
iD1

1

i Š
Bi .x

i /C o.kxkk/:

Then

0 D
kX
iD1

1

i Š
Ci .x

i /C o.kxkk/;

where Ci D Ai �Bi . We will prove by induction on k that if this condition applies,
then Ci D 0 for all i . If k D 1, then the uniqueness of the differential implies that
C1 D 0. Suppose now that the result is true up to order k and consider the case
k C 1. Then we have

0 D
kC1X
iD1

1

i Š
Ci.x

i /C o.kxkkC1/ D
kX
iD1

1

i Š
Ci.x

i /C o.kxkk/:

By hypothesis C1 D � � � D Ck D 0, therefore

0 D 1

.k C 1/Š
CkC1.xkC1/C o.kxkkC1/:

If kxk D 1, then we may write

����
1

.k C 1/Š
CkC1..rx/kC1/

���� D �.r/rkC1;

where limr!0 �.r/ D 0. On dividing by rkC1 we obtain CkC1.xkC1/ D 0.
As CkC1.xkC1/ D 0 for all x of norm 1, it is so for all x. If we now apply
Corollary 5.2 (see appendix), then we see that CkC1 D 0. By induction the result is
true for all k. �

Corollary 5.1. Let E and F be normed vector spaces, O an open subset of E and
f a mapping from O into F . If f has a kth differential at a 2 O and

f .a C x/ D f .a/C
kX
iD1

1

i Š
Ai .x

i /C o.kxkk/;

then Ai D f .i/.a/ for all i .

Proof. It is sufficient to apply Theorem 5.1 and the theorem we have just proved.�
Remark. This result may be useful in calculating higher differentials or derivatives.
It may well be easier to determine an asymptotic development than to calculate a
higher differential or derivative directly. This is particularly the case when handling
compositions of mappings.
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5.3 Extrema: Second-Order Conditions

We have previously seen that a local extremum of a differentiable function is always
a critical point. We now suppose that the function is 2-differentiable at the critical
point. We will concentrate on local minima; analogous results for local maxima can
be easily obtained by slightly modifying the arguments.

Proposition 5.2. Let O be an open subset of a normed vector space E, a 2 O and
f a real-valued function defined on O having a second differential at a. If a is a
local minimum, then for h 2 E

f .2/.a/.h; h/ � 0:

Proof. If h D 0, then f .2/.a/.h; h/ D 0. If h ¤ 0, then there is an � > 0 such that,
if jt j < �, then f .aC th/ � f .a/. Using Theorem 5.1 and the fact that a is a critical
point, we have

0 � f .a C th/ � f .x/ D f .1/.a/thC 1

2
f .2/.a/.th; th/C o.t2khk2E/

D t2

2
f .2/.a/.h; h/C o.t2khk2E/:

For t ¤ 0, we obtain

0 � f .2/.a/.h; h/C 2

t2
o.t2khk2E/:

As limt!0
o.t2khk2E/

t2
D 0, we have f .2/.a/.h; h/ � 0. �

Remark. It is sufficient to study the function f W R �! R; x 7�! x3 to see that the
converse of this proposition is false.

The above result gives a necessary condition for a point to be a minimum. We
now give two sufficient conditions, which however are not necessary.

Proposition 5.3. Let O be an open subset of a normed vector space E, f a real-
valued 2-differentiable function defined on O and a 2 O a critical point of f . If
there is an open ball B centred on a such that

f .2/.x/.h; h/ � 0

for x 2 B and h 2 E, then a is a local minimum.

Proof. Let aCh 2 B . From Theorem 5.3 and using the fact that a is a critical point,
we know that there is a � 2 .0; 1/ such that

f .a C h/ D f .a/C 1

2
f .2/.a C �h/.h; h/:

As aC �h 2 B , we have f .2/.a C �h/.h; h/ � 0 and so f .a C h/ � f .a/. �
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Exercise 5.1. By studying the function f W R2 �! R; .x; y/ 7�! x2y2, show that
the converse of the above proposition is false.

Theorem 5.6. Let O be an open subset of a normed vector space E, a 2 O and
f a real-valued function defined on O having a second differential at a. If a is a
critical point and there is an ˛ > 0 such that for h 2 E

f .2/.a/.h; h/ � ˛khk2E ;

then a is a strict local minimum of f .

Proof. From Theorem 5.1 and taking into account that a is a critical point, for h
sufficiently small we may write

f .a C h/ � f .a/ D 1

2
f .2/.a/.h; h/C �.h/khk2 � 1

2
.˛ C 2�.h//khk2;

where limh!0 �.h/ D 0. Let B be an open ball in E centred on 0 such that j�.h/j <
˛
4

when h 2 B . Then ˛ C 2�.h/ > ˛
2

. If h ¤ 0, then

f .a C h/� f .a/ >
˛

4
khk2 > 0;

therefore a is a strict local minimum. �

Exercise 5.2. By studying the function f W R �! R; x 7�! x4, show that the
converse of the above theorem is false.

As above suppose that a is a critical point of f and that f is 2-differentiable
at a. Let us consider f Œ2�.a/ 2 L2.E;R/ D L.E;E�/, where as usual E� is the
dual L.E;R/ of E. If the mapping f Œ2�.a/ is an isomorphism and has a continuous
inverse, then we say that a is non-degenerate. Notice that, if a is a non-degenerate
critical point, then the norm of f Œ2�.a/ is nonzero and hence so is that of f .2/.a/.

Example. Let f be a real-valued function defined on an open subset O of Rn and
suppose that f is 2-differentiable at a critical point a 2 O . If H is the Hessian
matrix of f at a, then for any x 2 R

n f Œ2�.a/x is the mapping

lx W Rn �! R; h 7�! xtHh:

Now lx D 0 if and only if xtHh D 0 for all h 2 R
n, which is equivalent to saying

that Hx D 0, because H is symmetric. It follows that f Œ2�.a/ is injective (and so
bijective) if and only if H is invertible. In other words, a is non-degenerate if and
only if the Hessian matrix H of f at a is invertible.

Theorem 5.7. Let f be a real-valued function defined on an open subset of
a normed vector space E. If a is a non-degenerate critical point of f and
f .2/.a/.h; h/ � 0 for all h 2 E, then there exists a real number ˛ > 0, such
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that, for h 2 E ,
f .2/.a/.h; h/ � ˛khkE

and therefore a is a local minimum.

Proof. To simplify the notation, let us set L D f Œ2�.a/, M the norm of L�1 and
B D f .2/.a/. First we have khkE � M jL.h/jE� . Also,

jL.h/jE� D sup
kkkED1

jL.h/kj:

If h ¤ 0, then L.h/ ¤ 0 and there exists k such that kkkE D 1 and jL.h/kj �
1
2
jL.h/jE� . It follows that, for any h 2 E, there is a k 2 E such that kkkE D 1 and

2jL.h/kj � jL.h/jE� ;

hence
khkE � 2M jL.h/kj:

We also have

0 � B.hC tk; hC tk/ D t2B.k; k/C 2tB.h; k/C B.h; h/

for t 2 R. The right-hand side of this expression is a second degree polynomial in t .
As it is positive for all t , its discriminant is negative, hence

B.h; k/2 � B.k; k/B.h; h/ � jBjL.E2IR/B.h; h/:

Therefore
khk2E � 4M2jBjL.E2IR/B.h; h/:

As jBjL.E2IR/ ¤ 0, we can write

f .2/.a/.h; h/ D B.h; h/ � ˛khk2E ;

where ˛ D .4M2jBjL.E2IR//�1. �

Let us return to the case where E D R
n. However, first we will recall some

elementary algebra. Let M 2 Mn.R/ be symmetric and Q the quadratic form
defined by M , i.e., Q.x/ D xtMx for x 2 R

n. We say that Q is definite if
detM ¤ 0. As M is symmetric, all its eigenvalues are real and so Q is definite
if and only if the eigenvalues of M are either positive or negative real numbers. If
all the eigenvalues are positive (resp. negative), then we say thatQ is positive (resp.
negative) definite. A basis .ei / of Rn is said to be orthonormal if the dot product
ei � ej has the value 1 if i D j and 0 otherwise. For any symmetric matrix M there
is an orthonormal basis .ei / of Rn composed of eigenvectors of M .
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Lemma 5.3. Let M 2 Mn.R/ be symmetric and Q the quadratic form defined by
M . Suppose thatQ is definite and let S be the unit sphere in R

n for the norm k � k2.
If Q is positive (resp. negative) definite, then there is an m > 0 (resp. m < 0) such
thatQ.x/ � m (resp.Q.x/ � m) for all x 2 S . IfQ is neither positive nor negative
definite, then there exist x; y 2 R

n n f0g such that Q.x/ D 1 andQ.y/ D �1.

Proof. Let .ei / be an orthonormal basis of Rn composed of eigenvectors of M and
.�i / the corresponding eigenvalues. If x D Pn

iD1 xi ei , then Q.x/ D Pn
iD1 �ix2i . If

all the eigenvalues are positive (resp. negative) and x 2 S , thenQ.x/ � min�i > 0
(resp. Q.x/ � max�i < 0). Suppose now that there are eigenvalues �i > 0 and
�j < 0. If we set x D eip

�i
and y D ejp��j , then Q.x/ D 1 and Q.y/ D �1. �

Theorem 5.8. Let O be an open subset of Rn, f a real-valued 2-differentiable
function defined on O , with a non-degenerate critical point a, and Q the quadratic
form defined by the Hessian matrix H D Hf .a/. We have:

• if Q is positive definite, then f has a strict local minimum at a;
• if Q is negative definite, then f has a strict local maximum at a;
• if Q is neither positive nor negative definite, then f does not have a local

extremum at a.

Proof. As a is non-degenerate,Q is definite. Also,Q.x/ D f .2/.a/.x; x/. Suppose
first that Q is positive definite. From the above lemma, there is an m > 0 such that
Q.x/ � m for all x 2 S , where S is the unit sphere for the norm k � k2. This implies
that Q.x/ � mkxk22 for all x 2 R

n. From Theorem 5.6 a is a strict local minimum.
If Q is negative definite, then there is an m < 0 such that Q.x/ � m for all

x 2 S , which implies that �Q.x/ � �m for all x 2 S . However, �Q is the
quadratic form defined by the Hessian matrix of �f at a. Therefore �f has a strict
local minimum at a and so f has a strict local maximum.

Suppose now that Q is neither positive nor negative definite. From the
lemma there exist x; y 2 R

n n f0g such that Q.x/D 1 and Q.y/D � 1. From
Proposition 5.2, because Q.y/D � 1, a cannot be a local minimum. Because
�Q.x/D � 1, �f does not have a local minimum at a, hence f does not have a
local maximum at a. �

Remark. A non-degenerate critical point which is neither a local minimum nor a
local maximum is called a saddle point.

Example. Let f be the real-valued function defined on R
3 by f .x; y; z/ D z2.1C

xy/C xy. Then

@f

@x
D yz2 C y;

@f

@y
D xz2 C x and

@f

@z
D 2z.1C xy/:

The only solution of the system @f

@x
D 0, @f

@y
D 0, @f

@z D 0 is the point a D .0; 0; 0/,
so this is the unique critical point of f . The function f is 2-differentiable and
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Hf .x; y; z/ D
0
@

0 z2 C 1 2yz
z2 C 1 0 2xz
2yz 2xz 2.1C xy/

1
A :

If H D Hf .a/, then a simple calculation shows that detH.a/ D �2 ¤ 0 and so
the associated quadratic form Q is definite. The matrix H has the eigenvalues 1, 2
and �1 and so a is a saddle point.

Exercise 5.3. Find the critical points of the real-valued function f defined by

f .x; y; z/ D x4 � 2x2y C 2y2 � 2yz C 2z2 � 4z C 5:

Show that they are non-degenerate and determine the nature of each such point
(local minimum, local maximum, saddle point).

Exercise 5.4. Let

O D f.x1; : : : ; xn/ 2 R
n W x1 > 0; : : : ; xn > 0g

and f W O �! R be defined by

f .x1; : : : ; xn/ D x1x2 � � �xn C ˛nC1
�
1

x1
C 1

x2
C � � � C 1

xn

�
;

where ˛ 2 R
�C. Show that f has a unique critical point, which is non-degenerate,

and determine its nature.

If .a; b/ is a non-degenerate critical point of a 2-differentiable real-valued
function f defined on an open subset of R

2, then it is very simple to determine
the nature of .a; b/. Let us write

r D @2f

@x2
; s D @2f

@x@y
D @2f

@y@x
and t D @2f

@y2
:

Then

Hf .x; y/ D
�
r s

s t

�
:

The number rt � s2 is the determinant of this matrix, which is the product of the
eigenvalues, and r C t is the trace, which is the sum of the eigenvalues. With r , s,
and t evaluated at .a; b/ we obtain the following conditions:

• if rt � s2 > 0 and r > 0, then .a; b/ is a local minimum;
• if rt � s2 > 0 and r < 0, then .a; b/ is a local maximum;
• if rt � s2 < 0, then .a; b/ is a saddle point.

As rt � s2 > 0 and r D 0 is impossible, this exhausts all the possibilities.
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Example. Let f be the real-valued function defined on R
2 by f .x; y/ D x3 C

3xy2 � 15x � 12y. Then

@f

@x
D 3x2 C 3y2 � 15 and

@f

@y
D 6xy � 12:

The solutions of the system @f

@x
D 0, @f

@y
D 0 are

A D .2; 1/; B D .1; 2/; C D .�2;�1/ and D D .�1;�2/:

We now calculate r , s and t :

r D 6x; s D 6y and t D 6x:

At B andD, rt � s2 D �108, so these points are saddle points; at A, rt � s2 D 108

and r D 12, so A is a local minimum; at C , rt � s2 D 108 and r D �12, so C is a
local maximum.

Exercise 5.5. Find the critical points of the functions f and g defined on R
2 by

f .x; y/ D x3Cy3C3xy and g.x; y/ D �2x3Cy3C2x2y�xy2C3x�3y

and determine the nature of each critical point.

Remark. If a critical point is degenerate, then the second differential does not help
us to determine its nature. Consider the following real-valued functions defined on
R: f W x 7�! x3, g W x 7�! x4 and h W x 7�! �x4. All three functions have
a degenerate critical point at 0 and the same second differential. However, 0 is a
local minimum of g, a local maximum of h, but neither a local minimum nor a local
maximum of f .
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Appendix: Homogeneous Polynomials

Suppose thatE and F are vector spaces (not necessarily normed). If � is a mapping
from E into F and there is a k-linear mapping Q� from E into F such that

�.x/ D Q�.x; : : : ; x/ D Q�.xk/

for x 2 E, then � is said to be a k-homogeneous polynomial. The zero mapping
is k-homogeneous for any k. However, for any other homogeneous polynomial, the
number k is unique, because

�.�x/ D �k�.x/

for � 2 R. We call this k the degree of �. By convention we say that the zero
mapping is of degree �1 and that a nonzero constant mapping from E into F is a
homogeneous polynomial of degree 0.

Remark. If F D R and k D 2, then we call � a quadratic form.

Let us write Hk.E; F / for the space of k-homogeneous polynomials from E into
F . Hk.E; F / is a linear subspace of F.E; F /, the vector space of mappings from
E into F .

Proposition 5.4. If � W E �! F is a k-homogeneous polynomial, then there is a
symmetric k-linear mapping Q�S from E into F such that �.x/ D Q�S.xk/.
Proof. By definition, there is k-linear mapping Q� from E into F such that

�.x/ D Q�.x; : : : ; x/ D Q�.xk/

for x 2 E . It is sufficient to set

Q�S.x1; : : : ; xk/ D 1

kŠ

X
�2Sk

Q�.x�.1/; : : : ; x�.k//;

where Sk denotes the group of permutations of the set f1; : : : ; kg. �

Thus we may consider homogeneous polynomials as deriving from symmetric
multilinear forms.

Suppose that E D R
n, F D R and .ei / is the standard basis of Rn. Let � be a

homogeneous polynomial and Q� a k-linear form such that �.x/ D Q�.xk/. Then we
have

�.x1; : : : ; xn/ D Q�
 

nX
iD1

xi ei ; : : : ;

nX
iD1

xi ei

!
D

X
i1;:::;ik2Nn

xi1 � � �xik Q�.ei1 ; : : : ; eik /;
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where Nn D f1; : : : ; ng. Thus � is a homogeneous polynomial in the classical sense.
On the other hand, if

�.x1; : : : ; xn/ D
X

i1;:::;ik2Nn
ci1;:::;ik xi1 : : : xik

is a k-homogeneous polynomial in n variables in the classical sense and we set

Q�.ei1 ; : : : ; eik / D ci1;:::;ik ;

then, by extending Q� to .Rn/k in the natural way, we obtain a k-linear form such that
�.x/ D Q�.xk/. It follows that the definition of a homogeneous polynomial which
we have given above generalizes the classical definition.

As previously, let us write LS.Ek IF / for the vector space of symmetric k-linear
mappings from Ek into F . The mapping

A W LS.Ek IF / �! Hk.E; F /; Q� 7�! �

is linear and surjective (from Proposition 5.4). Our aim is to show that this mapping
is also injective. If k D 2, then this is easy to see: if Q� is symmetric and � D
A. Q�/, then

Q�.x C y; x C y/ D Q�.x; x/C Q�.y; y/C Q�.x; y/C Q�.y; x/;

which implies that

Q�.x; y/ D 1

2
.�.x C y/ � �.x/ � �.y//:

For k > 2 the problem is more difficult.
Let E and F be vector spaces (not necessarily normed), h an element of E and

� a function from E into F . We define the mapping�h� W E �! F by

�h�.x/ D �.x C h/ � �.x/:

�h is called a difference operator and clearly defines a linear mapping on F.E; F /.
Notice that, if � is constant, then �h� D 0.

If we take two elements h1; h2 2 E, then we may define a second difference
operator�h1;h2 by setting

�h1;h2� D �h1.�h2�/:

We have

�h1;h2�.x/D�h1.�.xCh2/��.x//D �.xCh2Ch1/��.xCh2/��.xCh1/C�.x/:
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This operator is also linear and �h2;h1 D �h1;h2 . We define higher order difference
operators in an analogous way. It is not difficult to see that

�h1;:::;hs ;hsC1;:::;hk � D �h1;:::;hs .�hsC1;:::;hk�/:

Theorem 5.9. If � is a k-homogeneous polynomial, with k � 1, h1; : : : ; hk 2 E

and Q� is a symmetric k-linear mapping such that �.x/ D Q�.xk/, then for any x 2 E

�h1;:::;hk �.x/ D kŠ Q�.h1; : : : ; hk/:

Proof. We will prove this result by induction on k. If k D 1, then Q� D � and the
result follows. Suppose now that the result is true up to k�1 and consider the case k.
We have

�hk�.x/ D �.x C hk/� �.x/ D
kX
iD1

 
k

i

!
Q�.xk�i ; hik/:

Using the linearity of the operator�h1;:::;hk�1
, we obtain

�h1;:::;hk�1
.�hk�.x// D

kX
iD1

 
k

i

!
�h1;:::;hk�1

Q�.xk�i ; hik/:

The mapping x 7�! Q�.xk�i ; hik/ is a .k � i/-homogeneous polynomial. By
hypothesis

�h1;:::;hk�1
Q�.xk�1; hk/ D .k � 1/Š Q�.h1; : : : ; hk�1; hk/:

Also, for i � 2 we have

�hi ;:::;hk�1
Q�.xk�i ; hik/ D .k � i/Š Q�.hi ; : : : ; hk�1; hik/;

which implies that
�h1;:::;hk�1

Q�.xk�i ; hik/ D 0:

Therefore

�h1;:::;hk�1
.�hk�.x// D k.k � 1/Š Q�.h1; : : : ; hk�1; hk/:

and so the result is true for k. This ends the proof. �

Corollary 5.2. The mapping

A W LS.Ek IF / �! Hk.E; F /; Q� 7�! �

is injective.
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Proof. Let us fix x 2 E. If A. Q�1/ D A. Q�2/ D � and h1; : : : ; hk 2 E, then

Q�1.h1; : : : ; hk/ D 1

kŠ
�h1;:::;hk�.x/ D Q�2.h1; : : : ; hk/;

therefore Q�1 D Q�2 and the injectivity follows. �

Here we have considered the generalization of homogeneous polynomials in
several variables to mappings between vector spaces. It is also possible to generalize
other polynomials in several variables. This more general theory is covered in Henri
Cartan’s book on differential calculus [6].



Chapter 6
Hilbert Spaces

In this chapter we study Hilbert spaces, which can be considered as a certain
subclass of the class of normed vector spaces. We will define some particular
mappings and study their differentiability.

6.1 Basic Notions

Let E be a vector space. A symmetric bilinear form h�; �i defined on E is said to be
positive definite if for all x 2 E

hx; xi � 0 and hx; xi D 0 ” x D 0:

In this case we say that h�; �i is an inner product. The pair .E; h�; �i/ is called an inner
product space. The dot product on R

n is clearly an inner product and so R
n with the

dot product is an inner product space.

Exercise 6.1. For M;N 2 Mm;n.R/, let us set

hM;N i D tr .N tM/:

Show that h�; �i defines an inner product on Mm;n.R/.

Proposition 6.1. Writing kxk for
phx; xi, we have:

(a) jhx; yij � kxkkyk;
(b) kx C yk � kxk C kyk;
(c) kx C yk2 C kx � yk2 D 2.kxk2 C kyk2/.
Proof. .a/ If we define � W R �! R by �.t/ D kx C tyk2, then

0 � �.t/ D kxk2 C 2thx; yi C t2kyk2:

R. Coleman, Calculus on Normed Vector Spaces, Universitext,
DOI 10.1007/978-1-4614-3894-6 6, © Springer Science+Business Media New York 2012
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As � is always nonnegative, the discriminant of � must be nonpositive, i.e.,

4hx; yi2 � 4kxk2kyk2 � 0:

Hence the result.

.b/ We have

kxCyk2 D kxk2C2hx; yiCkyk2 � kxk2C2kxkkykCkyk2 D .kxkCkyk/2;

therefore
kx C yk � kxk C kyk:

(c) We have

kx C yk2Ckx � yk2 D .kxk2C2hx; yi C kyk2/C .kxk2 � 2hx; yi C kyk2/
D 2.kxk2 C kyk2/:

This ends the proof. �

Remarks. 1. From .b/ above we see that k � k defines a norm on E (hence the
notation is justifiable).

2. The inequality .a/ is called Schwarz’s inequality . It shows that an inner product
is always continuous. Thus an inner product is smooth (Exercise 4.8).

3. The equality .c/ is called the parallelogram equality by analogy with the
relationship between the lengths of the sides and diagonals of a parallelogram
in the plane. If a normed vector space satisfies this equality, then it can be
considered an inner product space, as we will soon see.

Exercise 6.2. Prove that jhx; yij D kxkkyk if and only if x and y are linearly
dependent. What can we say for kx C yk D kxk C kyk?

Exercise 6.3. If E is an inner product space, show that the norm derived from the
inner product is smooth on E n f0g and that for points x 2 E n f0g and h 2 E

kxk0h D hx; hi
kxk :

Theorem 6.1. If .E; k � k/ is a normed vector space and the norm satisfies the
parallelogram equality, then there is a unique inner product h�; �i defined on E such
that kxk D phx; xi for all x 2 E.

Proof. If the norm k � k is derived from an inner product h�; �i, then

kx C yk2 D kxk2 C 2hx; yi C kyk2 H) hx; yi D 1

2
.kx C yk2 � kxk2 � kyk2/:
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This proves the uniqueness and also suggests a way of defining a possible inner
product. If we set

˛.x; y/ D 1

2
.kx C yk2 � kxk2 � kyk2/;

then ˛.x; y/ D ˛.y; x/ and ˛.x; x/ D kxk2. To prove the theorem it is sufficient to
show that

˛.x C x0; y/ D ˛.x; y/C ˛.x0; y/;

˛.�x; y/ D �˛.x; y/

for all x; x0 2 E and � 2 R. We will do this in steps.

Step 1. Two preliminary results: for all x; y 2 E
.a/ ˛.x; y/ D k xCy

2
k2 � k x�y

2
k2;

.b/ ˛.x; 2y/ D 2˛.x; y/.

Using the parallelogram equality we have

˛.x; y/C ˛.x;�y/ D 1

2
kx C yk2 C 1

2
kx � yk2 � kxk2 � kyk2 D 0;

which implies that ˛.x; y/ D �˛.x;�y/. From this equality we obtain

˛.x; y/ D 1

2
.˛.x; y/ � ˛.x;�y// D

����
x C y

2

����
2

�
����
x � y

2

����
2

;

the preliminary result .a/. We now turn to .b/. Using the parallelogram equality
again, we obtain the two equalities

����
x

2
C y

����
2

C
����
x

2

����
2

D 2

�����
x C y

2

����
2

C
����
y

2

����
2�

I
����
x

2
� y

����
2

C
����
x

2

����
2

D 2

�����
x � y
2

����
2

C
����
y

2

����
2�
:

And using .a/ we have

˛.x; 2y/ D
����
x

2
C y

����
2

�
����
x

2
� y

����
2

D 2

�����
x C y

2

����
2

�
����
x � y
2

����
2�

D 2˛.x; y/;

the preliminary result .b/ Notice also that, from the symmetry of ˛, we have

˛.x; y/ D �˛.�x; y/ and ˛.2x; y/ D 2˛.x; y/:
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Step 2. For all x; x0; y 2 E

˛.x C x0; y/ D ˛.x; y/C ˛.x0; y/:

From .a/ and the parallelogram equality we obtain

˛.x; y/C ˛.x0; y/ D
�����
x C y

2

����
2

C
����
x0 C y

2

����
2�

�
�����
x � y
2

����
2

C
����
x0 � y
2

����
2�

D 1

2

�����
x C x0

2
C y

����
2

C
����
x � x0

2

����
2�

�1
2

�����
x C x0

2
� y

����
2

C
����
x � x0

2

����
2�

D 1

2

�����
x C x0

2
C y

����
2

�
����
x C x0

2
� y

����
2�

D 1

2
˛.x C x0; 2y/:

Applying .b/ we obtain the result.

Step 3. For all x; y 2 E and � 2 R

˛.�x; y/ D �˛.x; y/:

First we establish by induction the result for � D n 2 N. For n D 0 and n D 1 there
is nothing to prove and for n D 2 we have proved the result above. Suppose now
that statement is true for n. Then

˛..nC 1/x; y/ D ˛.nx; y/C ˛.x; y/ D n˛.x; y/ C ˛.x; y/ D .nC 1/˛.x; y/:

Hence the result is true for nC 1. Thus for n 2 N

˛.nx; y/ D n˛.x; y/:

If n < 0, then we have

˛.nx; y/ D �˛.�nx; y/ D �.�n˛.x; y// D n˛.x; y/:

This establishes the result for � D n 2 Z.
To extend this to Q, we first notice that, if n 2 Z

�, then

˛.x; y/ D ˛

�
n
1

n
x; y

�
D n˛

�
1

n
x; y

�
H) ˛

�
1

n
x; y

�
D 1

n
˛.x; y/:
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Now, if .p; q/ 2 Z � Z
�, then

˛

�
p

q
x; y

�
D p˛

�
1

q
x; y

�
D p

q
˛.x; y/:

Thus the result is true for � 2 Q.
Finally, let us take � 2 R. There exists a sequence .�n/ � Q such that

lim�n D �. Then

�˛.x; y/ D lim�n˛.x; y/ D lim˛.�nx; y/ D ˛.�x; y/;

because lim k�nxk D k�xk and lim k�nx C yk D k�x C yk.

We have proved that ˛ is an inner product. This ends the proof. �

Example. The norm k � k2 on R
n is derived from an inner product. However, this is

not the case for the norms k � kp with p ¤ 2. If

x D .1; 0; 0; : : : ; 0/ and y D .0; 1; 0; : : : ; 0/;

then simple calculations show that the parallelogram equality is not satisfied if 1 �
p < 1, p ¤ 2. If we replace x by

x0 D .1; 1; 0; : : : ; 0/;

then the parallelogram equality is not satisfied for p D 1.

IfE is an inner product space and complete with the norm derived from the inner
product, then E is said to be a Hilbert space. (In this case we usually write H for
E .) Thus Rn with the dot product is a Hilbert space. However, not all inner product
spaces are Hilbert spaces as the next exercise shows.

Exercise 6.4. LetE be the space of continuous real-valued functions defined on the
closed interval Œ�1; 1�. For f; g 2 E, let hf; gi D R 1

�1 fg. Show that h�; �i defines an
inner product on E. Using the sequence of functions .fn/ defined by

fn.x/ D
8
<
:

0 �1 � x � � 1
n

nx C 1 � 1
n
< x � 0

1 0 < x � 1

;

show that E is not a Hilbert space.

Exercise 6.5. Consider the space l2 composed of sequences of real numbers .xn/
such that

P1
nD1 jxnj2 < 1. Show that, if .xn/; .yn/ 2 l2 and we set
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h.xn/; .yn/i D
1X
nD1

xnyn;

then h�; �i defines an inner product on l2 and that l2 with this inner product is a
Hilbert space.

A Hilbert space H may be a Banach algebra. It is interesting to notice that in
this case H is always a division ring. (An easy proof of this may be found in [7].)
This implies that H is isomorphic to R, C or H (see Sect. 1.7).

If x and y are nonzero vectors in the plane R
2, based at the origin, and � is the

angle between them, then it is easy to show that x � y D jxjjyj cos � , where jxj
(resp. jyj) is the length of x (resp. y). This equality is equivalent to the statement
arccos � D x�y

jxjjyj . We can generalize this. If x and y are nonzero elements of an inner
product space E, then we define the angle �.x; y/ between x and y as follows:

�.x; y/ D arccos
hx; yi

kxkkyk :

The function arccos is defined on the interval Œ�1; 1�. By Schwarz’s inequality
hx;yi

kxkkyk 2 Œ�1; 1� and so this definition makes sense.

6.2 Projections

If K is a nonempty closed subset of a normed vector space and y 2 H , then we
define the distance from y to K as follows:

dK.y/ D inf
z2K ky � zk:

If K is a convex subset of a Hilbert space, then this distance is realized by a unique
point PK.y/ 2 K , which is called the projection of y on K . We thus obtain a
mapping PK ofH ontoK . In this section we will study the projection mapping PK
and in the next the distance mapping dK .

Theorem 6.2. LetH be a Hilbert space andK a closed convex subset ofH , which
is not empty. For each y 2 H there exists a unique element x 2 K such that

ky � xk D inf
z2K ky � zk: (6.1)

Furthermore, x is characterized by the property

x 2 K and hy � x; z � xi � 0 (6.2)

for all z 2 K .
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Proof. As the proof is a little long, we will proceed by steps.

Step 1. Existence of the unique element x.

Let .zn/ be a sequence in K such that

lim ky � znk D inf
z2K ky � zk:

To simplify the notation let us set dn D ky� znk and d D infz2K ky � zk. Applying
the parallelogram equality

kaC bk2 C ka � bk2 D 2.kak2 C kbk2/;

with a D y � zn and b D y � zm, we obtain

����y � zn C zm
2

����
2

C
����

zn � zm
2

����
2

D 1

2
.d2n C d2m/:

As K is convex, znCzm
2

2 K and so ky � znCzm
2

k � d . Therefore

����
zn � zm
2

����
2

� 1

2
.d2n C d2m/� d2 D 1

2
.d2n � d2/C 1

2
.d2m � d2/:

This implies that .zn/ is a Cauchy sequence. If we set x D lim zn, then x 2 K ,
becauseK is closed. To see that kx�yk D d it is sufficient to notice that kx�yk �
kx � znk C kzn � yk.

Step 2. Equivalence of the conditions (6.1) and (6.2).

First suppose that x satisfies (6.1). If z 2 K and t 2 .0; 1�, then .1 � t/x C tz 2 K ,
hence

ky � xk � ky � Œ.1 � t/x C tz�k D ky � x � t.z � x/k
and so

ky � xk2 � ky � xk2 � 2thy � x; z � xi C t2kz � xk2:
This gives us the inequality 2hy � x; z � xi � tkz � xk2. If we now let t go to 0, we
obtain hy � x; z � xi � 0. This proves that (6.1) implies (6.2).

Now suppose that x satisfies (6.2). If z 2 K , then

ky � zk2 D k.y � x/ � .z � x/k2 D ky � xk2 � 2hy � x; z � xi C kz � xk2;

which implies that

ky � xk2 D ky � zk2 C 2hy � x; z � xi � kz � xk2 � ky � zk2;
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because hy � x; z � xi � 0. We have thus shown that (6.2) implies (6.1) and we
have the equivalence we were looking for.

Step 3. Uniqueness of the element x.

Suppose that x1 and x2 satisfy (6.2). Then for any z 2 K we have

hy � x1; z � x1i � 0 and hy � x2; z � x2i � 0:

As x1; x2 2 K , we can replace z by x2 in the first expression and by x1 in the second
to obtain

hy � x1; x2 � x1i � 0 and hx2 � y; x2 � x1i � 0:

On adding the two inequalities, we see that kx2 � x1k2 � 0, which implies that
x2 D x1. This proves the uniqueness and so finishes the proof. �

Corollary 6.1. A closed convex subset K of a Hilbert space H contains a unique
element of minimum norm.

Proof. It is sufficient to set y D 0 in the theorem. �
As we have already stated, the unique element x D PK.y/ which minimises

ky�zk for z 2 K is called the projection of y ontoK and the mapping y 7�! PK.y/

from H into itself the projection (mapping) of H onto K . There is no difficulty in
seeing that PK.y/ D y if and only if y 2 K . In the next proposition we will look at
some properties of the projection of an element lying outside ofK .

Proposition 6.2. If y 62 K , then x D PK.y/ 2 @K . Also, for all vectors z 2 K , the
angle between the vectors y � x and z � x is not less than �

2
.

Proof. If x 62 @K , then x 2 intK and there is an open ball B.x; r/ lying in K . For
t 2 .0; 1/ sufficiently small, x C t.y � x/ 2 B.x; r/ and

ky � .x C t.y � x//k D .1 � t/ky � xk < ky � xk;

a contradiction. Hence x 2 @K .
To prove the second statement it is sufficient to notice that

�.y � x; z � x/ D arccos
hy � x; z � xi

ky � xkkz � xk � 0:

This ends the proof. �

Exercise 6.6. Suppose that y 62 K , x D PK.y/ and that y0 belongs to the segment
.x; y/. Show that PK.y0/ D x.

Example. We consider Rn with the dot product. The set K D R
nC is closed and

convex. We claim that PK.y/i D maxfyi ; 0g. We have
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hy � x; z � xi D
nX
iD1
.yi � xi /.zi � xi /:

Let z 2 K and xi D maxfyi ; 0g. Then

yi � 0 H) xi D 0 H) yi � xi D yi � 0 and zi � xi D zi � 0:

Also,
yi > 0 H) xi D yi H) yi � xi D 0:

Therefore hy � x; z � xi � 0 and the affirmation is proved.

Exercise 6.7. LetK D f.x1; x2/ 2 R
2 W x1 C tx2 � 0; t 2 Œ�1; 1�g. Show thatK is

a closed convex subset of R2. Find the set of points .y1; y2/ whose projection onto
K is the origin.

Exercise 6.8. If K is the closed unit ball in a Hilbert space and y … K , show that
the projection of y onto K is the point y

kyk .

IfK is a closed convex subset of a normed vector spaceE, which is not a Hilbert
space, then it is not always possible to define a projection mapping: there may be
no element realizing the minimum distance or more than one element realizing this
distance. Let us look at two examples.

• Let E D C.Œ0; 1�;R/ be the vector space of real-valued continuous functions
defined on the interval Œ0; 1�. If we set kf k D supt2Œ0;1�fjf .t/jg, then k � k defines
a norm on E and .E; k � k/ is a Banach space. Let

K D
�
f 2 E W

Z 1
2

0

f .t/dt �
Z 1

1
2

f .t/dt D 1

�
:

ThenK is a nonempty closed convex subset ofE having no element of minimum
norm. Hence we cannot define the projection of 0 on K .

• Let E D l1.R/ be the vector space of real sequences x D .xn/
1
nD1 such thatP1

nD1 jxnj < 1. We have seen that, if we set kxk D P1
nD1 jxnj, then k � k

defines a norm on E and that .E; k � k/ is a Banach space. The set

K D
�
x 2 E W

1X
nD1

xn D 1

�
;

is a closed convex subset of E. K cannot have a unique element of minimum
norm, because there are always many elements having the same norm. Thus we
cannot define the projection of 0 ontoK .

We will now study the projection mapping in more detail. However, first a
definition. Let E and F be normed vector spaces and k 2 RC. We say that
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f W E �! F is a k-Lipschitz mapping if

kf .x/ � f .y/kF � kkx � ykE
for all x; y 2 E. If k < 1 we call f a contraction mapping or contraction. Clearly
Lipschitz mappings are continuous.

Proposition 6.3. The projection PK is a 1-Lipschitz mapping.

Proof. If x1 D PK.y1/ and x2 D PK.y2/, then for z 2 K

hy1 � x1; z � x1i � 0 and hy2 � x2; z � x2i � 0:

Remembering that x1; x2 2 K , we obtain

hy1 � x1; x2 � x1i � 0 and hx2 � y2; x2 � x1i � 0:

Summing the two expressions and using the Schwarz inequality, we obtain

kx2 � x1k2 � hy2 � y1; x2 � x1i � ky2 � y1kkx2 � x1k;

from which we deduce kx2 � x1k � ky2 � y1k. �

Although the projection mapping is 1-Lipschitz (and hence continuous), it is not
in general differentiable on its domain. This depends on the nature of the closed
convex set K . Let us return to the example given just after Exercise 6.6. The i th
coordinate function PKi can be written

PKi .y/ D
�
yi when yi � 0;

0 when yi < 0:

If yi ¤ 0, then the partial derivative
@PKi
@yi

is defined and continuous on a neighbour-

hood of y. However, if yi D 0, then the partial derivative @PKi
@yi
.y/ is not defined. It

follows that PKi is differentiable only at those points y whose coordinates are all
nonzero.

Let us now turn to the particular case whereK is a closed vector subspace of H .
In this case we have a simpler characterization of the projection of an element and
the projection mapping is everywhere differentiable.

Proposition 6.4. IfK is a closed vector subspace of a Hilbert spaceH and y 2 H ,
then x D PK.y/ can be characterized as follows:

x 2 K and hy � x; zi D 0 (6.3)
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for all z 2 K . In addition, the projectionPK is a linear continuous mapping of norm
not greater than 1.

Proof. Let us fix z 2 K . If t 2 R, then tz 2 K and so for t 2 R

hy � x; tz � xi � 0:

This implies that
thy � x; zi � hy � x; xi

and so hy�x; zi D 0. Conversely, suppose that x satisfies the condition (6.3). Then
for z 2 K

hy � x; z � xi D 0;

because z � x 2 K . Therefore x D PK.y/. This finishes the first part of the proof.
Let ˛ 2 R, x D PK.y/ and z 2 K; then

hy � x; zi D 0 H) ˛hy � x; zi D 0 H) h˛y � ˛x; zi D 0

and so PK.˛y/ D ˛PK.y/. Suppose now that x1 D PK.y1/ and x2 D PK.y2/.
Then

hy1 � x1; zi D 0 and hy2 � x2; zi D 0 H) h.y1 C y2/� .x1 C x2/; zi D 0

and it follows that PK.y1 C y2/ D PK.y1/CPK.y2/. This proves that PK is linear.
In addition,

kPK.y/k D kPK.y/� PK.0/k � ky � 0k D kyk

and so PK is continuous with norm not greater than 1. �

Corollary 6.2. If K is a closed affine subspace of a Hilbert space H , then the
projection mapping PK is smooth on H .

Proof. IfK is a subspace ofH , then the result follows directly from the fact that PK
is linear and continuous. Suppose now that K D aC QK, where QK is a subspace and
a … QK; then QK is closed, because the mapping y 7�! a C y is a homeomorphism.
If x D P QK.y/, then

k.a C y/ � .a C x/k D ky � xk D inf
z2 QK

ky � zk D inf
z2 QK

k.a C y/� .aC z/k;

therefore

PK.a C y/ D P QK.y/C a H) PK.y/ D P QK.y � a/C a D P QK.y/ � P QK.a/C a:

Hence PK D P QK � P QK.a/C a and it follows that PK is smooth. �
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6.3 The Distance Mapping

IfK is a nonempty closed subset of a normed vector spaceE, then, as we have seen,
we define the distance of a point y 2 E to K by

dK.y/ D inf
z2K ky � zk:

Proposition 6.5. If K is a nonempty closed subset of a normed vector space, then
the mapping dK is 1-Lipschitz and therefore continuous.

Proof. Let y1; y2 2 E and z 2 K . Then

jky1 � zk � ky2 � zkj � k.y1 � z/� .y2 � z/k D ky1 � y2k:

Therefore
ky1 � zk � ky2 � zk C ky1 � y2k

and we easily obtain

inf
z2K ky1 � zk � inf

z2K ky2 � zk C ky1 � y2k:

Changing the roles of y1 and y2 we obtain

inf
z2K ky2 � zk � inf

z2K ky1 � zk C ky2 � y1k:

It follows that
jdK.y1/� dK.y2/j � ky2 � y1k;

and so dK is 1-Lipschitz. �

The mapping dK is not in general differentiable, even on a Hilbert space.
However, if we take the square of dK , then we obtain a differentiable mapping,
as we will now see.

Theorem 6.3. If K is a nonempty closed convex subset of a Hilbert space, then the
mapping d2K is of class C1.

Proof. Let us fix x 2 E and write �.h/ D d2K.x C h/ � d2K.x/. As d2K.x C h/ �
kx C h � PK.x/k2, we have

��.h/ � kx � PK.x/k2 � kx C h� PK.x/k2
D hx � PK.x/; x � PK.x/i � hx C h � PK.x/; x C h � PK.x/i
D �khk2 � 2hx � PK.x/; hi;
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which implies that
�.h/ � 2hx � PK.x/; hi � khk2:

Now, d2K.x/ � kx � PK.x C h/k2, therefore

�.h/ � kx C h� PK.x C h/k2 � kx � PK.x C h/k2
D hx C h� PK.x C h/; x C h� PK.x C h/i

� hx � PK.x C h/; x � PK.x C h/i
D khk2 C 2hx � PK.x C h/; hi

and so

��.h/C 2hx � PK.x/; hi � �khk2 � 2hx � PK.x C h/; hi C 2hx � PK.x/; hi
D �khk2 C 2hPK.x C h/ � PK.x/; hi
� �khk2 C 2kPK.x C h/� PK.x/kkhk
� �khk2 C 2khk2 D khk2:

Hence

j�.h/ � 2hx � PK.x/; hij
khk � khk;

which implies that d2K is differentiable and

.d 2K/
0.x/h D 2hx � PK.x/; hi:

Also,

..d 2K/
0.x C u/� .d 2K/0.x//h D 2h.x C u/� PK.x C u/; hi � 2hx � PK.x/; hi

D 2hu � PK.x C u/C PK.x/; hi;

therefore

j.d 2K/0.x C u/� .d 2K/0.x/jH� � 2ku � PK.x C u/C PK.x/kH ;

which implies that .d 2K/
0 is continuous. Thus d2K is of class C1. �

We will see a little later that the function d2K has another interesting property.
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6.4 The Riesz Representation Theorem

If H is a Hilbert space, then by the Riesz representation theorem, which we will
presently prove, we may associate an element of H to a continuous linear form.
Before looking at the general case, let us see what happens in R

n. If l is a linear
form defined on R

n, .ei / its standard basis and x D Pn
iD1 xi ei then

l.x/ D
nX
iD1

xi l.ei / D x � w;

where w D .l.e1/; : : : ; l.en//. If Nw is such that l.x/ D x � Nw for all x 2 R
n, then

x � .w � Nw/ D 0 for all x 2 R
n, and it follows that w � Nw D 0. Hence the element

w such that l.x/ D x � w for all x is unique. We will now look at the general case.
However, to do so, we need a new concept.

If S is a subset of an inner product space E, then we define S? by

S? D fx 2 E W hx; si D 0 for all s 2 Sg:

S? is said to be the orthogonal complement of S . It is easy to see that S? is a closed
vector subspace of E.

Exercise 6.9. Show that, if S is a closed subspace of a Hilbert spaceH , then S and
S? are complementary.

Now let us turn to the Riesz representation theorem.

Theorem 6.4 (Riesz representation theorem). Let l be a continuous linear form
defined on a Hilbert space H . Then there is a unique element a 2 H such that

l.x/ D hx; ai

for all x 2 H . In addition, jl jH� D kak.

Proof. Let S D Ker l . IfH D S , then l � 0 and we can set a D 0. If S ¤ H , then
there exists w such that l.w/ ¤ 0. However, w D y C z, with y 2 S and z 2 S?,
and so l.z/ ¤ 0. For x 2 H we have

l

�
x � l.x/

l.z/
z

�
D l.x/� l.x/

l.z/
l.z/ D 0

and so x � l.x/

l.z/ z 2 S . This implies that hx � l.x/

l.z/ z; zi D 0, or hx; zi D l.x/

l.z/ kzk2. If

we set a D l.z/
kzk2 z, then we obtain

hx; ai D l.x/:
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Suppose now that both a1 and a2 satisfy the condition of the theorem. Then, for
all x 2 H

hx; a1 � a2i D 0:

This implies that a1 � a2 D 0 and so the element a is unique.
Finally, we must show that jl jH� D kak. If l � 0, then the result is clear, so

suppose that this is not the case. Then a ¤ 0. If kxk � 1, then

jl.x/j D jhx; aij � kxkkak � kak

and so jl jH� � kak. In addition, k a
kakk D 1 and

ˇ̌
ˇ̌l
�
a

kak
�ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
�
a

kak ; a
�ˇ̌
ˇ̌ D kak;

therefore jl jH� D kak. �

Exercise 6.10. Let S be a vector subspace of a Hilbert space H and l a continuous
linear form defined on S . Show that l has a unique extension to a continuous linear
form defined on H which preserves the norm of l .

Remark. If E is any normed vector space, S a vector subspace and l a continuous
linear form defined on S , then there exists an extension of l to E which preserves
the norm. This is proved in any standard text on functional analysis. However, the
extension may not be unique. For example, if E D l1 and we set

S D fx 2 l1 W xi D 0; i � 2g;

then S is a closed subspace of E and the mapping l W S �! R; x 7�! x1 is a
continuous linear form which can be extended in an infinite number of ways to E,
all of which preserve the norm.

If f is a real-valued mapping defined on an open subset O of a Hilbert space H
and is differentiable at a point x 2 O , then f 0.x/ is a continuous linear form and
so, from Theorem 6.4, there is a unique element a 2 H such that

f 0.x/h D hh; ai

for all h 2 H . We call a the gradient of f at x and write rf .x/ for a. If f is
differentiable onO , then we obtain a mapping rf fromO intoH to which we also
give the name gradient.

Theorem 6.5. If f has a second differential at a point x 2 O , then rf is
differentiable at x. If f is of class C2 on O , then rf is of class C1 on O .

Proof. If we fix h, then the mapping �h W k 7�! f .2/.x/.h; k/ is a continuous linear
form, so there exists vx.h/ 2 H such that
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f .2/.x/.h; k/ D hvx.h/; ki

for all k 2 H . It is a simple matter to check that vx is linear. In addition,

kvx.h/kH D j�hjH� D sup
kkkH�1

jf .2/.x/.h; k/j � jf .2/.x/jL.H2IR/khkH ;

hence vx is continuous and

jvx jL.H/ � jf .2/.x/jL.H2IR/:

Now,
f 0.x C h/k D f 0.x/k C f .2/.x/.h; k/C o.h/k

can be written

hrf .x C h/; ki D hrf .x/; ki C hvx.h/; ki C hro.h/; ki

and therefore

rf .x C h/ D rf .x/C vx.h/C ro.h/:

As kro.h/kH D jo.h/jH� , we have proved that .rf /0.x/ D vx , i.e., rf is
differentiable at x.

Now suppose that f is of class C2 on O . Then for x 2 O and u small we have

jvxCu � vx jL.H/ � jf .2/.x C u/� f .2/.x/jL.H2IR/:

The continuity of f .2/ at x implies that of v at x. Therefore rf is of class
C1 on O . �

Remark. We write r2.x/ for vx . IfH D R
n with the dot product, then r2.x/.h/ D

Hf .x/h for all h 2 R
n, where Hf .x/ is the Hessian matrix of f at x.



Chapter 7
Convex Functions

Let X be a convex subset of a vector space V . We say that f W X �! R is convex
if for all x; y 2 X and � 2 .0; 1/ we have

f .�x C .1 � �/y/ � �f .x/C .1 � �/f .y/:

If the inequality is strict when x ¤ y, then we say that f is strictly convex. In
this chapter we aim to look at some properties of these functions, in particular,
when E is a normed vector space. For differentiable functions we will obtain
a characterization, which will enable us to generalize the concept of a convex
function.

Exercise 7.1. We have seen that a norm on a vector space is a convex function. Is a
norm strictly convex?

7.1 Preliminary Results

In this section we will introduce some elementary results on convex sets and convex
functions.

Exercise 7.2. If C is a subset of a vector space V such that x C y 2 C when
x; y 2 C , and ˛x 2 C when x 2 C and ˛ 2 RC, then we say that C is a convex
cone. Show that the convex functions defined on a convex set X form a convex cone
in the vector space of real-valued functions defined on X .

Proposition 7.1. Let X be a convex subset of a normed vector space E. Then

(a) NX is convex;
(b) intX is convex.

Proof. (a) If x; y 2 NX , then there are sequences .xn/; .yn/ � X which converge
respectively to x and y. If � 2 .0; 1/, then the sequence .�xn C .1 � �/yn/

R. Coleman, Calculus on Normed Vector Spaces, Universitext,
DOI 10.1007/978-1-4614-3894-6 7, © Springer Science+Business Media New York 2012
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converges to �xC.1��/y. As �xnC.1��/yn 2 X for all n, �xC.1��/y 2 NX .
It follows that NX is convex.

(b) Suppose that x; y 2 intX . There exists r > 0 such that the open balls B.x; r/
and B.y; r/ are included in intX . If kuk < r and � 2 .0; 1/, then

�x C .1 � �/y C u D �.x C u/C .1� �/.y C u/ 2 X:

Therefore
B.�x C .1� �/y; r/ � X

and so �x C .1 � �/y 2 intX . It follows that intX is convex. ut
Let E be a vector space and x1; : : : ; xn 2 E. We say that y 2 E is a

convex combination of the points x1; : : : ; xn if there exist �1; : : : ; �n 2 Œ0; 1�, withPn
iD1 �i D 1, such that y D Pn

iD1 �ixi . If X is a nonempty subset of E, then we
define coX , the convex hull of X , to be the set of points y 2 E which are convex
combinations of points in X .

Proposition 7.2. coX is convex and is the intersection of all convex subsets
containingX .

Proof. Let us first show that coX is convex. We take x; y 2 coX , with x DPp
iD1 �ixi and y D Pq

jD1 �j yj , and � 2 Œ0; 1�. Then

�x C .1 � �/y D
pX
iD1
.��i/xi C

qX
jD1

..1 � �/�j /yj :

As the right-hand side of the expression is a convex combination of elements in X ,
�x C .1 � �/y 2 coX and it follows that coX is convex.

Now let us consider the second part of the proposition. Let Y be a convex set.
We will prove by induction on p, the number of elements in a convex combination,
that any convex combination of elements of Y is an element of Y . If p D 1 or
p D 2, then the statement is clearly true. Suppose that the result is true up to p and
let y D PpC1

iD1 �iyi be a convex combination of elements of Y . If
Pp

iD1 �i D 0,
then y D ypC1 2 Y . Otherwise, if we set

�0
i D �iPp

iD1 �i

for i D 1; : : : ; p, then by the induction hypothesis y0 D Pp
iD1 �0

iyi belongs to Y.
However,

y D
 

pX
iD1

�i

!
y0 C �pC1ypC1;
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which belongs to Y , because Y is convex. So, by induction, the statement is true for
any p.

Suppose now that Y is convex and that X � Y . From what we have just seen,
any convex combination of elements of X lies in Y , therefore coX � Y . As the
intersection K of all convex sets containing X is convex and contains X , coX �
K . However, coX is convex and contains X , so K � coX . We have proved that
coX D K . ut
Corollary 7.1. A subset X of a vector space E is convex if and only if coX D X .

Exercise 7.3. Let X be a convex subset of a vector space E, f a convex function
defined on X and x D Pn

iD1 �ixi a convex combination of the points xi 2 X .
Show that

f .x/ �
nX
iD1

�if .xi /:

If E is a normed vector space, �1; : : : ; �s 2 E�, the dual of E, and ˛1; : : : ; ˛s 2
R, then we say that

P D fx 2 E W �i .x/ � ˛i ; i D 1; : : : ; sg;

is a (convex) polyhedron in E. P is clearly a closed convex subset of E; P may be
empty and is not necessarily bounded. A particular example is a closed cube in R

n

centred on a point a and of side-length 2�:

NCn.a; �/ D fx 2 R
n W ai � � � xi � ai C �; i D 1; : : : ; sg:

If �i D xi for i D 1; : : : ; n, then

NCn.a; �/ D fx 2 R
n W �i .x/ � ai C �;��i .x/ � �ai C �; i D 1; : : : ; ng

and so NCn.a; �/ is a polyhedron.
(If we replace the inequalities by strict inequalities, then we obtain an open cube,

i.e., if � > 0 and a 2 R
n, then the subset of Rn

C n.a; �/ D fx 2 R
n W ai � � < xi < ai C �; i D 1; : : : ; sg

is called an open cube.)

Exercise 7.4. A closed ball in R
n for the norm k � k1 is a closed cube, hence a

polyhedron. Show that a closed ball for the norm k � k1 is also a polyhedron.

Let S be a convex subset of a normed vector space E and x 2 S . If x D x1Cx2
2

,
with x1; x2 2 S , implies that x1 D x2 D x, then x is said to be an extreme point
of S . In the case of a polyhedron, we usually call such a point a vertex. Clearly an
extreme point lies on the boundary of a convex set. In the appendix to this chapter
we show that, in the case of a finite-dimensional normed vector space, a bounded
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nonempty polyhedron has a finite number of vertices and is the convex hull of these
vertices.

Exercise 7.5. We know that a closed ball for the norm k � k1 in R
n is a polyhedron

(see Exercise 7.4). What are its vertices?

7.2 Continuity of Convex Functions

It is natural to ask whether a convex function is continuous or not. This is in general
not true. For example, if we define f on Œ0; 1� by

f .x/ D
(
0 x 2 Œ0; 1/
1 x D 1

;

then f is convex, but not continuous. However, f is continuous on the interior of
Œ0; 1�. We will explore this question in more depth. The infinite-dimensional and
finite-dimensional cases are different. We will first consider the former. We will
need to do some preliminary work.

We recall that a spanning set of a vector space V is a subset S of V such that any
element v 2 V can be written as a linear combination of elements of S , i.e., there
are elements s1; : : : ; sn 2 S and a1; : : : ; an 2 K, the ground field, such that

v D a1s1 C � � � C ansn:

A vector space is finite-dimensional if it contains a finite spanning set. A subset
T of V is linearly independent if distinct linear combinations of elements of T
produce distinct members of V . A basis of a vector space is a spanning set which is
also linearly independent. It is not difficult to see that a basis is a maximal linearly
independent set, and vice versa. In elementary linear algebra courses one learns that
all finite-dimensional vector spaces, other than f0g, have a basis. We will now show
that this (and a little more) is the case for any vector space.

Exercise 7.6. Show that a subset of a vector space is a basis if and only if it is a
maximal linearly independent set.

Theorem 7.1. Let S be a linearly independent subset of a vector space V . Then
there is a basis B of V such that S � B.

Proof. Let P be the class of all linearly independent subsets of V containing S . P
is partially ordered by inclusion. If C is a chain in P , then the union of all sets of C
is an upper bound of C. As every chain has an upper bound, by Zorn’s lemma P has
a maximal element M . The subset M is a maximal linearly independent set (and
hence a basis) containing S . ut
Corollary 7.2. A vector space V , other than f0g, has a basis.
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Proof. It is sufficient to take S D fxg, with x ¤ 0, in the theorem. ut
Corollary 7.3. If A is a subspace of a vector space V , then there is a subspace B
such that A˚ B D V .

Proof. If A D V or A D f0g, then the result is trivial, so suppose that A ¤ V and
A ¤ f0g. From the previous corollary A has a basis B1. Using the theorem we see
that there is a nonempty subset of independent vectors B2 such that B D B1 [ B2 is
a basis of V . If we set B D Vect .B2/, the subspace generated by B2, then clearly
V D A˚B . ut

Having done the preliminary work, we are now in a position to handle the
question of convex functions defined on subsets of infinite-dimensional normed
vector spaces.

Theorem 7.2. If O is a nonempty open convex subset of an infinite-dimensional
normed vector space E, then there is a non-continuous convex function defined
on O .

Proof. We will first show that there is a non-continuous convex function defined on
E. For this, it is sufficient to show that there is a non-continuous linear form defined
on E. As E is infinite-dimensional, there is an infinite sequence .xi /1iD1 whose
elements form an independent subset of E. Dividing by the norm if necessary,
we may suppose that all the xi are of norm 1. We define a linear form l on
A D Vect .x1; x2; : : :/ by setting l.xi / D 2i . From Corollary 7.3, there is a subspace
B of E such that E D A ˚ B . If we set l.y/ D 0 for y 2 B , then we obtain an
extension of l to E, which is linear but not continuous.

Now let O be any nonempty open convex subset of E. If we restrict l to O then
l is convex on O . Let a 2 O and r > 0 be such that the open ball B.a; r/ is
included in O . The sequence .a C r

i
xi /

1
iD1 lies in O and converges to a. However,

limi!1 l.aC r
i
xi / D 1 and so l is not continuous at a. This ends the proof. ut

We will now consider the continuity of a convex function defined on an open
convex subset of a finite-dimensional normed vector space E. As indicated earlier,
this case is different from the infinite-dimensional case.

Lemma 7.1. If P is a bounded nonempty polyhedron in a finite-dimensional
normed vector space E and f is a convex function defined on E, then f has an
upper bound on P .

Proof. From the appendix to this chapter we know that the number of vertices of P
is finite and that P is the convex hull of these vertices. If x 2 P and x1; : : : ; xn are
the vertices of P , then x D Pn

iD1 �ixi , with �i 2 Œ0; 1� and
Pn

iD1 �i D 1. We have

f .x/ D f

 
nX
iD1

�ixi

!
�

nX
iD1

�if .xi / �
nX
iD1

�i maxf .xi / D maxf .xi /:

This ends the proof. ut
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Theorem 7.3. Let X be a convex subset of a finite-dimensional normed vector
space E and f W X �! R convex. If x 2 intX , then f is continuous at x.

Proof. We will first prove the result for the caseE D R
n with the norm k�k D k�k1.

Let NB.x; r/ be a closed ball centred on x and lying in intX . Given that the norm
is k � k1, NB.x; r/ is a closed cube and so a polyhedron. From the lemma f has an
upper bound on NB.x; r/: there exists k such that f .x/ � k for all x 2 NB.x; r/. Let
h ¤ 0 be such that khk � r . Then, for ˛ 2 Œ0; 1�, x C ˛h 2 NB.x; r/ and

f .x C ˛h/ D f ..1 � ˛/x C ˛.x C h// � .1 � ˛/f .x/ C f̨ .x C h/: (7.1)

Also,

f .x/ D f

�
1

1C ˛
.x C ˛h/C ˛

1C ˛
.x � h/

�
� 1

1C ˛
.f .xC˛h/C f̨ .x�h//;

from which we obtain

.1C ˛/f .x/ � f .x C ˛h/C f̨ .x � h/: (7.2)

Using this inequality we get

f .x C ˛h/ � .1C ˛/f .x/ � f̨ .x � h/ � .1C ˛/f .x/ � ˛k

and, with ˛ D 1,
f .x C h/ � 2f .x/ � k:

Therefore f has a lower bound on NB.x; r/. As f has both an upper and a lower
bound on NB.x; r/, f is bounded on NB.x; r/: we can find a constant d such that
jf .u/j � d for all u 2 NB.x; r/.

Now, from the inequalities (7.1) and (7.2) we deduce

˛.f .x/ � f .x � h// � f .x C ˛h/ � f .x/ � ˛.f .x C h/� f .x//

and so
jf .x C ˛h/ � f .x/j � 2˛d:

Suppose now that kuk D s � r
2
, with s ¤ 0. If we set h D r

2s
u, then khk D r

2
,

u D 2s
r
h and

jf .x C u/� f .x/j D jf .x C 2s

r
h/� f .x/j � 4s

r
d

and the continuity of f at x follows.
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Let us now consider the general case. If E is a finite-dimensional normed vector
space and .vi /niD1 a basis of E, then the mapping

� W Rn �! E; .x1; : : : ; xn/ 7�! x1v1 C � � � C xnvn

is a normed vector space isomorphism for any norm of R
n. Let f be a convex

function defined on a convex subset X of E and x 2 intX . Then QX D ��1.X/ is
a convex subset of Rn and Qx D ��1.x/ 2 int QX . If we set Qf D f ı �, then Qf is
a convex function defined on QX and so is continuous at Qx. As f D Qf ı ��1, f is
continuous at x. This completes the proof. ut
Corollary 7.4. If a convex function is defined on an open subset of a finite-
dimensional normed vector space, then it is continuous.

7.3 Differentiable Convex Functions

It is not always easy to use the definition of a convex function to decide whether a
given function is convex or not. However, if a function is differentiable, then there
are equivalent conditions which are often easier to use.

Theorem 7.4. Let O be an open subset of a normed vector space E and f a real-
valued differentiable function defined on O . If X � O is convex and x; y 2 X , then
the following conditions are equivalent:

.a/ f is convex on X;

.b/ f .y/ � f .x/ � f 0.x/.y � x/;

.c/ .f 0.y/� f 0.x//.y � x/ � 0.

Proof. (a) H) (b) Let � 2 .0; 1/. As f is convex,

f .x C �.y � x// � .1 � �/f .x/C �f .y/:

If we subtract f .x/ from both sides of the inequality and use the differentiability of
f , we get

�f 0.x/.y � x/C o.�.y � x// � �.f .y/� f .x//

and, dividing by �,

f 0.x/.y � x/C o.�.y � x//
�

� f .y/ � f .x/:

Letting � go to 0, we obtain (b).
(b) H) (c) We have

f .y/ � f .x/ � f 0.x/.y � x/ H) f .x/ � f .y/ � �f 0.x/.y � x/
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and

f .x/ � f .y/ � f 0.y/.x � y/ H) f .y/ � f .x/ � f 0.y/.y � x/:

On adding the inequalities we obtain (c)
(c) H) (a) Let us fix x; y 2 X and set �.t/ D f .x C t.y � x//. Then � is defined
and differentiable on an open interval I of R containing Œ0; 1�. For t 2 I

P�.t/ D f 0.x C t.y � x//.y � x/:

By hypothesis, if s; t 2 Œ0; 1�, then

�
f 0.x C t.y � x// � f 0.x C s.y � x//

�
.x C t.y � x// � .x C s.y � x// � 0

i.e., �
f 0.x C t.y � x// � f 0.x C s.y � x//

�
.t � s/.y � x/ � 0:

For t > s this gives us

�
f 0.x C t.y � x// � f 0.x C s.y � x//

�
.y � x/ � 0;

i.e., P�.t/ � P�.s/ � 0. Therefore P� is monotone and hence Riemann integrable on
any compact interval contained in Œ0; 1�. Let � 2 .s; 1/. Integrating with respect to t
between � and 1 we obtain

�.1/� �.�/� P�.s/.1 � �/ � 0:

We now integrate this expression with respect to s between 0 and � to obtain

.�.1/� �.�//� � .1 � �/.�.�/� �.0// � 0;

or
��.1/C .1 � �/�.0/� �.�/ � 0;

i.e.,
�f .y/C .1 � �/f .x/ � f .�y C .1� �/x/:

Therefore f is convex. ut
We have a similar result for strictly convex functions, namely

Theorem 7.5. Let O be an open subset of a normed vector space E and f a real-
valued differentiable function defined on O . If X � O is convex and x; y 2 X with
x ¤ y, then the following conditions are equivalent:

.a/ f is strictly convex on X;
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.b/ f .y/ � f .x/ > f 0.x/.y � x/;

.c/ .f 0.y/� f 0.x//.y � x/ > 0.

Proof. To prove (b) H) (c) and (c) H) (a) it is sufficient to slightly modify the
corresponding arguments of the previous theorem. To prove that (a) H) (b) we
proceed as follows. Let ! 2 .0; 1/ and � 2 .0; !/. Then we can write

x C �.y � x/ D ! � �
!

x C �

!
.x C !.y � x//

and so

f .x C �.y � x// � ! � �
!

f .x/C �

!
f .x C !.y � x//:

Therefore

f .x C �.y � x// � f .x/ � �

!
.f .x C !.y � x// � f .x//

and
f .x C �.y � x// � f .x/

�
� f .x C !.y � x// � f .x/

!
:

Letting � go to 0 we obtain

f 0.x/.y � x/ � f .x C !.y � x// � f .x/

!
:

However,

f .x C !.y � x// � f .x/

!
<
1

!
..1 � !/f .x/C !f .y/ � f .x// D f .y/ � f .x/;

and hence (b). ut
Remark. From (c) in Theorems 7.4 and 7.5 we deduce that, if f is differentiable on
an open interval I of R, then f is convex (resp. strictly convex) if and only if the
derivative of f is increasing (resp. strictly increasing) on I .

Example. Let A 2 Mn.R/ be symmetric, b 2 R
n and f W Rn �! R be defined by

f .x/ D 1

2
xtAx � btx:

Then

f .y/ � f .x/ � f 0.x/.y � x/ D
�
1

2
ytAy � bty

�
�
�
1

2
xtAx � btx

�

�.Ax � b/t .y � x/
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D 1

2
ytAy C 1

2
xtAx � xtAy

D 1

2
.y � x/tA.y � x/:

It follows that f is convex (resp. strictly convex) if and only if the matrix A is
positive (resp. positive definite).

Exercise 7.7. Let a 2 R and fa W R2 �! R be defined by

fa.x; y/ D x2 C y2 C axy � 2x � 2y:

For what values of a is fa convex? strictly convex?

We have seen that, if E is a Hilbert space, K a closed convex subset of E and
dK.x/ the distance from the point x to K , then the function d2K is of class C1 and

.d 2K/
0.x/h D 2hx � PK.x/; hi;

where PK.x/ is the projection of x onK . We can say more.

Theorem 7.6. The function d2K is convex.

Proof. We have

..d 2K/
0.x C h/� .d 2K/

0.x//h D 2hx C h � PK.x C h/; hi � 2hx � PK.x/; hi
D 2hh� PK.x C h/C PK.x/; hi
D 2khk2 � 2hPK.x C h/� PK.x/; hi
� 2khk2 � 2kPK.x C h/� PK.x/kkhk � 0;

because PK is 1-Lipschitz. It follows that d2K is convex. ut
If a function is 2-differentiable, then we may use the second differential to

determine whether the function is convex or not. This is often easier to use than
the (first) differential. LetO be an open subset of a normed vector space E and f a
real-valued 2-differentiable function defined on O . For x 2 O and h 2 E we set

Qf .x/.h/ D f .2/.x/.h; h/:

(Notice that Qf .x/ is a quadratic form.)

Theorem 7.7. LetO be an open subset of a normed vector spaceE,X � O convex
and f W O �! R 2-differentiable. Then

.a/ f is convex on X , if and only if Qf .x/ is positive for all x 2 X ;

.b/ f is strictly convex on X , if Qf .x/ is positive definite for all x 2 X .
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Proof. Let x; y 2 X . From Theorem 5.3 there exists z in the segment .x; y/
such that

f .y/ � f .x/ � f 0.x/.y � x/ D 1

2
Qf .z/.y � x/:

If Qf is positive on X , then Qf .z/.y � x/ � 0 and so from Theorem 7.4 f is
convex. If Qf is positive definite on X , then Qf .z/.y � x/ > 0 if y ¤ x and so
from Theorem 7.5 f is strictly convex.

Suppose now that f is convex. Let x 2 X and B.x; r/ be an open ball lying
in O . If h 2 B.0; r/ and t 2 .0; 1�, then using Theorem 5.1 we have

0 � f .x C th/ � f .x/ � f 0.x/.th/ D 1

2
Qf .x/.th/C o.kthk2/

D t2
�
1

2
Qf .x/.h/C o.kthk2/

t2

�
:

As limt!0
o.kthk2/

t2
D 0, Qf .x/.h/ � 0. If h0 2 E n B.0; r/, then there exists s ¤ 0

such that sh0 2 B.0; r/ and

Qf .x/.h
0/ D 1

s2
Qf .x/.sh

0/ � 0:

Hence Qf .x/.h/ � 0 for all h 2 E. ut
Remark. A function f may be strictly convex without the quadratric formQf being
positive definite at all points. For example, if f is the real-valued function defined
on R by f .x/ D x4, then Qf .0/ D 0. However,

.x C h/4 � x4 D x4 C 4x3hC 6x2h2 C 4xh3 C h4 � x4

D f 0.x/hC h2.6x2 C 4xhC h2/

D f 0.x/hC h2.2x2 C .2x C h/2/ > f 0.x/h

if h ¤ 0. Therefore f is strictly convex.

Exercise 7.8. Show that the function x 7�! e˛x , with ˛ 2 R
�, is strictly convex on

R and that the functions x 7�! x ln x and x 7�! � ln x are strictly convex on R
�C.

Theorems 7.4 and 7.5 enable us to generalize the concept of convexity to
differentiable functions not necessarily defined on convex sets. Let O be an open
subset of a normed vector space E and f a real-valued differentiable function
defined on O . If X is a subset of O (not necessarily convex) and

f .y/ � f .x/ � f 0.x/.y � x/
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for all x; y 2 X , then we will say that f is generalized convex or g-convex on X . If

f .y/ � f .x/ > f 0.x/.y � x/

for all x; y 2 X when x ¤ y, then we will say that f is strictly generalized convex
or strictly g-convex on X . From Theorems 7.4 and 7.5, for a differentable function
defined on a convex set convexity (resp. strict convexity) and g-convexity (resp.
strict g-convexity) are equivalent.

7.4 Extrema of Convex Functions

Let us first consider a convex real-valued function defined on a convex subset of
a vector space (not necessarily normed). Here of course there is no notion of local
extremum.

Proposition 7.3. Let X be a convex subset of a vector space V and f W X �! R a
convex function. If x and y are minima of f , then any point on the segment joining
x to y is also a minimum. If f is strictly convex, then f can have at most one
minimum.

Proof. If x and y are distinct minima of f and z D �x C .1 � �/y 2 .x; y/, then

f .z/ D f .�x C .1 � �/y/ � �f .x/C .1 � �/f .y/ D f .x/ � f .z/;

hence z is a minimum.
Suppose now that f is strictly convex and that x and y are distinct minima. If

z D �x C .1 � �/y, with � 2 .0; 1/, then

f .z/ D f .�x C .1 � �/y/ < �f .x/C .1 � �/f .y/ D f .x/;

which contradicts the minimality of x. Therefore f can have at most one
minimum. ut
Remark. From what we have just seen, a convex function has no minimum, one
minimum or an infinite number of minima.

Example. Let n 2 N n f0; 1g,

An D
(
.x1; : : : ; xn/ 2 R

n W x1 � 0; : : : ; xn � 0;

nX
iD1

xi D 1

)

and f W Rn �! R be defined by

f .x1; : : : ; xn/ D
nX
iD1

x2i :
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As An is closed and f continuous, f has a minimum on An. It is easy to see that
An is a convex polyhedron. The Hessian matrix of f at any point x is 2In, therefore
f is strictly convex on R

n and so on An. It follows that the minimum is unique.
Suppose that a is the minimum and there are coordinates ai and aj with ai ¤ aj .
If a0 is the element of Rn obtained from a by permuting ai and aj , then a0 ¤ a and
f .a0/ D f .a/, which contradicts the uniqueness of the minimum. Therefore all the
coordinates of a are the same and the minimum is the point x D . 1

n
; : : : ; 1

n
/.

Exercise 7.9. Let

K D f.x; y/ 2 R
2 W x � 0; y � 0; 2x C y � 1; x C 2y � 1g

and f W R2 �! R be defined by

f .x; y/ D x2 � xy C y2 � x � y:

Show that f has a unique minimum on K which lies on the boundary ıK of K .
Prove that, if .x; y/ is the minimum, then x D y. Find the minimum.

Let us now consider normed vector spaces.

Proposition 7.4. Let E be a normed vector space, X a convex subset of E and f
a real-valued convex function defined on X . If x 2 X is a local minimum, then x is
a global minimum.

Proof. Let x be a local minimum and y 2 X . For � 2 .0; 1/, y� D x C �

.y � x/ 2 X . If � is sufficiently small, then we have

f .x/ � f .y�/ � �f .y/C .1 � �/f .x/ H) �f .x/ � �f .y/:

It follows that f .x/ � f .y/. ut
We now turn to differentiable functions.

Proposition 7.5. Let O be an open subset of a normed vector space E, f a real-
valued differentiable function defined on O and X a nonempty subset of O . If f is
g-convex on X , x 2 X and for all y 2 X

f 0.x/.y � x/ � 0;

then x is a global minimum of f restricted to X . If, for y 2 X , with y ¤ x,

f 0.x/.y � x/ > 0;

then x is a unique global minimum.
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Proof. As f restricted to X is g-convex, we have

f .y/ � f .x/ � f 0.x/.y � x/ � 0

for all y 2 X , hence the first result. The second is proved in the same way. ut
Remark. If x is a critical point, then f 0.x/ D 0 and so x is a global minimum.

Exercise 7.10. Consider the function f W R2 �! R defined by

f .x; y/ D 2x2 C 3xy C 2y2 � 2x � y

Show that f is strictly convex. Calculate the partial derivatives of f and so find the
unique minimum of f .

Convexity is a subject which has many applications and is also extremely
interesting in its own right. The book by Barvinok [2] is not only a very good
introduction to the subject but also contains many advanced results. The books by
Borwein and Lewis [5] and Schneider [22] are also good references.
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Appendix: Convex Polyhedra

In this appendix we will look a little more closely at convex polyhedra. Our main
aim is to show that a polyhedron in a finite-dimensional normed vector space is the
convex hull of its vertices. Let P be a polyhedron in a normed vector space E:

P D fx 2 E W �i .x/ � ˛i ; i D 1; : : : ; sg:

If � is a nonzero element of E� and ˛ 2 R is such that P � fx 2 E W �.x/ � ˛g,
then the subset of E

F D fx 2 P W �.x/ D ˛g
is said to be a face of P . As

F D fx 2 P W �.x/ � ˛;��.x/ � �˛g;

F is a polyhedron. For example, in the case of the closed cube NCn.a; �/ defined
earlier in this chapter, the subset

F D fx 2 NCn.a; �/ W x1 D a1 C �g

is a face. The boundary of a polyhedron is a subset of a union of faces:

@P � [s
iD1fx 2 P W �i .x/ D ˛i g:

The following result is elementary.

Proposition 7.6. If P is a polyhedron in a normed vector spaceE and a 2 E, then
the translation a C P of P is also a polyhedron. In addition, x is a vertex of P if
and only if aC x is a vertex of aCP and F is a face of P if and only if aCF is a
face of a C P .

We now consider the case where E is finite-dimensional. In particular, we will
see that here the number of vertices of a polyhedron is finite.

Theorem 7.8. LetE be a normed vector space, with dimE D n < 1, andP � E

a nonempty polyhedron:

P D fx 2 E W �i .x/ � ˛i ; i D 1; : : : ; sg:

For x 2 P we note

Ax D fi W �i .x/ D ˛i g and Vx D Vect .�i W i 2 Ax/:

Then x is vertex of P if and only if Vx D E�.
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Proof. Suppose that Vx D E� and let x D x1Cx2
2

, with x1; x2 2 P . For i 2 Ax
�i .x1/ � ˛i and �i.x2/ � ˛i : (7.3)

However, for i 2 Ax we also have

�i .x1/C �i.x2/

2
D �i

�
x1 C x2

2

�
D �i .x/ D ˛i : (7.4)

From the equations (7.3) and (7.4) we deduce that

�i .x1/ D �i .x2/ D ˛i H) �i.x1 � x2/ D 0:

As the linear forms �i span E�, �.x1 � x2/ D 0 for all � 2 E�, which implies that
x1 � x2 D 0, i.e., x1 D x2 D x and so x is a vertex.

Suppose now that Vx ¤ E� and let �i1 ; : : : ; �it be a basis of Vx. Let us complete
this set to a basis . i /niD1 of E�. This basis is the dual basis of a basis .vi /niD1 of E.
If y D vtC1, then  1.y/ D � � � D  t .y/ D 0 and so �i .y/ D 0 for all i 2 Ax . If
� > 0 is sufficiently small and x1 D x C �y, x2 D x � �y, then x1; x2 2 P and
x D x1Cx2

2
. Therefore x is not a vertex. ut

Corollary 7.5. Let P be a nonempty polyhedron in a normed vector space E of
dimension n < 1. Then P has a finite number of vertices.

Proof. Let
P D fx 2 E W �i � ˛i ; i D 1; : : : ; sg:

If Vect .�1; : : : ; �s/ ¤ E�, then P cannot have a vertex. This is the case if s < n.
Suppose now that Vect .�1; : : : ; �s/ D E�. If x 2 E is a vertex of P , then the set
S D f�i W i 2 Axg contains a basis .�i1 ; : : : ; �in/ of E� and x is the unique solution
of the system

�i1.u/ D ˛i1 ; : : : ; �in.u/ D ˛in :

Thus the number of vertices is bounded by the number of distinct non-ordered bases
which can be obtained from the set of linear forms �i defining P . This number is
clearly finite (bounded by

�
s

n

�
). ut

Let us return to the closed cube NCn.a; �/. The point x is a vertex if and only if

x1 D a1 ˙ �; : : : ; xn D an ˙ �:

Thus there are 2n vertices.

Corollary 7.6. If x is a vertex of the polyhedron P , then fxg is a face of P .

Proof. Let
P D fu 2 E W �i.u/ � ˛i ; i D 1; : : : ; sg
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and x be the unique solution of the system

�i1.u/ D ˛i1 ; : : : ; �in.u/ D ˛in :

If we set

� D
nX

jD1
�ij and ˛ D

nX
jD1

˛ij ;

then

P � fu 2 E W �.u/ � ˛g and fxg D fu 2 P W �.u/ D ˛g:

Hence fxg is a face of P . ut
The next result is elementary, but very useful.

Proposition 7.7. If F is a face of P and x a vertex of F , then x is a vertex of P .

Proof. Let
F D fx 2 P W �.x/ D ˛g

be a face of P . If x D x1Cx2
2

with x1; x2 2 P , then

˛ D �.x/ D 1

2
.�.x1/C �.x2//:

As x1; x2 2 P , we also have �.x1/ � ˛ and �.x2/ � ˛ and so

�.x1/ D �.x2/ D ˛ H) x1; x2 2 F:

As x is a vertex of F , we have x1 D x2 D x and so x is vertex of P . ut
We have shown that (at least in a finite-dimensional space) a polyhedron can have

only a finite number of vertices. We have also seen that a polyhedron may not have
a vertex. We will now prove a sufficient condition for a polyhedron to have a vertex.

Theorem 7.9. If P is a bounded nonempty polyhedron in a finite-dimensional
normed vector space E, then P has a vertex.

Proof. We will prove this result by induction on n D dimE. If n D 0, then there
is nothing to prove. Suppose now that the result is true for n and consider the case
nC1. AsP is closed and bounded,P has a boundary point Nx (see Exercise 1.18). As
the boundary is included in a union of faces, there is a face F such that Nx 2 F . Let

F D fx 2 P W �.x/ D ˛g:

Then F is contained in the hyperplane

H D fx 2 E W �.x/ D ˛g:
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The kernel V of � is a subspace of E of dimension n and � Nx C F is a bounded
nonempty polyhedron contained in V . From the induction hypothesis, � Nx C F

contains a vertex Nw and so F contains a vertex w (D Nw C Nx). From Proposition 7.7
w is a vertex of P . This finishes the induction step. ut

To close this appendix we prove a fundamental result due to Minkowski.

Theorem 7.10. If P is a bounded nonempty polyhedron in a finite-dimensional
normed vector space, then P is the convex hull of its vertices.

Proof. Let us note S the convex hull of the vertices ofP . From the previous theorem
we know that S ¤ ;. As P is convex, S � P . We need to show that P � S . We
will prove the result by induction on n D dimE. If n D 0, then there is nothing to
prove. Suppose now that the result is true for n and consider the case n C 1. Let y
be an element of P .

First suppose that y belongs to a face F of P . If

F D fx 2 P W �.x/ D ˛g;

then F is contained in the hyperplane

H D fx 2 E W �.x/ D ˛g:

The kernel V of � is a subspace of E of dimension n and �y C F is a bounded
nonempty polyhedron contained in V . From the induction hypothesis 0 is a convex
combination of the vertices of �y C F and so y is a convex combination of the
vertices of F . From Proposition 7.7, y 2 S .

Now let us suppose that y is not in a face of P and let l be a line through y whose
direction vector is v ¤ 0:

l D fx 2 E W x D y C �v; � 2 Rg:

We set

N�1 D supf�0 � 0 W yC�v 2 P; � � �0g and N�2 D inff�0 � 0 W yC�v 2 P; � � �0g:

If Nx1 D yCN�1v and Nx2 D yCN�2v, then Nx1; Nx2 2 P , becauseP is closed. In addition,
Nx1; Nx2 2 @P and Nx1 ¤ Nx2. As @P is contained in a union of faces, Nx1 and Nx2 belong
to faces of P and so, from the induction hypothesis, are convex combinations of
vertices of P . However, y lies in the segment joining Nx1 to Nx2 and so y 2 S . This
finishes the induction step and so the proof. ut
Remark. We have shown that a bounded nonempty convex polyhedron is a convex
polytope, i.e., the convex hull of a finite number of points. In fact, the converse is
also true, namely a convex polytope is a bounded convex polyhedron. A proof of
this may be found in [2]. An extensive (and readable) study of convex polytopes is
made in [12].
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Theorem 7.10 can be generalized to infinite-dimensional spaces. The Krein–
Milman theorem states that a convex compact subset of a normed vector space is
the closure of the convex hull of its extreme points. A proof of this result may be
found in [20].



Chapter 8
The Inverse and Implicit Mapping Theorems

In this chapter we will prove the inverse and implicit mapping theorems, which have
far-reaching applications. We will begin with the inverse mapping theorem and then
derive the implicit mapping theorem from it.

8.1 The Inverse Mapping Theorem

Suppose that E and F are normed vector spaces and thatO and U are open subsets
of E and F respectively. We recall that f W O �! U is a diffeomorphism if
f is bijective and both f and f �1 are differentiable. Also, we say that f is a
Ck-diffeomorphism if both f and f �1 are Ck-mappings. In Chap. 4 Sect. 4.9 we
showed that, if f is a diffeomorphism, then at any point x in its domain f 0.x/
is invertible. In addition, we proved that for f to be a Ck-diffeomorphism it is
sufficient that f be of class Ck. Here we will look at what we may call an inverse
question, namely what can we say about a mapping f if f 0 is invertible at a point a
in the domain of f . Here is a first result.

Proposition 8.1. Let E and F be Banach spaces, O � E and U � F open
sets and f W O �! U a differentiable homeomorphism. If a 2 O and f 0.a/ is
invertible, then f �1 is differentiable at b D f .a/.
If in addition f is of class C1, then there is an open neighbourhood O 0 of a such
that fjO0

is a C1-diffeomorphism onto its image.

Proof. To simplify the notation let us set g D f �1 and L D f 0.a/. In the first
appendix to this chapter we prove that the inverse of a continuous linear bijection
from one Banach space onto another is also continuous. Thus L�1 is continuous. If
k is small, then f .a/C k 2 U . As f is bijective, there is a unique h 2 U such that
f .a C h/ D f .a/C k. First we notice that

g.bCk/�g.b/ D f �1
�
f .a/C.f .aCh/�f .a//

�
�f �1.f .a// D aCh�a D h:

R. Coleman, Calculus on Normed Vector Spaces, Universitext,
DOI 10.1007/978-1-4614-3894-6 8, © Springer Science+Business Media New York 2012
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As g is continuous, we have limk!0 h D 0. Now,

k D f .a C h/ � f .a/ D L.h/C khk�.h/;

where limh!0 �.h/ D 0. From this we obtain

L�1.k/ D hC khkL�1.�.h// D g.b C k/� g.b/C khkL�1.�.h//:

Let us consider the term khkL�1.�.h//. We will show that

khkL�1.�.h// D o.k/:

As L�1.k/ D hC khkL�1.�.h//, we have

khk � khkkL�1.�.h//k C kL�1.k/k � khkkL�1.�.h//k C jL�1jkkk:

If k is small, then so is h, which implies that L�1.�.h// is small. We can write

khk � jL�1j
1 � kL�1.�.h//kkkk � M kkk;

whereM is a strictly positive constant. Hence

����
khkL�1.�.h//

kkk
���� � M kL�1.�.h//k:

As the expression on the right-hand side converges to 0 when k goes to 0, we have
khkL�1.�.h// D o.k/. This gives us the first result.

Now let us turn to the second part of the proposition. Suppose that the mapping
f is also of class C1. I.E; F /, the collection of invertible mappings in L.E; F /,
is an open subset. If U 0 is an open neighbourhood of f 0.a/ in I.E; F / and O 0 D
.f 0/�1.U 0/, then O 0 is an open subset of E such that f 0.x/ is invertible if x 2 O 0.
If we now apply the first part of the proposition to every point x 2 O 0, then we see
that f �1 is differentiable at every point y 2 f .O 0/. Hence f restricted to O 0 is a
diffeomorphism. As f is of class C1, f is a C1-diffeomorphism. ut

We will now weaken the hypotheses of the previous proposition. In fact, to obtain
the second part of the proposition we do not need to suppose that the mapping f is
a homeomorphism. We will show that f can be restricted to an open neighbourhood
O 0 of the point a such that fjO0

is a homeomorphism onto its image.

Theorem 8.1. (Inverse mapping theorem) Let E and F be Banach spaces,O � E

and f W O �! F of class C1. If a 2 O and f 0.a/ is invertible, then there is an
open neighbourhoodO 0 of a such that fjO0

is a C1-diffeomorphism onto its image.
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Proof. Let us first suppose that E D F , f .a/ D a D 0 and f 0.a/ D idE . As f is
of class C1, there is a closed ball NB.0; r/, with r > 0, included in O such that for
all x 2 NB.0; r/

jf 0.x/ � idE j � 1

2
:

If we set g.x/ D f .x/ � x, then g0.x/ D f 0.x/ � idE . Using Corollary 3.2 we
obtain

kf .x/ � xk D kg.x/ � g.0/k � 1

2
kxk:

Now let us choose an element y 2 B.0; r
2
/. Then

ky C x � f .x/k � kyk C kx � f .x/k � kyk C 1

2
kxk < r

and so y C x � f .x/ 2 NB.0; r/.
We now define the mapping �y W NB.0; r/ �! NB.0; r/ by

�y.x/ D y C x � f .x/:

Then, using Corollary 3.2 again, for w; z 2 NB.0; r/ we have

k�y.w/� �y.z/k D kw � f .w/ � z C f .z/k D kg.w/ � g.z/k � 1

2
kw � zk

and so �y is a contraction. From the contraction mapping theorem (Appendix 2), �y
has a unique fixed point x 2 NB.0; r/: x D �y.x/ D y C x � f .x/. As the image of
�y lies in B.0; r/, x 2 B.0; r/. We have shown that there is a unique x 2 B.0; r/

such that f .x/ D y.
If we set QO D f �1.B

�
0; r

2

�
/ \ B.0; r/, then QO is an open neighbourhood of 0,

f . QO/ D B
�
0; r

2

�
and fj QO

is a continuous bijection onto its image. In addition,

kw � zk � kf .w/�f .z/k � kw � z �f .w/Cf .z/k D kg.w/�g.z/k � 1

2
kw � zk:

This implies that
kw � zk � 2kf .w/ � f .z/k;

i.e., f �1
j QO

is a 2-Lipschitz mapping and so continuous. We have shown that f W QO �!
B.0; r

2
/ is a homeomorphism. Also, f is of class C1. Applying Proposition 8.1 we

obtain the result.
Now let us relax the constraints E D F , f .a/ D a D 0 and f 0.a/ D idE . The

mapping  defined on an open neighbourhood of 0 2 E by

 .x/ D f 0.a/�1.f .a C x/ � f .a//
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has its image in E, and is of class C1; also  .0/ D 0 and  0.0/ D idE . From
what we have just seen, there are neighbourhoodsO and U of the origin such that
 W O �! U is a C1-diffeomorphism. For the restriction of f to O 0 D a CO we
have

fjO0
.x/ D f .a/C f 0.a/ .x � a/

and fjO0
is a bijection onto V D f .a/ C f 0.a/U . As the inverse of fjO0

may be
written

f �1
jO0
.y/ D aC  �1 �f 0.a/�1.y � f .a//

�
;

f �1
jO0

is of class C1. Hence fjO0
is a C1-diffeomorphism. ut

Remarks. 1. Under the conditions of the theorem, fjO0
is a C1-diffeomorphism

onto its image. In fact, if f is of class Ck , then fjO0
is a Ck-diffeomorphism.

2. If a mapping f is such that each point in its domain has an open neighbourhood
O such that f restricted to O defines a diffeomorphism onto its image, then we
say that f is a local diffeomorphism.

Example. Consider the mapping

f W R2 n f.0; 0/g �! R
2; .r; �/ 7�! .r cos �; r sin �/:

Then

Jf .r; �/ D
�

cos � �r sin �
sin � r cos �

�

and det Jf .r; �/ D r ¤ 0. It follows that f 0.r; �/ is invertible for all .r; �/ 2
R
2 n f.0; 0/g. The continuity of the entries in the Jacobian matrix imply that f is a

C1-mapping. Hence f is a local diffeomorphism; however, f is not bijective and
so not a diffeomorphism.

The next example is a little more complex.

Example. Let E be a finite-dimensional normed vector space and f a C1-mapping
from E into itself. In addition, we suppose that

kx � yk � kf .x/ � f .y/k: (8.1)

We will show that f is a C1-diffeomorphism. Clearly f is injective. If y 2 f .E/,
then there is a sequence .xn/ 2 E such that lim f .xn/ D y. As the sequence
.f .xn// 2 E is a Cauchy sequence, so is the sequence .xn/. However, E is finite-
dimensional and thus a Banach space and so the sequence .xn/ has a limit x. The
continuity of f implies that f .x/ D y and it follows that f .E/ is closed. We will
now use the inverse mapping theorem to show that f .E/ is also open. Let x 2 E.
As f is differentiable, we can write

f .x C h/ � f .x/ D f 0.x/hC khk�.h/;
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where limh!0 �.h/ D 0. Using the inequality (8.1) we obtain

khk � kf 0.x/hk C khkk�.h/k:

There exists an � > 0 for which k�.h/k � 1
2

when khk � �. In this case

kf 0.x/hk � 1

2
khk:

Let w 2 E with w ¤ 0. Then

kf 0.x/�
w

kwkk � �

2
H) kf 0.x/wk � kwk

2
H) f 0.x/w ¤ 0:

Therefore f 0.x/ is injective and so invertible. From the inverse mapping theorem
f .x/ has an open neighbourhood lying in f .E/. It follows that f .E/ is an open set.
As E is connected (Proposition 1.10) and f .E/ is a nonempty subset of E which is
open and closed, we have f .E/ D E. Hence f is a bijection. It now follows that f
is a C1-diffeomorphism from E onto itself.

8.2 The Implicit Mapping Theorem

If E is normed vector space, f a real-valued function defined on a subset S of E
and c 2 R, then we say that the subset Lc D fz 2 S W f .z/ D cg is the level
set of height c of f . Consider the function f W R2 �! R; .x; y/ 7�! x2 C y2. If
c < 0, then Lc D ; and if c D 0, then Lc contains the unique point .0; 0/. If c > 0,
then Lc contains an infinite number of points. In the latter case it is natural to ask
whether Lc is the graph of some function defined on a subset of R. Suppose that we
can write

Lc D f.x; �.x// W x 2 Sg:

If .x; y/ 2 Lc with y ¤ 0, then .x;�y/ 2 Lc . This means that y D ��.x/.
It follows that y D 0, a contradiction. In the same way we see that we cannot write

Lc D f. .y/; y/ W y 2 T g

for some function  . ThereforeLc is not the graph of a function. Suppose now that
.a; b/ 2 Lc . It is easy to see that we can restrict f to an open disc D containing
.a; b/ such that

Lc \D D f.x; �.x// W x 2 I g or Lc \D D f. .y/; y/ W y 2 J g;
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where I and J are intervals of R, �.x/ D p
c � x2 or �.x/ D �p

c � x2 and
 .x/ D p

c � y2 or  .x/ D �pc � y2. That is, even if we cannot write Lc as the
graph of a function, we can do so locally. We aim to generalize this idea.

Theorem 8.2. (Implicit mapping theorem) Let E1, E2 and F be Banach spaces,O
an open subset of E1 � E2 and f W O �! F a C1-mapping. Suppose that c 2 F

and that the set S of pairs .x; y/ 2 O satisfying the relation

f .x; y/ D c

is not empty. If .a; b/ 2 S and the partial differential @2f .a; b/ W E2 �! F

is invertible, then there is an open neighbourhood O 0 of .a; b/ included in O , a
neighbourhood U of a in E1 and a C1-mapping � W U �! E2 such that the
following statements are equivalent:

1. .x; y/ 2 O 0 and f .x; y/ D c;
2. x 2 U and y D �.x/.

Proof. To begin with, let us define g W O �! E1 � F by

g.x; y/ D .x; f .x; y//:

The mapping g is of class C1, with

g0.x; y/.u; v/ D .u; f 0.x; y/.u; v// D .u; @1f .x; y/u C @2f .x; y/v/:

In particular, at .a; b/ we have

g0.a; b/.u; v/ D .u; f 0.a; b/.u; v// D .u; @1f .a; b/u C @2f .a; b/v/:

The differential g0.a; b/ is invertible, with

g0.a; b/�1.u;w/ D .u; @2f .a; b/
�1.w � @1f .a; b/u//:

Applying the inverse mapping theorem we obtain a neighbourhood O 0 of .a; b/,
with O 0 � O , such that gjO0

is a C1-diffeomorphism onto its imageW . If h D g�1
jO0

,

then for .x; y/ 2 O 0 we have

.x; y/ D h ı g.x; y/ D h.x; f .x; y// D .x; h2.x; z//;

where z D f .x; y/. The mapping h2 is the second coordinate of the C1-mapping
h W W �! E1 � E2 and so is of class C1 (Proposition 4.10). We now set

U D fx 2 E1 W .x; c/ 2 W g:
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U is the inverse image ofW under the inclusion mapping ic W E1 �! E1�F; x 7�!
.x; c/ and so is open. Clearly a 2 U . The mapping � D h2 ı ic from U into E2,
being a composition of C1-mappings, is of class C1 and satisfies the equivalent
statements of the theorem. ut
Remark. Under the conditions of the theorem, if the equation

f .x; y/ D c

has a solution, then it has an infinite number of solutions.

In general, the mapping � cannot be explicitly determined. However, it is
possible to find its differential at a. We have the relation f .x; �.x// D c for points
in a neighbourhood of a, from which we obtain

@1f .a; b/C @2f .a; b/ ı �0.a/ D 0:

This implies that

�0.a/ D �@2f .a; b/�1 ı @1f .a; b/:

In fact, we can do a little better. From Proposition 3.2 we know that @2f is a
continuous mapping from O into L.E2; F /. The invertible elements of L.E2; F /
form an open subset I.E2; F / and so there is an open subset O 00 of O , containing
.a; b/, such that @2f .O 00/ � I.E2; F /. We can suppose that O 00 � O 0 (if not, we
can take the intersection of O 0 and O 00). For .x; y/ 2 O 00

@1f .x; y/C @2f .x; y/ ı �0.x/ D 0;

which implies that

�0.x/ D �@2f .x; y/�1 ı @1f .x; y/:

Remark. If the mapping f is if class Ck , then the mapping � is also of class Ck .
To see why this is so, let us return to the proof of the implicit mapping theorem.
Because f is of class Ck, g is also of class Ck . It follows that h D g�1

jO0

is of class

Ck. As h2 is a coordinate mapping of h, h2 is also of class Ck . To finish, � is the
composition of two Ck-mappings and hence of class Ck .

Let f1; : : : ; fp be real-valued functions of class C1 defined on some open subset
O of RnCp and consider the system of equations .S/:

f1.x1; : : : ; xn; y1; : : : ; yp/ D c1

:::



168 8 The Inverse and Implicit Mapping Theorems

fp.x1; : : : ; xn; y1; : : : ; yp/ D cp:

We can write this system as

f .x; y/ D c: (8.2)

From the implicit mapping theorem, if f .a; b/ D c and the partial differential
@2f .a; b/ is a linear isomorphism, then in some neighbourhood of .a; b/, the points
.x; y/ satisfying (8.2) form the graph of a C1-mapping �, defined on an open subset
of Rn with image in R

p, i.e., we can write

�1.x1; : : : ; xn/ D y1

:::

�p.x1; : : : ; xn/ D yp;

where the mappings are all of class C1. To see whether @2.a; b/ is a linear
isomorphism, it is sufficient to determine whether the determinant of the matrix

M.x; y/ D
�
@fi

@yj
.x; y/

�

1�i;j�p

at .a; b/ is not 0. We also have an expression for the Jacobian matrix of �. If

N.x; y/ D
�
@fi

@xj
.x; y/

�

1�i�p;1�j�n
;

then
J�.x/ D �M.x; y/�1N.x; y/:

Example. Consider the system

f1.x; y1; y2/ D x2 C y21 C y22 D 3

f2.x; y1; y2/ D x2 C 3xy1 � 2y1 D 0:

.1;�1; 1/ is a solution of the system. In addition,

M.x; y1; y2/ D
�
@fi

@yj
.x; y1; y2/

�

1�i;j�2
D
�

2y1 2y2
3x � 2 0

�

and detM.x; y1; y2/ D 2y2.2 � 3x/. As detM.1;�1; 1/ D �2 ¤ 0, there exist
mappings �1 and �2, defined on a neighbourhood of 1, such that

�1.x/ D y1 and �2.x/ D y2;
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for solutions .x; y1; y2/ of the system close to .1;�1; 1/. Because the functions of
the system are of class C1, so are the mappings �1 and �2. We can calculate P�1.1/
and P�2.1/ from the expressions for M.x; y1; y2/ and N.x; y1; y2/ at .1;�1; 1/. We
find P�1.1/ D 1 and P�2.1/ D 0.

Here is another example.

Example. Consider the equation

f .x1; x2; y/ D .x21 C x22 C y2/ ln.x1 C x2 C y/ � ex1Cx2 C 1 D 0:

.0; 0; 1/ is a solution of this equation and @f

@y
.0; 0; 1/ D 1 ¤ 0. From the implicit

mapping theorem there exists a real-valued function � of class C1, defined on a
neighbourhood of .0; 0/, such that

�.x1; x2/ D y

for solutions .x1; x2; y/ of the equation close to .0; 0; 1/. The Jacobian matrix of �
at .0; 0/ is .0 0/.

Exercise 8.1. Consider the equation

arctan.xy/ � exCy C 1 D 0:

Show that .0; 0/ is a solution of the equation and that in a neighbourhood of .0; 0/
the points .x; y/ satisfying the equation are the graph of a real-valued function �.x/
of class C1. Determine the derivative of the function � at 0.

Exercise 8.2. Consider the system .Es/ of equations

2x C y C s.1 � x2/ D 0

�5x � 2y C s.1 � y2/ D 0:

Show that there are real-valued functions � and  of class C1, defined on a
neighbourhood of 0, such that .�.s/;  .s// is a solution of the system .Es/.
Determine the derivatives of the functions � and  at 0.

Exercise 8.3. Consider the system of equations .S/

x2 � y2 C wz D 0

xy � w2 C z2 D 0:

Show that .0; 1; 1; 1/ is a solution of .S/ and that there is a neighbourhood O
of .0; 1/ and C1-mappings �1 W O �! R

2 and �2 W O �! R
2 such that

.x; y; �1.x; y/; �2.x; y// is a solution of .S/ for all .x; y/ 2 O . Find the partial
derivatives of �1 and �2 at .0; 1/.
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It is interesting to consider a system of equations .S/ composed of affine
functions:

a11x1 C � � � C a1nxn C b11y1 C � � � C b1pyp D c1

:::

ap1x1 C � � � C apnxn C bp1y1 C � � � C bppyp D cp:

We may write .S/ in matrix form as follows:

AX C BY D c

If detB ¤ 0, then B is invertible. For any c the system has a solution, for example
.0; B�1c/. The solutions are of the form .X; �.X//, with X 2 R

n and

�.X/ D �B�1AX C B�1c:

Exercise 8.4. Prove that the solutions of the system of affine functions are of the
form just given.

8.3 The Rank Theorem

In this section we will only be concerned with finite-dimensional normed vector
spaces. We will extensively use the inverse mapping theorem. If E and F are
normed vector spaces, O an open subset of E and f a mapping from E into F
which is differentiable at a 2 O , then we call the rank of the differential f 0.a/ the
rank of f at a . As rkf 0.a/ � min.dimE; dimF /, the rank of f at a cannot be
greater than the minimum of the dimensions of E and F . We will be particularly
interested in the case where f is differentiable at all points x 2 O and the rank is
constant; then we will speak of the rank of f . Suppose that the rank of f is equal to
min.dimE; dimF /. If min.dimE; dimF / D dimF , then f 0.x/ is surjective for all
x and we say that f is a submersion; if min.dimE; dimF / D dimE, then f 0.x/ is
injective for all x and we say that f is an immersion.

Our aim is to look at the local structure of C1-mappings between finite-
dimensional normed vector spaces. We will first consider linear mappings, and then
generalize the result.

Theorem 8.3. Let f W Rm �! R
n be a linear mapping of rank r . Then there are

linear isomorphisms ˛ W Rm �! R
m and ˇ W Rn �! R

n such that

ˇ ı f ı ˛.x1; : : : ; xm/ D .x1; : : : ; xr ; 0; : : : ; 0/:
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Proof. Let V be a complementary subspace of Kerf , the kernel of f : Rm D V ˚
Kerf . The dimension of V is r and f restricted to V is injective. Let u1; : : : ; ur
be a basis of V and urC1; : : : ; um a basis of Kerf . Then U D .ui /miD1 is a basis
of Rm. Now let W be a complementary subspace of Imf , the image of f in R

n:
R
n D Imf ˚W . The dimension of Imf is r and v1 D f .u1/; : : : ; vr D f .ur / is a

basis of Imf . If .vrC1; : : : ; vn/ is a basis of W , then V D .vj /njD1 is a basis of Rn.
Supposing thatM is the matrix of f in the bases .ui / and .vj /, then

M D
�

Ir 0r;m�r
0n�r;r 0n�r;m�r

�
:

Let Bm (resp. Bn) be the standard basis of Rm (resp. Rn). With A the matrix of f in
the standard bases we have the relation

M D PVBnAPBmU ;

where PAB is the matrix representing the basis B in the basis A. If, for x 2 R
m and

y 2 R
n, we set

˛.x/ D PBmUx and ˇ.y/ D PVBny;

then ˛ and ˇ are linear isomorphisms and

ˇ ı f ı ˛.x1; : : : ; xm/ D .x1; : : : ; xr ; 0; : : : ; 0/:

This completes the proof. ut
Corollary 8.1. Let E and F be vector spaces, with dimE D m and dimF D n,
and f W E �! F a linear mapping of rank r . Then there are linear isomorphisms
N̨ W Rm �! E and Ň W F �! R

n such that

Ň ı f ı N̨ .x1; : : : ; xm/ D .x1; : : : ; xr ; 0; : : : ; 0/:

Proof. Let Q̨ W R
m �! E and Q̌ W F �! R

n be linear isomorphisms. If we set
Qf D Q̌ ı f ı Q̨ , then Qf is a linear mapping from R

m into R
n and rk Qf D r . From

the theorem there are linear isomorphisms ˛ W Rm �! R
m and ˇ W Rn �! R

n such
that

ˇ ı Qf ı ˛.x1; : : : ; xm/ D .x1; : : : ; xr ; 0; : : : ; 0/;

i.e.,

ˇ ı Q̌ ı f ı Q̨ ı ˛.x1; : : : ; xm/ D .x1; : : : ; xr ; 0; : : : ; 0/:

Setting N̨ D Q̨ ı ˛ and Ň D ˇ ı Q̌, we obtain the result. ut
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Notice that, if E and F are normed vector spaces, then N̨ and Ň are diffeo-
morphisms and f a C1-mapping of constant rank. We will now generalize this
result to other C1-mappings of constant rank. We will first consider submersions
and immersions between euclidean spaces.

Proposition 8.2. Let O be an open subset of Rm, f W O �! R
n a C1-submersion

and a 2 O . There exist an open neighbourhood U of a, an open cube U 0 in R
m,

centred on the origin, and C1-diffeomorphisms ˛ W U 0 �! U and ˇ W Rn �! R
n

such that

ˇ ı f ı ˛.x1; : : : ; xn; : : : ; xm/ D .x1; : : : ; xn/

for all x 2 U 0.

Proof. The Jacobian matrix Jf .a/ has n independent columns; without loss of
generality, let us suppose that the first n columns are independent. We set

y D .y1; : : : ; yn; ynC1; : : : ; ym/ D .y0; y00/

and then
F.y/ D .f .y/; y00/

for y 2 O . The Jacobian matrix of F at a has the form

JF .a/ D

0
BBBBBB@

@f1
@y1
.a/ � � � @f1

@yn
.a/ � � � @f1

@ym
.a/

:::
:::

:::
@fn
@y1
.a/ � � � @fn

@yn
.a/ � � � @fn

@ym
.a/

0m�n;n Im�n

1
CCCCCCA
:

As JF .a/ is invertible, from the inverse mapping theorem we know that there is an
open neighbourhood U of a such that FjU is a C1-diffeomorphism onto its image
V . Restricting Fju if necessary, we may suppose that V is an open cube centred on
.f .a/; a00/. If we set ˛1 D F�1

jU , then ˛1 is a C1-diffeomorphism. For z 2 V there
exists y 2 U such that F.y/ D z, i.e.,

z D .z1; : : : ; zm/ D .f1.y/; : : : ; fn.y/; ynC1; : : : ; ym/

and so
f ı ˛1.z/ D f .y/ D .f1.y/; : : : ; fn.y// D .z1; : : : ; zn/:

We now define ˛2 on R
m to be the translation by .f .a/; a00/ and ˇ on R

n to be the
translation by �f .a/. In addition, we set U 0 D ˛�1

2 .V /; clearly U 0 is an open cube
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centred on the origin. Now setting ˛ D ˛1 ı ˛2 we obtain a C1-diffeomorphism
from U 0 onto U and

ˇ ı f ı ˛.x1; : : : ; xn; : : : ; xm/ D .x1; : : : ; xn/

for all x 2 U 0. ut
We now turn to immersions.

Proposition 8.3. Let O be an open subset of Rm, f W O �! R
n a C1-immersion

and a 2 O . There exist open neighbourhoods U of a and V of f .a/, an open
cube U 0 in R

m, centred on the origin, and C1-diffeomorphisms ˛ W U 0 �! U and
ˇ W V �! V 0 � R

n such that

ˇ ı f ı ˛.x1; : : : ; xm/ D .x1; : : : ; xm; 0; : : : ; 0/

for all x 2 U 0.

Proof. The Jacobian matrix Jf .a/ has m independent rows; without loss of
generality, let us suppose that these are the first m rows. We now consider the
mapping

F W O � Rn�m �! R
n; .x;w/ 7�! f .x/C .0;w/:

The Jacobian matrix of F at .a; 0/ can be written

JF .a; 0/ D

0
BBBBBBB@

@f1
@x1
.a/ � � � @f1

@xm
.a/

:::
::: 0m;n�m

@fm
@x1
.a/ � � � @fm

@xm
.a/

:::
::: In�m

@fn
@x1
.a/ � � � @fn

@xm
.a/

1
CCCCCCCA
:

As JF .a; 0/ is invertible, there is an open neighbourhood QU of .a; 0/ such that Fj QU
is

a C1-diffeomorphism onto its image V . We can suppose that QU has the formU � QU2,
where U is an open neighbourhood of a in O and QU2 an open neighbourhood of 0
in R

n�m. If we set ˇ1 D F �1
j QU

, then ˇ1 is a C1-diffeomorphism. For z 2 U and

y D f .z/, we have F.z; 0/ D y, therefore

ˇ1 ı f .z/ D ˇ1.y/ D .z; 0/;

or
ˇ1 ı f .z1; : : : ; zm/ D .z1; : : : ; zm; 0; : : : ; 0/:
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Reducing QU if necessary, we may suppose that U is an open cube centred on a. We
now define ˛ on R

m to be the translation by a and set U 0 D ˛�1.U /; clearly U 0 is
an open cube centred on the origin. We also define ˇ2 on R

n to be the translation by
.�a; 0/ and set ˇ D ˇ2 ı ˇ1. Then ˇ is a C1-diffeomorphism from V onto a subset
V 0 of Rn and

ˇ ı f ı ˛.x1; : : : ; xm/ D .x1; : : : ; xm; 0; : : : ; 0/

for all x 2 U 0. ut
Let us now consider the case where the rank of f is constant, but strictly inferior

to m and n.

Proposition 8.4. Let O be an open subset of Rm, f W O �! R
n a C1-mapping of

rank r < min.m; n/ and a 2 O . There exist open neighbourhoodsU of a and V of
b D f .a/, an open cube U 0 in R

m, centred on the origin, and C1-diffeomorphisms
˛ W U 0 �! U and ˇ W V �! V 0 � R

n such that

ˇ ı f ı ˛.x1; : : : ; xm/ D .x1; : : : ; xr ; 0; : : : ; 0/

for all x 2 U 0.

Proof. Let us first suppose that a D 0 2 R
m, b D 0 2 R

n and

f 0.0/.y1; : : : ; yr ; : : : ; ym/ D .y1; : : : ; yr ; 0; : : : ; 0/:

We will refer to these conditions as conditions .C /. For y 2 O we set

W.y/ D .f1.y/; : : : ; fr .y/; yrC1; : : : ; ym/:

As W 0.0/ D idRm , there exist open neighbourhoodsU and U 0 of 0 2 R
m such that

W W U �! U 0 is a C1-diffeomorphism. We now set ˛ D W �1. If x 2 U 0, then
there exists y 2 U such that

x D .f1.y/; : : : ; fr .y/; yrC1; : : : ; ym/

and so

f ı ˛.x/ D f .y/ D .f1.y/; : : : ; fr .y/; frC1.y/; : : : ; fn.y//

D .x1; : : : ; xr ; �rC1.x/; : : : ; �n.x//;
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where �i D fi ı ˛. The Jacobian matrix of f ı ˛ has the form

Jf ı˛.x/ D

0
BBBB@

Ir 0r;m�r
@�rC1

@x1
.x/ � � � @�rC1

@xm
.x/

:::
:::

@�n
@x1
.x/ � � � @�n

@xm
.x/

1
CCCCA
:

As ˛ is a diffeomorphism, f ı˛ has constant rank r . This implies that @�rCi

@xj
.x/ D 0

for j > r . Restricting ˛ if necessary, we can suppose that U 0 is an open
cube Cm.0; �/. The functions �rC1; : : : ; �n are constant for fixed x1; : : : ; xr
(Theorem 3.3). If, for .x1; : : : ; xr / 2 C r.0; �/ � R

r , we set

N�i .x1; : : : ; xr / D �i .x1; : : : ; xr ; 0; : : : ; 0/;

then N�i is of class C1 and

�i .x1; : : : ; xr ; xrC1; : : : ; xm/ D N�i .x1; : : : ; xr /

for all .x1; : : : ; xm/ 2 U 0. Now let us set

ˇ.x1; : : : ; xn/ D .x1; : : : ; xr ; xrC1 � N�rC1.x1; : : : ; xr /; : : : ; xn � N�n.x1; : : : ; xr //

for .x1; : : : ; xn/ in the open cube Cn.0; �/. Then ˇ is of class C1 and the Jacobian
matrix Jˇ.0/ is inferior triangular with all diagonal elements being equal to 1.
Therefore there are open neighbourhoods V and V 0 of 0 2 R

n such that ˇ W V �!
V 0 is a C1-diffeomorphism. Restricting U 0 to a smaller cube if necessary, we may
suppose that Imf ı ˛ � Cn.0; �/. For .x1; : : : ; xm/ 2 U 0 we have

ˇ ı f ı ˛.x1; : : : ; xm/ D ˇ.x1; : : : ; xr ; �rC1.x1; : : : ; xm/; : : : ; �n.x1; : : : ; xm//

D ˇ.x1; : : : ; xr ; N�rC1.x1; : : : ; xr /; : : : ; N�n.x1; : : : ; xr //
D .x1; : : : ; xr ; 0; : : : ; 0/:

Let us now consider the general case. We define ˛1 W R
m �! R

m and ˇ1 W
R
n �! R

n by

˛1.x/ D x C a and ˇ1.y/ D y � b:

From Theorem 8.3 we know that there are matrices A 2 Mm.R/ and B 2 Mn.R/

such that

BJf .a/A D
�

Ir 0r;m�r
0n�r;r 0n�r;m�r

�
:
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For x 2 R
m and y 2 R

n we now set

˛2.x/ D Ax and ˇ2.y/ D By

and then

Qf D ˇ2 ı ˇ1 ı f ı ˛1 ı ˛2 D Q̌ ı f ı Q̨ :

If QO D Q̨�1.O/, then Qf is defined on QO and satisfies the conditions .C /. Therefore
there exist open neighbourhoods QU and QV of the origin in R

m and R
n, an open

cube U 0 in R
m, centred on the origin, and C1-diffeomorphisms ˛3 W U 0 �! QU and

ˇ3 W QV �! V 0 � R
n such that

Q̌
3 ı Qf ı Q̨3.x1; : : : ; xr ; : : : ; xm/ D .x1; : : : ; xr ; 0; : : : ; 0/:

We now set U D Q̨ . QU /, V D Q̌�1. QV /, ˛ D Q̨ ı ˛3 and ˇ D ˇ3 ı Q̌. Then U is a
neighbourhood of a, V a neighbourhood of b and ˛ W U 0 �! U and ˇ W V �! V 0
are C1-diffeomorphisms. As ˇ ı f ı ˛ D ˇ3 ı Qf ı ˛3, we have

ˇ ı f ı ˛.x1; : : : ; xr ; : : : ; xm/ D .x1; : : : ; xr ; 0; : : : ; xm/

for all x 2 U 0. This finishes the proof. ut
We now put the previous three propositions together to obtain the rank theorem.

Theorem 8.4. Let E and F be finite-dimensional normed vector spaces of respec-
tive dimensions m and n, O an open subset of E, f W O �! F a C1-mapping of
rank r and a 2 O . Then there exist open neighbourhoodsU of a and V of b D f .a/

and C1-diffeomorphisms ˛ W U 0 �! U and ˇ W V �! V 0, where U 0 is an open
cube in R

m, centred on the origin, such that

ˇ ı f ı ˛.x1; : : : ; xr ; : : : ; xm/ D .x1; : : : ; xr ; 0; : : : ; 0/

for all x 2 U 0.

Proof. For the case where E D R
m and F D R

n we have already proved the result
(Propositions 8.2, 8.3 and 8.4). For the general case it is sufficient to notice that E
and R

m are isomorphic as are F and R
n. ut

Exercise 8.5. Let E and F be normed vector spaces of respective dimensions m
and n, O an open subset of E and f a C1-mapping from O into F . Suppose that
a 2 O with rkf 0.a/ D m (resp. rkf 0.a/ D n). Show that there is a neighbourhood
O 0 of a such that f W O 0 �! F is an immersion (resp. submersion).
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8.4 Constrained Extrema

We have already looked at the problem of finding extrema of differentiable
functions. Here we will return to the subject, but this time taking constraints into
consideration. To be more precise, we consider a real-valued function f defined
on some open subset O of a Banach space and look for possible local extrema a
satisfying a condition of the form g.a/ D 0, where g is a mapping from O into
some Banach space F . In general, F is a euclidean space R

n. Before arriving at a
result characterizing such local extrema we will need to do some preliminary work.

Lemma 8.1. Let E be a Banach space and l a linear mapping from E into R. Then
l is continuous if and only if the kernel of l is closed.

Proof. If l is continuous, then Ker l is closed, because f0g is closed.
Suppose now that Ker l is closed and let us writeK D Ker l . IfK D E, then l is

the zero mapping from E into R and so is continuous. If K ¤ E, then there exists
a 2 E n K . The distance from a to K , d.a;K/, is strictly positive, because K is
closed. If x 2 E nK , then l.x/ ¤ 0 and y D a � l.a/

l.x/
x 2 K . Therefore

jl.a/j
jl.x/j kxk D ky � ak � d.a;K/

and it follows that

jl.x/j � jl.a/j
d.a;K/

kxk:

As this is also true when x 2 K , l is continuous and jl j � jl.a/j
d.a;K/

. ut
Proposition 8.5. Let E and F be Banach spaces, l 2 L.E; F / surjective and
� 2 E�. Suppose that Ker l has a closed complement L. Then the following two
conditions are equivalent:

(a) Ker l � Ker�;
(b) There exists � 2 F � such that � D � ı l .
Proof. The condition (b) clearly implies the condition (a).

Suppose now that the condition (a) is satisfied and let y 2 F . Because l is
surjective, l�1.y/ is not empty. It is also closed, because l is continuous. If x1; x2 2
l�1.y/, then x1 � x2 2 Ker l � Ker�, therefore �.x1/ D �.x2/. If we define �.y/
to be the common value of � on the set l�1.y/, then we obtain a real-valued function
� defined on F such that � D � ı l . The function � is linear and continuous. Let us
see why this is so.

First, the linearity. If y D l.x/, then �.y/ D �.x/ and for ˛ 2 R we have

˛y D ˛l.x/ D l.˛x/ H) �.˛y/ D �.˛x/ D ˛�.x/ D ˛�.y/:
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If y1 D l.x1/ and y2 D l.x2/, then

y1 C y2 D l.x1/C l.x2/ D l.x1 C x2/ H) �.y1 C y2/ D �.x1 C x2/

D �.x1/C �.x2/ D �.y1/C �.y2/:

We have shown that � is linear.
Now let us turn to the continuity. This is more difficult. The mapping ljL is

linear continuous and bijective. From the corollary to the open mapping theorem
(see Appendix 1), ljL is a normed vector space isomorphism. In addition, �.y/ D 0

if and only if y D l.x/, with �.x/ D 0; however, this is the case if and only if
y 2 l.Ker�/. Therefore Ker� D l.Ker�/. It is clear that

ljL.L \ Ker�/ � l.Ker�/:

Let y 2 l.Ker�/ and x 2 E be such that �.x/ D 0 and y D l.x/. We can
write x D x1 C x2, with x1 2 Ker l and x2 2 L. However, Ker l � Ker� and so
�.x/ D �.x2/. It follows that x2 2 L \ Ker� and y D l.x/ D l.x2/. Hence

l.Ker�/ � ljL.L \ Ker�/:

To sum up, we have shown that

Ker� D ljL.L \ Ker�/:

As ljL is a normed vector space isomorphism and L \ Ker� is closed, Ker� is a
closed subspace of F . From Lemma 8.1, � is continuous. ut
Remark. The continuous linear mapping � is unique. Suppose that there exists �1
satisfying the conditions of the proposition and that �1 ¤ �. Then there is a y such
that �1.y/ ¤ �.y/. If y D l.x/, then

�.x/ D �1.l.x// ¤ �.l.x// D �.x/;

a contradiction. Hence � is unique.

We are now in a position to state and prove the result alluded to above concerning
a relative minimum or maximum under constraints.

Theorem 8.5. Let E and F be Banach spaces, O an open subset of E and f W
O �! R and g W O �! F mappings of class C1. Suppose that a 2 A D g�1.0/
and that f has a relative extremum (minimum or maximum) at a. If g0.a/ is
surjective and Ker g0.a/ has a closed complementL, then there is a unique � 2 F �
such that .f � � ı g/0.a/ D 0.

Proof. If Kerg0.a/ � Ker f 0.a/, then from the previous proposition there is a
unique element � 2 F � such that f 0.a/ D � ı g0.a/. However, �0.g.a// D �,
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because � 2 F �, and so we have f 0.a/ D .� ı g/0.a/. Therefore to prove the
theorem it is sufficient to establish the inclusion Kerg0.a/ � Kerf 0.a/. Let us
write K for Kerg0.a/.
K is a closed subspace of E and so is a Banach space. The complementary

subspace L is closed and so L too is a Banach space. The mapping

� W K � L �! E W .x; y/ 7�! x C y

is a bijective continuous linear mapping and thus a normed vector space isomor-
phism. Let QO D ��1.O/ and Qg D g ı �. Then Qg is defined on QO. Now, on the one
hand

Qg0.x; y/.h; k/ D @1 Qg.x; y/hC @2 Qg.x; y/k
and on the other

Qg0.x; y/.h; k/ D g0.�.x; y// ı �0.x; y/.h; k/ D g0.x C y/.hC k/:

This implies that

@1 Qg.x; y/ D g0.x C y/jK and @2 Qg.x; y/ D g0.x C y/jL :

In particular, if a D a1 C a2 with a1 2 K and a2 2 L, then

@1 Qg.a1; a2/ D g0.a/jK and @2 Qg.a1; a2/ D g0.a/jL :

It follows that @1 Qg.a1; a2/ D 0 and that @2 Qg.a1; a2/ is a bijective continuous linear
mapping from L onto F and so a normed vector space isomorphism.

We now apply the implicit mapping theorem: there exist an open neighbourhood
QO 0 of .a1; a2/, included in QO , an open neighbourhood U of a1 and a C1-mapping
 W U �! L such that the following statements are equivalent:

• .x; y/ 2 QO 0 and Qg.x; y/ D 0;
• x 2 U and y D  .x/.

Next we consider the mapping

G W U �! R; x 7�! f ı �.x;  .x//:

G has a relative extremum at a1. As G is differentiable, we have G0.a1/ D 0. If we
can show that f 0.a/k D G0.a1/k for k 2 K , then we are finished. Now, if k 2 K ,
then

G0.a1/k D f 0.�.a1;  .a1// ı �0.a1;  .a1// ı .idK; 0.a1//k

D f 0.a/
�
�.k;  0.a1/k/

�

D f 0.a/.k C  0.a1/k/:
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However, for x 2 U we have Qg.x;  .x// D 0, which implies that

@1 Qg.a1; a2/hC @2 Qg.a1; a2/ ı  0.a1/k D 0:

As @1 Qg.a1; a2/ D 0 and @2 Qg.a1; a2/ is invertible, we must have  0.a1/ D 0. It
follows that f 0.a/k D G0.a1/k when k 2 K . We have shown that Kerg0.a/ �
Kerf 0.a/. This concludes the proof. ut
Remark. In Proposition 8.5 and the above theorem one of the conditions was the
existence of a closed complementary subspace. In a Hilbert space or a finite-
dimensional normed vector space this condition is not necessary, because it is
always fulfilled.

Suppose that F D R
n. This means that the constraint g is composed of n real-

valued functions: we have gi .x/ D 0 for i D 1; : : : ; n. If � is a linear mapping from
R
n into R, then there is a unique set of constants �1; : : : ; �n 2 R such that

�.y1; : : : ; yn/ D �1y1 C � � � C �nyn

for all .y1; : : : ; yn/ 2 R
n. This means that the relation

.f � � ı g/0.a/ D 0

can be written
f 0.a/ � .�1g0

1.a/C � � � C �ng
0
n.a// D 0:

If we further suppose that E D R
m, then we can replace the above condition by the

following:
rf .a/ � .�1rg1.a/C � � � C �nrgn.a// D 0:

If we add the constraint equations gi .a/ D 0, then we see that a is a solution of
a system of m C n equations in m C n unknowns. The constants �i are called
Lagrange multipliers. Notice also that the surjectivity of g0.a/ is equivalent to the
independence of the gradients rg1.a/; : : : ;rgn.a/.

Example. Consider the function f defined on R
2 by f .x; y/ D cos x C cosy. On

the domain

D D
n
.x; y/ 2 R

2 W 0 � x � �

2
; 0 � y � �

2
; sin x C sin y D 1

o
:

f has both a maximum and a minimum, because f is continuous and D compact.
Let .a; b/ be a maximum and suppose that .a; b/ lies in the set

D1 D
n
.x; y/ 2 R

2 W 0 < x < �

2
; 0 < y <

�

2
; sin x C siny D 1

o
:
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Let us set g.x; y/ D sinx C sin y � 1. Then

rf .x; y/ D .� sinx;� sin y/ and rg.x; y/ D .cos x; cosy/:

As rg ¤ 0 on D1, there exists � 2 R such that

� sin a D � cosa and � sin b D � cos b;

which implies that
tan a D tan b D ��:

Now, a; b 2 �
0; �

2

�
and so a D b. It follows that sin a D sin b. However, sin a C

sin b D 1 and so sin a D sin b D 1
2
; hence a D b D �

6
. If
�
�
6
; �
6

�
is not a maximum,

then the only other possibilities are
�
0; �

2

�
or
�
�
2
; 0
�
. However,

f
��
6
;
�

6

�
D p

3 > 1 D f
�
0;
�

2

�
D f

��
2
; 0
�

and so
�
�
6
; �
6

�
is the unique maximum.

Let us now consider the minimum. If such a point were to lie in D1, then it could
only be the point

�
�
6
; �
6

�
, which is not possible. It follows that there are two minima,

namely
�
0; �

2

�
and . �

2
; 0/.

We now give an example with two constraints.

Example. We consider the intersection E of the surfaces

C W x2 C y2 D 5 and P W x C 2y C z D 0:

We aim to find those points inE which are closest and those which are furthest from
the origin. First we set

f .x; y; z/ D x2 C y2 C z2; g1.x; y; z/ D x2 C y2 � 5 and g2.x; y; z/ D x C 2y C z:

The point .a; b; c/minimizes (resp. maximizes) the distance to the origin if and only
if .a; b; c/ is a minimum (resp. maximum) of f . E is closed and bounded, hence
compact. As f is continuous, f has a maximum and a minimum on E. Now,

rg1.x; y; z/ D .2x; 2y; 0/ and rg2.x; y; z/ D .1; 2; 1/;

which are linearly dependent if and only if x D y D 0. However, if this is so,
then g1.x; y; z/ D �5 ¤ 0, which means that .x; y; z/ … E. Therefore, if .a; b; c/
minimizes (or maximizes) f on E, then there exist �1; �2 2 R such that

rf .a; b; c/ � �1r1g1.a; b; c/ � �2r1g2.a; b; c/ D 0:
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This leads us to look for the solutions .S;�/ 2 R
3 � R

2 of the following system of
equations:

2x � 2�1x � �2 D 0

2y � 2�1y � 2�2 D 0

2z � �2 D 0

x2 C y2 � 5 D 0

x C 2y C z D 0:

This system has four solutions, namely

.S1;�1/ D .�2; 1; 0; 1; 0/; .S2;�2/ D .2;�1; 0; 1; 0/;

.S3;�3/ D .1; 2 � 5; 6;�10/ and .S4;�4/ D .�1;�2; 5; 6; 10/:

We find that f .S1/ D f .S2/ D 5 and that f .S3/ D f .S4/ D 30. It follows that S1
and S2 minimize the distance to the origin and S3 and S4 maximize the distance.

Remark. In looking for constrained extrema we are often led to solving large
systems of polynomials in several variables. Gröbner bases can be very useful in
handling such problems. A good introduction to the subject is the book by Cox,
Little and O’Shea [8].

Exercise 8.6. Show that the function f W R
3 �! R; .x; y; z/ 7�! xyz has a

maximum on the domain

D D f.x; y; z/ 2 R
3C W x2 C 4y2 C z D 4g:

Find the points where f attains a maximum value.

Exercise 8.7. Find the points on the surface

S W .x � y/2 � z2 D 1

which minimize the distance to the origin.

Exercise 8.8. Consider the function f defined on R
n by

f .x1; : : : ; xn/ D
X

1�i<j�n
xixj :
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Show that f has a maximum and a minimum on the domain

D D
(
.x1; : : : ; xn/ 2 R

n W x1 � 0; : : : ; xn � 0;

nX
iD1

xi D 1

)
:

Find the extrema.

Exercise 8.9. Let x1; : : : ; xn 2 R
�C and set

An D
(
.u1; : : : ; un/ 2 R

n W u1 > 0; : : : ; un > 0;
nY
iD1

ui D 1

)
:

Show that the function

f W Rn �! R; .u1; : : : ; un/ 7�! 1

n

nX
iD1

ui xi

has a unique minimum on An and that the minimum value of f is .
Qn
iD1 xi /

1
n .

Deduce the inequality

 
nY
iD1

xi

! 1
n

C
 

nY
iD1

yi

! 1
n

�
 

nY
iD1
.xi C yi /

! 1
n

for all x1; : : : ; xn; y1; : : : ; yn 2 R
�C.

In the second example above, which is relatively simple, we obtained a system
of five polynomial equations in five unknowns. With a little work the solutions of
this system could be found. However, in general it is no easy matter to solve the
system of equations found and, even once we have the solutions, to decide whether
a given solution is a maximum, minimum or neither one nor the other. Nevertheless,
for one sort of constrained optimization problem we can find a complete solution.
Let A 2 Mn.R/ be symmetric and positive definite, b 2 R

n, C 2 Mmn.R/, with
m � n and rkC D m, and d 2 R

m. We consider the problem of minimizing the
real-valued function

f .x/ D 1

2
xtAx � btx

under the constraint(s)
Cx D d:

The function f is strictly convex on the convex set S D fx 2 R
n W Cx D d g. If �

is the smallest eigenvalue of the matrix A, then

f .x/ D 1

2
xtAx � btx � 1

2
�kxk22 � kbk2kxk2
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and so f .x/ approaches 1 when kxk2 approaches 1. As S is closed, f has a
minimum Nx on S , which is unique, because f is strictly convex. We are minimizing
f on R

n, which is open, under the constraints

�i.x/ D
nX

jD1
cij xj � di

for i D 1; : : : ; m.
Now, r�i .x/ D .ci1; : : : ; cin/ and the rank of the matrix C is m, therefore the

gradients are independent. It follows that there exist �1; : : : ; �m 2 R such that

rf . Nx/ �
mX
iD1

�ir�i . Nx/ D 0:

Letting N� be the vector of Lagrange multipliers, i.e., N� D .�1; : : : ; �m/, we can write
these expressions in matrix form:

A Nx � b � C t N� D 0:

Now let us consider the matrix B D CA�1C t 2 Mm.R/. First,

Bt D .C t /t .A�1/tC t D CA�1C t D B;

because the symmetry of A implies that of A�1. Therefore B is symmetric. Also, if
y 2 R

m, then we have

yt .CA�1C t /y D .C ty/tA�1.C ty/ � 0;

because the positive definiteness of A implies that of A�1. In addition,

yt .CA�1C t /y D 0 H) C ty D 0;

which in turn implies that y D 0, because rkC t D m. Hence B is positive definite.
We can now determine N� and so Nx. We have

A Nx � b � C t N� D 0 H) C Nx � CA�1b � CA�1C t N� D 0

H) d � CA�1b � B N� D 0

H) N� D B�1.d � CA�1b/

and, substituting for N�, we obtain

Nx D A�1b C A�1C t N� D A�1�b C C tB�1.d � CA�1b/
�
:
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Appendix 1: Bijective Continuous Linear Mappings

If E and F are normed vector spaces and f 2 L.E; F / is bijective, then there is
no guarantee that the inverse f �1 is continuous. (Of course this is not a problem if
E and F are finite-dimensional, because all linear mappings between such spaces
are continuous.) We will show here that the inverse is continuous if E and F are
Banach spaces. In so doing we will prove a little more, namely the open mapping
theorem. We will begin with a lemma, often referred to as Baire’s theorem . We need
a definition. A subset S of a normed vector space E is dense in E if the closure
NS D E. This is equivalent to saying that for any open ball B.x; r/ the intersection
B.x; r/ \ S is not empty.

Lemma 8.2. (Baire’s theorem) Let E be a Banach space and .Sn/1nD1 a sequence
of closed subsets of E each with empty interior. Then the interior of the union of
these subsets is also empty.

Proof. Let us write On for the complement cSn of Sn. Then On is open and dense
inE . We setO D \1

nD1On. It is sufficient to show thatO is dense inE. Let B.x; r/
be an open ball. We choose x1 2 B.x; r/ \O1 and r1 > 0 such that

NB.x1; r1/ � B.x; r/ \O1 and 0 < r1 <
r

2
:

Next we choose x2 2 B.x1; r1/\O2 and r2 > 0 such that

NB.x2; r2/ � B.x1; r1/ \O2 and 0 < r2 <
r1

2
:

Continuing in the same way we obtain a sequence .xn/ such that kxn �xn�1k < r
2n

.
Using the triangle inequality we now obtain for k � 1

kxnCk � xnk � kxnCk � xnCk�1k C � � � C kxnC1 � xnk
<

r

2nCk C � � � C r

2nC1 <
r

2n
:

Thus .xn/ is a Cauchy sequence and has a limit l . As .xn/ � B.x1; r1/, l must lie
in NB.x1; r1/ and so in B.x; r/. However, l 2 \1

nD1 NB.xn; rn/ � \1
nD1On and so

B.x; r/ \O ¤ ;. As any open ball intersects O , O is dense in E. ut
Baire’s theorem has many applications. It is fundamental in establishing the next

result from which the open mapping follows. Also important in proving this result
is Exercise 1.11, which we recall: If A is a subset of a normed vector space E and
O is a nonempty open subset of NA, thenO \A ¤ ;.

Lemma 8.3. Let E and F be Banach spaces and L 2 L.E; F / surjective. Then
the image of an open ball centred on the origin in E contains an open ball centred
on the origin in F .
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Proof. To simplify the notation, let us write Br (resp.B 0
r ) for the open ball of radius

r centred on the origin in E (resp. F ). As

L.Br/ D L.rB1/ D rL.B1/;

it is sufficient to prove the result for r D 1. We will first show that L.B1/ contains
an open ball B 0

� . As L is surjective, we have F D [1
nD1L.Bn/. By Baire’s theorem

there is an m 2 N
� such that intL.Bm/ ¤ ;. From Exercise 1.11 there exists an

element y0 of this open set lying in L.Bm/. If y0 D L.x0/ and x 2 Bm, then
x � x0 2 B2m and so L.x � x0/ 2 L.B2m/. It follows that L.Bm/ � y0 � L.B2m/.
Therefore

L.Bm/ � y0 D L.Bm/ � y0 � L.B2m/:

As int .L.Bm/� y0/ D intL.Bm/� y0, 0 is an interior point of L.Bm/� y0 and so
of L.B2m/. Also,

L.B2m/ D 2mL.B1/ D 2mL.B1/;

and so 0 is an interior point of 2mL.B1/ and thus of L.B1/: there exists an open
ball B 0

� , centred on the origin in F , such that B 0
� � L.B1/.

Our next step is to show that B 0
� � L.B3/. Let y 2 B 0

� . In order to show that
y 2 L.B3/ we will establish the existence of sequences .xn/ � E and .yn/ � F ,
with yn D L.xn/, such that

kxnkE < 1

2n�1 and ky �
nX
iD1

yikF < �

2n
:

Let B.y; r/ be an open ball centred on y of radius r < �
2

and included in B 0
� . As

B.y; r/ � L.B1/, there exists y1 � B.y; r/ \ L.B1/ (Exercise 1.11). Therefore
there exists x1 2 B1 such that L.x1/ D y1. Thus we have the first members of the
sequences .xn/ and .yn/. Suppose that we have constructed the sequences up to n.
Now,

B 0
�
2n

D 1

2n
B 0
� � 1

2n
L.B1/ D L

�
B 1

2n

�
:

Let us set y0 D y � Pn
iD1 yi and let B.y0; r 0/ be an open ball centred on y0 of

radius r 0 < �

2nC1 and included in B 0
�
2n

. As B.y0; r 0/ � L
�
B 1

2n

�
, there exists ynC1 2
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B.y0; r 0/ \ L.B 1
2n
/. Because ynC1 2 L

�
B 1

2n

�
, there exists xnC1 2 B 1

2n
such that

L.xnC1/ D ynC1. Also, as ynC1 2 B.y0; r 0/, we have

ky0 � ynC1kF < �

2nC1 or ky �
nC1X
iD1

yikF < �

2nC1 :

Hence we can construct the sequences up to order n C 1. This establishes the
existence of the sequences. If we set sn D Pn

iD1 xi , then .sn/ is a Cauchy sequence
and so has a limit x, with kxk � 2 < 3, and

L.x/ D limL.sn/ D lim
nX
iD1

L.xi / D lim
nX
iD1

yi D y:

Therefore y 2 L.B3/ and so B 0
� � L.B3/.

However, showing that B 0
� � L.B3/ is equivalent to showing that B 0

�
3

� L.B1/.

This completes the proof. ut
Theorem 8.6. (Open mapping theorem) If E and F are Banach spaces and L W
E �! F is a surjective continuous linear mapping, then L is an open mapping,
i.e., L maps open subsets of E to open subsets of F .

Proof. Let O � E be open and y 2 L.O/. There is an x 2 O such that L.x/ D y.
As O is open, we can find an open ball B.x; r/ lying in O . From the lemma we
know that there is an open ball B 0

� in F such that B 0
� � L.Br /. We have

B 0.y; �/ D y C B 0
� � y C L.Br / D L.x C Br/ D L.B.x; r// � L.O/:

This shows that L.O/ is open. ut
We are now in a position to establish what we set out to prove.

Corollary 8.2. If E and F are Banach spaces and L W E �! F is a bijective
continuous linear mapping, then the inverse of L is also continuous.

Proof. From the theorem L is open. This implies that L�1 is continuous. ut
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Appendix 2: Contractions

We recall the definition of a contraction. Let E be a normed vector space, S � E

and f a mapping from S into S . We say that f is a contraction mapping or a
contraction if there is a constant k 2 Œ0; 1/ such that

kf .x/ � f .y/k � kkx � yk:

Any such k is called a contraction factor. The following result is known as the
contraction mapping theorem.

Theorem 8.7. Let E be a Banach space, S a closed subset of E and f W S �!
S a contraction. Then f has a unique fixed point x. In addition, if x0 2 S and
the sequence .xn/1nD0 is defined recursively by the relation xnC1 D f .xn/, then
limn!1 xn D x.

Proof. Let x0 2 S . We define a sequence .xn/1nD0 by the relation xnC1 D f .xn/. If
k is a contraction factor and m > n, then

kxm � xnk � kxm � xm�1k C kxm�1 � xm�2k C � � � C kxnC1 � xnk:

However,

kxsC1 � xsk � kkxs � xs�1k � k2kxs�1 � xs�2k � � � � � kskx1 � x0k;

therefore

kxm � xnk � .km�1 C km�2 C � � � C kn/kx1 � x0k � kn

1 � k
kx1 � x0k:

It follows that .xn/ is a Cauchy sequence and so has a limit x, which belongs to S
because S is closed.

The sequence .f .xn// is a subsequence of .xn/ and f is continuous, therefore

x D limf .xn/ D f .x/:

Thus x is a fixed point of f . If f .y/ D y, then

kx � yk D kf .x/ � f .y/k � kkx � yk;

which is possible only if x D y. Therefore the fixed point is unique.
Let x0

0 2 S and the sequence .x0
n/

1
nD0 be defined recursively by the relation

x0
nC1 D f .x0

n/. From what we have just seen, the sequence .x0
n/ converges to a

fixed point x0 of f . The uniqueness of the fixed point implies that x0 D x. ut



Chapter 9
Vector Fields

Let E be a normed vector space andO an open subset of E. A continuous mapping
X from O into E is called a vector field. If X is of class Ck , with k � 1, then
we refer to X as a vector field of class Ck. If I is an open interval of R and � a
differentiable mapping from I into O such that

P�.t/ D X.�.t//

for all t 2 I , then we say that � is an integral curve of X or a solution of the first-
order differential equation Px D X.x/. As X and � are both continuous, so is X ı �
and it follows that � is of class C1. An integral curve � defined on an open interval
I is a maximal integral curve if it cannot be extended to an integral curve defined
on an open interval strictly containing I .

Exercise 9.1. Show that, if the vector field X is of class Ck , then an integral curve
� of X is of class CkC1. Thus, if X is smooth, then so is any integral curve of X .

We recall the definition of a Lipschitz mapping. Let E and F be normed vector
spaces, S a subset of E and f a mapping of S into F . If there is a constant K � 0

such that
kf .x/ � f .y/kF � Kkx � ykE

for all x; y 2 S , then we say that f is Lipschitz (or K-Lipschitz) and that K is
a Lipschitz constant for f . We can generalize this idea. We say that f is locally
Lipschitz if every point x 2 S has an open neighbourhoodU such that f restricted
to U \ S is Lipschitz. Clearly a locally Lipschitz mapping is continuous. Suppose
that O is open, f of class C1 and x 2 O . As f 0 is continuous, f 0 is bounded on
some open ball B centred on x. From Corollary 3.2 we see that f is Lipschitz on
B and it follows that f is locally Lipschitz. We will be particularly interested in
Lipschitz and locally Lipschitz vector fields.

Remark. A continuous mapping may not be bounded on a bounded subset; however,
a Lipschitz mapping is bounded on bounded subsets. On the other hand, a
continuous mapping is locally bounded on any subset S of a normed vector space,

R. Coleman, Calculus on Normed Vector Spaces, Universitext,
DOI 10.1007/978-1-4614-3894-6 9, © Springer Science+Business Media New York 2012
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190 9 Vector Fields

i.e., every x 2 S has an open neighbourhood U such that f restricted to U \ S is
bounded.

Notation. Let a 2 R. We will write Ta for the translation mapping of R into R

defined by
Ta.t/ D t � a:

The integral curves of a vector field have an important elementary property,
namely they are invariant under translation:

Proposition 9.1. Let � W I �! O be an integral curve of a vector field X W
O �! E and a 2 R. Then � ı Ta is an integral curve of X defined on I C a.
In addition, � ı Ta is maximal if and only if � is maximal.

Proof. The mapping � ı Ta is clearly defined on I C a and for t 2 I C a we have

d

dt
.� ı Ta/.t/ D d

dt
�.t � a/ D X.�.t � a// D X.� ı Ta.t//:

Therefore � ı Ta is an integral curve.
Suppose that � is maximal. If � ıTa is not maximal, then � ıTa can be extended

to an integral curve �1 defined on an open interval I1 strictly containing I C a.
However, �1 ıT�a is an integral curve defined on the interval I1�a. As I is strictly
contained in I1�a and � D �1ıT�a on I , we have a contradiction to the maximality
of �. It follows that � ı Ta is maximal.

Using an analogous argument we can show that, if �ıTa is maximal, then so is �.
ut

We often need to consider so-called time-dependent vector fields. Suppose that
E and O are as above, J an open interval of R and Y a continuous mapping from
J �O into E. Then we say that Y is a time-dependent vector field. In this case, for
each t 2 J , the mapping Yt W x 7�! Y.t; x/ is a vector field. An integral curve of Y
is a differentiable mapping � from an open interval I � J into O such that

P�.t/ D Y.t; �.t//

for t 2 I . As Y.t; �.t// is continuous,� is of classC1. An integral curve is maximal
if it cannot be extended to an integral curve defined on an open interval strictly
containing I .

With a time-dependent vector field we may associate a vector field in a natural
way. If Y W J �O �! E is a time-dependent vector field and for t 2 J and x 2 O
we set

X.t; x/ D .1; Y.t; x//;

then we obtain a vector field defined on the open subset J �O of R �E. As might
be expected, there is a relation between the integral curves of Y and X .
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Proposition 9.2. The integral curves  of X are of the form Q� ı Ta, where

Q�.t/ D .t; �.t//

and � is an integral curve of Y .  is maximal if and only if � is maximal.

Proof. If � W I �! O is an integral curve of Y and we set Q�.t/ D .t; �.t// for
t 2 I , then it is easy to see that Q� is an integral curve of X . If a 2 R, then as above
Q� ı Ta is an integral curve of X defined on I C a:

Q� ı Ta.t/ D .t � a; �.t � a//:

Suppose now that  is an integral curve of X defined on an open interval I . Then

 .t/ D .˛.t/; �.t//;

where ˛.t/ 2 J , �.t/ 2 O and

d

dt
 .t/ D

�
1; Y.˛.t/; �.t//

�
:

As d
dt ˛.t/ D 1, there exists a 2 R such that ˛.t/ D t � a. Therefore

d

dt
 .t/ D

�
1; Y.t � a; �.t//

�
H) d

dt
�.t/ D Y.t � a; �.t//:

If we set �1.t/ D � ı T�a, then for t 2 I � a we obtain

d

dt
�1.t/ D d

dt
�.t C a/ D Y.t; �.t C a// D Y.t; �1.t//;

and so �1 is an integral curve of Y defined on I � a. However,

 .t/ D .t � a; �.t// D .t � a; �1.t � a//;

i.e.,  D Q�1 ı Ta. Hence an integral curve of X always has the form given in the
statement of the proposition.

To close, we notice that it is not difficult to see that an integral curve of X is
maximal if and only if it is derived from a maximal integral curve of Y . ut

Up to now we have supposed that integral curves exist. In the next section we
will show that this is in general the case.
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9.1 Existence of Integral Curves

Let X W O �! E be a locally Lipschitz vector field and x0 2 O . There exists
a closed ball NB.x0; r/ � O , with r > 0, and a constant K � 0 such that X
restricted to NB.x0; r/ is K-Lipschitz. As X is Lipschitz on NB.x0; r/, X is bounded
on NB.x0; r/. We set

M D sup
x2 NB.x0;r/

kX.x/k:

Theorem 9.1. If E is a Banach space, t0 2 R and � > 0, with �M < r , then there
is a unique integral curve � defined on the interval I� D .t0 � �; t0 C �/ satisfying
the condition �.t0/ D x0. The image of � lies in the open ball B.x0; r/.

Proof. The set of continuous mappings from NI� into E, which we write C. NI�; E/,
is a vector space. If we set

k�k D sup
t2 NI�

k�.t/kE

for � 2 C. NI�; E/, then k � k defines a norm and with this norm C. NI�; E/ is a Banach
space. The set

S D f� 2 C. NI�; E/ W Im .�/ � NB.x0; r/; �.t0/ D x0g

is a nonempty closed subset of C. NI�; E/. We define a mapping F from S into
C. NI�; E/ by

F.�/.t/ D x0 C
Z t

t0

X.�.s//ds:

Clearly F.�/.t0/ D x0. Also,

kF.�/.t/ � x0kE � j
Z t

t0

kX.�.s//kEdsj � M jt � t0j < r: (9.1)

Therefore F is a mapping from S into S .
We will now show that, if n is sufficiently large, then F n is a contraction. Let

�1; �2 2 S . We claim that for n 2 N
�

kF n.�1/ � F n.�2/k � .K�/n

nŠ
k�1 � �2k:

To establish this we will prove by induction that

kF n.�1/.t/ � F n.�2/.t/kE � Knjt � t0jn
nŠ

k�1 � �2k:

For n D 1 we have
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kF.�1/.t/ � F.�2/.t/kE � j
Z t

t0

kX.�1.s// �X.�2.s//kEdsj

� Kj
Z t

t0

k�1.s/ � �2.s/kEdsj

� Kjt � t0jk�1 � �2k:

Suppose now that the result is true for n and consider the case nC 1. Replacing �1
and �2 by F n.�1/ and F n.�2/ in the calculation above we obtain

kF nC1.�1/.t/� F nC1.�2/.t/kE � Kj
Z t

t0

kF n.�1/.s/ � F n.�2/.s/kEdsj

� Kj
Z t

t0

Knjs � t0jn
nŠ

k�1 � �2kdsj

D KnC1jt � t0jnC1

.nC 1/Š
k�1 � �2k:

Therefore the result is true for nC 1 and so for all n 2 N
�. It now follows that

kF n.�1/ � F n.�2/k � .K�/n

nŠ
k�1 � �2k:

For n sufficiently large .K�/n < nŠ and so F n is a contraction.
We now fix an n such that F n is a contraction. From Theorem 8.7 F n has a

unique fixed point � and, for any � 2 S , limk!1 F nk.�/ D �. Thus

� D lim
k!1F nk.F.�// D lim

k!1F.F nk.�// D F.�/

and so � is a fixed point of F . If F.�/ D � , then F n.�/ D � and so � D �, i.e., the
fixed point of F is unique. To recapitulate, we have

�.t/ D x0 C
Z t

t0

X.�.s//ds:

Restricting � to I� we obtain an integral curve defined on I� and of course �.t0/ D
x0. From the inequality (9.1) we see that the image of � lies in the open ballB.x0; r/.

Suppose now that  is another integral curve defined on I� with  .t0/ D x0.
Then for t 2 I� we have

 .t/ D x0 C
Z t

t0

X. .s//ds:
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From Corollary 3.2, for t 2 I� and � > 0 sufficiently small, we may write

k .t C �/ �  .t/kE � sup
s2.t;tC�/

k P .s/kE j�j � M�;

because P .s/ D X. .s//. This implies that we can extend  to a continuous
mapping defined on NI� . Then

 .t0C�/ D lim
˛!�

 .t0C˛/ D x0C lim
˛!�

Z t0C˛

t0

X. .s//ds D x0C
Z t0C�

t0

X. .s//ds:

In the same way

 .t0 � �/ D x0 C
Z t0

t0��
X. .s//ds

and it follows that  is a fixed point of F . Hence  D � on NI� and so on I� . This
ends the proof. ut
Exercise 9.2. Show that the relation

k .t C �/�  .t/kE � M�

proved above implies that can be extended to a continuous mapping defined on NI� .
From here on, when speaking of vector fields, we will assume that the normed

vector space E is a Banach space and that all vector fields are locally Lipschitz.
We have established the existence of an integral curve � satisfying the condition

�.t0/ D x0 and its uniqueness in a local sense. In fact, there are many integral
curves satisfying the condition; however, as we will soon see, there is one and only
one maximal integral curve satisfying the condition.

Proposition 9.3. Let � and  be integral curves of the vector field X defined on
the same open interval I . If t0 2 I and �.t0/ D  .t0/, then �.t/ D  .t/ for all
t 2 I .

Proof. From Theorem 9.1 there is an open interval QI � I containing t0 such that
�.t/ D  .t/ for all t 2 QI . Let I1 be the union of all such intervals. Then I1 is an
open interval containing t0 such that �.t/ D  .t/ for all t 2 I1. Suppose that I1 ¤
I . If I D .a; b/ and I1 D .˛; ˇ/, then a < ˛ or ˇ < b. Without loss of generality,
suppose that ˇ < b. Because � and  are continuous, �.ˇ/ D  .ˇ/. Applying
Theorem 9.1 we obtain an open interval I2 containing ˇ such that �.t/ D  .t/ for
all t 2 I2. The interval I3 D I1 [ I2 is an open interval on which � and  agree and
I1 is strictly included in I3, a contradiction. It follows that � D  on I . ut
Theorem 9.2. Let t0 2 R and x0 2 O , the domain of the vector field X. Then there
is a unique maximal integral curve � with �.t0/ D x0.



9.1 Existence of Integral Curves 195

Proof. From what we have seen above there exists an interval QI on which is defined
an integral curve Q� with Q�.t0/ D x0. Let I be the union of all such open intervals.
For t 2 I we take any one of these integral curves Q� defined at t and set

�.t/ D Q�.t/:

From the preceding proposition �.t/ does not depend on the integral curve Q� which
we have chosen, so � is well-defined. Clearly � is maximal and �.t0/ D x0. If
 W I1 �! O is another maximal integral curve and  .t0/ D x0, then I1 � I and,
because  is maximal, I1 D I . Using the preceding proposition again, we see that
 D �. This ends the proof. ut
Remarks. 1. If � is the unique maximal integral curve with �.t0/ D x0 and � is

defined on the interval I , then the unique maximal integral curve with .t1/ D
x0 is defined on I C .t1 � t0/ and  D � ı Tt1�t0 .

2. If an integral curve � satisfies the condition �.t0/ D x0, then we often say that �
passes through x0 at time t0.

We now consider a class of vector fields which is particularly easy to study. Let
E be a Banach space and A 2 L.E/. If we set

X.x/ D Ax

for x 2 E , then X is a smooth vector field defined on E. Such vector fields are
called linear vector fields. As

kA.x/ �A.y/k � jAjkx � yk;

X is Lipschitz. Let us consider the mapping

˛ W R �! L.E/; t 7�! exp.tA/:

Proposition 9.4. We have

P̨ .t/ D exp.tA/ ı A D A ı exp.tA/:

Proof. First we notice that

exp..t C h/A/ � exp.tA/ D exp.tA/ ı exp.hA/ � exp.tA/

D exp.tA/ ı .exp.hA/ � idE/

D exp.tA/ ı
 1X
iD1

hiAi

i Š

!
:
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Therefore

1

h
.exp.t C h/A � exp.tA// D exp.tA/ ı

 
AC

1X
iD2

hi�1Ai

i Š

!

and so

lim
h!0

1

h
.exp.t C h/A� exp.tA// D exp.tA/ ı A:

As A commutes with every element of the series for exp.tA/, A commutes with
exp.tA/ and so we have

P̨ .t/ D exp.tA/ ı A D A ı exp.tA/:

This ends the proof. ut
Now let us take x0 2 E and consider the mapping

� W R �! E; t 7�! exp.tA/x0:

Theorem 9.3. � is the maximal integral curve of the linear vector field

X.x/ D Ax

with �.0/ D x0.

Proof. Clearly �.0/ D x0 and � is defined on R, so we only need to show that
P�.t/ D X.�.t//. However, from Proposition 9.4

P�.t/ D d

dt
.˛.t/x0/ D

�
d

dt
˛.t/

�
x0 D A ı exp.tA/x0 D A�.t/;

hence the result. ut
Remark. If t1 ¤ 0 and we require the maximal integral curve  with  .t1/ D x0,
then it is sufficient to set  D � ı Tt1 .

All maximal integral curves of linear vector fields are defined on R. This is in
general not the case. It may even be so that no maximal integral curve is defined on
R. Consider the vector field

X W R �! R W x 7�! 1C x2:

X is of class C1 and so locally Lipschitz. The maximal integral curve � which
passes through the point x0 at time t D 0 has the form

�.t/ D tan.t C arctanx0/
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and this curve is defined on the interval I D .��
2

� arctanx0; �2 � arctanx0/. The
maximal integral curve  which passes through x0 at time t D t1 has the form
 D � ı Tt1 . The domain of  is I C t0. Therefore no maximal integral curve is
defined on R.

Let X be a vector field defined on an open subset O of a Banach space E. If the
point x0 is such that X.x0/ D 0, then we say that x0 is a an equilibrium point . All
other points are said to be regular points. If t0 2 R and x0 is a regular point, then
the constant mapping

� W R �! O; t 7�! x0

is the maximal integral curve passing through x0 at time t D t0.

We will often write ˆ.t; t0; x0/ for the maximal integral curve � satisfying the
condition �.t0/ D x0 and It0;x0 for the domain of �. IfO is the domain of the vector
field and we set

D D [t02R;x02OIt0;x0 � ft0g � fx0g;
then ˆ defines a mapping from D into O . We will refer to ˆ as the flow of the
vector field X . (The term ‘flow’ is often used for a related concept, which we will
introduce further on.)

Example. If E is a Banach space, A 2 L.E/ and X the linear vector field defined
on E by

X.x/ D Ax;

then D D R � R �E and

ˆ.t; t0; x0/ D exp..t � t0/A/x0:

Clearly ˆ is continuous on D. In general, the domain D of the flow ˆ of a vector
field defined on an open subset O of a Banach space E is an open subset of R2 �O
and ˆ is continuous. We will prove this a little further on.

We will now establish some elementary properties of the flow ˆ.

Proposition 9.5. Let t0 2 R and x0 2 O . Then

1. ˆ.t0; t0; x0/ D x0.
2. If t1; t 2 R and .t1; t0; x0/ 2 D, then .t; t0; x0/ 2 D if and only if
.t; t1; ˆ.t1; t0; x0// 2 D and in this case

ˆ.t; t0; x0/ D ˆ.t; t1; ˆ.t1; t0; x0//:

3. If .t1; t0; x0/ 2 D, then .t0; t1; ˆ.t1; t0; x0// 2 D and

ˆ.t0; t1; ˆ.t1; t0; x0// D x0:

Proof. Property 1 follows directly from the definition of ˆ. Suppose that
.t1; t0; x0/ 2 D and let y D ˆ.t1; t0; x0/. The maximal integral curve passing
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through y at time t1 is the maximal integral curve passing through x0 at time t0.
Properties 2 and 3 now follow. ut

Using the first remark after Theorem 9.2 we see that .t; t1; x0/ 2 D if and only if
.t � .t1 � t0/; t0; x0/ 2 D and

ˆ.t; t1; x0/ D ˆ.t � .t1 � t0/; t0; x0/:

In particular, with t0 D 0 we obtain

ˆ.t; t1; x0/ D ˆ.t � t1; 0; x0/:

Now, with the help of Proposition 9.5, we derive the following result: if .t1; 0; x0/ 2
D, then we have

.t; 0; x0/ 2 D ” .t; t1; ˆ.t1; 0; x0// 2 D ” .t � t1; 0;ˆ.t1; 0; x0// 2 D;

and in this case

ˆ.t; 0; x0/ D ˆ.t; t1; ˆ.t1; 0; x0// D ˆ.t � t1; 0;ˆ.t1; 0; x0//:

We will come back to this property later.

Let us now return to time-dependent vector fields. Here we obtain analogous
results to those which we proved above for vector fields. We need a definition. Let
J be an open interval of R, O an open subset of a normed vector space E and
Y.t; x/ a time-dependent vector field defined on J � O . We say that Y is locally
Lipschitz in its second variable, if for every pair .t0; x0/ 2 J � O there is an open
interval I � J , centred on t0, an open ball B � O , centred on x0, and a constant
K � 0 such that

kY.t; x1/ � Y.t; x2/k � Kkx2 � x2k
for t 2 I and x1; x2 2 B . If Y is of class C1, then Y is locally Lipschitz in its
second variable, because Y 0 is continuous and so bounded on an open ball in J �O .

Theorem 9.4. LetE be a Banach space, J an open interval of R,O an open subset
ofE and Y a time-dependent vector field defined on J�O , which is locally Lipschitz
in its second variable. If t0 2 J and x0 2 O , then there is a unique maximal integral
curve � of Y such that �.t0/ D x0.

Proof. We first prove the existence of an integral curve � such that �.t0/ D x0. To
do so we proceed as in the proof of Theorem 9.1. As Y is locally Lipschitz in its
second variable, there is a closed interval NI � J of length 2� and centred on t0,
a closed ball NB � O of radius r > 0 and centred on x0, and a constant K � 0

such that
kY.t; x1/ � Y.t; x2/k � Kkx2 � x2k
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for t 2 NI and x1; x2 2 NB . Thus Y is bounded on NI � NB. We let

M D sup
.t;x/2 NI� NB

kY.t; x/k:

Reducing NI if necessary, we may suppose that �M < r . We define S as in the proof
of Theorem 9.1 and a mapping F from S into C. NI ;E/ by

F.�/.t/ D x0 C
Z t

t0

Y.s; �.s//ds:

Similar calculations to those used in the proof of the theorem just mentioned
provide us with a unique integral curve �, defined on the interior I of NI such that
�.t0/ D x0. It is easy to see that the proofs of Proposition 9.3 and Theorem 9.2
are also applicable here, so we obtain a unique maximal integral curve � such that
�.t0/ D x0. ut

To close this section we consider a special class of time-dependent vector fields,
namely nonautonomous linear vector fields. Let E be a normed vector space, J an
open interval of R and A W t 7�! A.t/ a continuous mapping from J into L.E/. If
we set

Y.t; x/ D A.t/x

for x 2 E , then we obtain a time-dependent vector field defined on J �E, called a
nonautonomous linear vector field. In addition,

kY.t; x1/ � Y.t; x2/k � jA.t/jkx2 � x2k

for all t 2 J and x1; x2 2 E. Any t0 2 J lies in a compact nontrivial interval
NI contained in J . As A is continuous, A.t/ is bounded on NI and it follows that
Y is locally Lipschitz in its second variable. Therefore the previous theorem is
applicable.

Studies of linear vector fields, especially in the finite-dimensional case, may be
found in many places. The book by Avez [1] handles this subject very well.

9.2 Initial Conditions

We have seen that if x0 belongs to the domain of a vector field and t0 2 R, then there
is a unique maximal integral curve � with �.t0/ D x0. We often refer to the pair
.t0; x0/ as a set of initial conditions and say that � satisfies these initial conditions.
If we have another set of initial conditions .s0; y0/ and  is the maximal integral
curve satisfying these initial conditions, then it is natural to ask questions about the
relation between the two curves, in particular, when the initial conditions are close.
We aim to now consider two such questions. Let � and  be integral curves of a
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vector field which at a given time t0 pass respectively through the points x0 and y0,
i.e., �.t0/ D x0 and  .t0/ D y0. We will consider the following questions:

1. if the curves � and  are both defined on the interval Œt0; t1�, can we estimate the
distance between �.t1/ and  .t1/ as a function of that between x0 and y0?

2. if the curve � is defined on the interval Œt0; t1� and y0 is sufficiently close to x0,
is the curve  defined on Œt0; t1�?

To study these questions we introduce a preliminary result, which will also be useful
later on.

Lemma 9.1 (Gronwell’s Inequality). Let f and g be continuous functions from
the closed interval I D Œa; b� into RC. If there is a constant c � 0 such that for
t 2 I

f .t/ � c C
Z t

a

f .s/g.s/ds;

then for t 2 I , we have

f .t/ � c exp
Z t

a

g.s/ds:

Proof. Setting

˛.t/ D c C
Z t

a

f .s/g.s/ds

we have
P̨ .t/ D f .t/g.t/ � ˛.t/g.t/;

because f .t/ � ˛.t/ and g.t/ � 0. If we now set

ˇ.t/ D ˛.t/ exp

�
�
Z t

a

g.s/ds

�
;

then we obtain

P̌.t/ D P̨ .t/ exp

�
�
Z t

a

g.s/ds

�
� ˛.t/g.t/ exp

�
�
Z t

a

g.s/ds

�

D . P̨ .t/ � ˛.t/g.t// exp

�
�
Z t

a

g.s/ds

�
� 0:

Therefore
ˇ.t/ � ˇ.a/ D ˛.a/ D c

and so

f .t/ � ˛.t/ D ˇ.t/ exp

�Z t

a

g.s/ds

�
� c exp

�Z t

a

g.s/ds

�
:

This finishes the proof. ut
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Corollary 9.1. If f is a continuous mapping from a closed interval I D Œa; b� into
RC and there are constants c � 0 and k � 0 such that for t 2 I

f .t/ � c C
Z t

a

kf .s/ds;

then for t 2 I
f .t/ � cek.t�a/:

Exercise 9.3. Let f , g and I be as in Lemma 9.1 and suppose that there is a
constant c � 0 such that for t 2 I

f .t/ � c C
Z b

t

f .s/g.s/ds:

Adapt the proof of Lemma 9.1 to show that for t 2 I we have

f .t/ � c exp
Z b

t

g.s/ds:

Deduce that if f is a continuous function from a closed interval I D Œa; b� into RC
and there are constants c � 0 and k � 0 such that for t 2 I

f .t/ � c C
Z b

t

kf .s/ds;

then for t 2 I
f .t/ � cek.b�t /:

Let us now turn to the first question we set at the beginning of the section. We
have the following result.

Theorem 9.5. LetO be an open subset of the Banach spaceE andX aK-Lipschitz
vector field defined on O . If � and  are integral curves defined on the interval
I D Œt0; t1�, �.t0/ D x0 and  .t0/ D y0, then

k�.t/ �  .t/k � kx0 � y0keK.t�t0/

for all t 2 I .

Proof. For t 2 I let us set

f .t/ D k�.t/ �  .t/k:
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Then we have

�.t/ �  .t/ � �.t0/C  .t0/ D
Z t

t0

X.�.s//� X. .s//ds

and so

f .t/ � f .t0/C
Z t

t0

Kf .s/ds:

From Corollary 9.1 we obtain

k�.t/ �  .t/k D f .t/ � f .t0/eK.t�t0/ D kx0 � y0keK.t�t0/:

This ends the proof. ut
Corollary 9.2. Under the conditions of the theorem, if � and  are integral curves
defined on the interval I D Œa; b�, t0 2 I , �.t0/ D x0 and  .t0/ D y0, then for all
t 2 I we have

k�.t/ �  .t/k � kx0 � y0keKjt�t0j:

Proof. We have already proved the result for t 2 Œt0; b�. If t 2 Œa; t0/ and

f .t/ D k�.t/ �  .t/k;

then we have

�.t/ �  .t/ � �.t0/C  .t0/ D
Z t

t0

X.�.s//� X. .s//ds

and

f .t/ � f .t0/C
Z t0

t

Kf .s/ds:

Using Exercise 9.3 we obtain

k�.t/ �  .t/k D f .t/ � f .t0/eK.t0�t / D kx0 � y0keKjt�t0j:

This finishes the proof. ut
Suppose now that the vector field X is only locally Lipschitz. If x0 belongs to

the domain O of X , then there is an open neighbourhood U of x0 and a constant
K � 0 such that X restricted to U is K-Lipschitz. In this case we obtain a result
analogous to the above result, providing that y0 2 U .

We now turn to the second question set at the beginning of the section. We will
need a preliminary result.
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Proposition 9.6. Let X be a vector field defined on an open subset O of a Banach
space E, x0 2 O , B.x0; r/ an open ball centred on x0 and lying in O and t0 2 R.
Then there are strictly positive numbers N� > 0 and Nr > 0 such that, for any y in
the open ball B.x0; Nr/ and t in the open interval .t0 � N�; t0 C N�/, the integral curve
ˆ.s; t; y/ is defined on .t0 � N�; t0 C N�/. Also, the image of the integral curve on this
interval is included in the ball B.x0; r/.

Proof. There is a closed ball NB.x0; Qr/, with Qr > 0, included in B.x0; r/ and
a constant K � 0 such that X is K-Lipschitz on NB.x0; Qr/. We set M D
supx2 NB.x0;Qr/ kX.x/k. Let � > 0 be such that �M < Qr . Suppose that y 2 NB.x0; Qr

3
/

and t 2 .t0 � �
3
; t0 C �

3
/. As NB.y; Qr

3
/ is included in NB.x0; Qr/, X is K-Lipschitz on

NB.y; Qr
3
/. If N D sup

x2 NB.y; Qr
3 /

kX.x/k, then

2�N

3
� 2�M

3
<
2

3
Qr:

From Theorem 9.1 the integral curve ˆ.s; t; y/ is defined on the interval .t � 2�
3
;

t C 2�
3
/. However, the interval .t0 � �

3
; t0 C �

3
/ is included in .t � 2�

3
; t C 2�

3
/ and

so ˆ.s; t; y/ is defined on .t0 � �
3
; t0 C �

3
/. With N� D �

3
and Nr D Qr

3
we obtain the

principal result. To conclude, if s 2 .t0 � �
3
; t0 C �

3
/, then s 2 .t � 2�

3
; t C 2�

3
/ and so

we have

ˆ.s; t; y/ 2 B
�
y;
2 Qr
3

�
� NB.x0; Qr/ � B.x0; r/:

This ends the proof. ut
We are now in a position to handle the second question which we asked at the

beginning of the section.

Theorem 9.6. Let X be a vector field defined on an open subset O of a Banach
space E , .a; x0/ 2 R�O and suppose that the integral curve ˆ.s; a; x0/ is defined
on the interval Œa; b�, with a < b. Then there is an open neighbourhood U of x0
such that the integral curve ˆ.s; a; y0/ is defined on the interval Œa; b�, whenever
y0 2 U .

Proof. To simplify the notation let us write �.t/ for ˆ.t; a; x0/. By definition
�.a/ D x0. We set

C D f.s; �.s// W s 2 Œa; b�g
and

Cu D f.s; �.s// 2 C W s 2 Œa; u/g:
C (resp. Cu) is the graph of � restricted to Œa; b� (resp. Œa; u/). As C is the image
of a continuous mapping defined on a compact interval, C is a compact subset of
R � O . For each t 2 Œa; b�, let Bt D B.�.t/; rt / be an open ball in O such that X
is Lipschitz on Bt (with Lipschitz constantKt ). From Proposition 9.6 we know that
there is an interval It D .t � �t ; t C �t / and an open ball QBt centred on �.t/ such
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that the integral curve ˆ.s; t 0; y0/ is defined on It for all .t 0; y0/ 2 It � QBt and has
its image in Bt .

The sets Ut D It � QBt form an open cover of C . As C is compact, we may
extract a finite subcoverUt1 ; : : : ; Utn from the cover. If necessary, we may eliminate
certain members and so obtain a finite cover U which is minimal, i.e., no member
of U can be removed without destroying the covering property. If U has only one
member, then the result is elementary, so let us suppose that this is not the case. We
may suppose that the sets Uti are ordered in the following way:

• .a; �.a// 2 Ut1 ;
• if Cu � [k

iD1Uti and .u; �.u// … [k
iD1Uti , then .u; �.u// 2 UtkC1

.

The second condition simply means that the addition of a set Uti extends the
covering of the set C . We may find a sequence .sk/nkD2 such that �.sk/ 2 QBti \ QBtk ,
with i < k and sk�1 < sk . Clearly �.sk/ 2 QBti \ QBtk .

At this point we will introduce a little more notation. We set

K D max
i
Ki and � D max

i
�ti :

As .a; �.a// 2 Ut1 , we may find an open ball B centred on x0 and lying in
QBt1 . Suppose now that y0 2 B and, to simplify the notation, let us write  .t/ for
ˆ.t; a; y0/. The integral curve  is defined on It1 and from Theorem 9.5 we have

k .t/ � �.t/k � ky0 � x0ke2K�

for all t 2 It1 , in particular for s2. As �.s2/ 2 QBt1 \ QBt2 , reducingB if necessary, we
obtain  .s2/ 2 QBt1 \ QBt2 . This means that the maximal integral curve  2 passing
through  .s2/ at time t D s2 is defined on It2 . However,  2.s2/ D  .s2/ and so
 2 D  and it follows that  is defined on It1 [ It2 . If n D 2, then we are finished.

Suppose that n � 3. We will now show that is defined on It3 if y0 is sufficiently
close to x0. As  is defined on It2 , we have

k .t/ � �.t/k � k .s2/ � �.s2/ke2K� � ky0 � x0ke4K�

for all t 2 It2 . This is also true for t 2 It1 and so for t 2 It1 [ It2 . In particular, we
have

k .s3/ � �.s3/k � ky0 � x0ke4K�:

As �.s3/ 2 QBti \ QBt3 , with i < 3, reducing B again if necessary, we obtain
 .s3/ 2 QBti \ QBt3 . This means that the maximal integral curve  3 passing through
 .s3/ at time t D s3 is defined on It3 . As  3.s3/ D  .s3/, we have  3 D  .
Therefore  is defined on It1 [ It2 [ It3 . Continuing in the same way we find that
 is defined on It1 [ � � � [ Itn and so on Œa; b� for y0 sufficiently close to x0. ut
Corollary 9.3. Let O be an open subset of a Banach space E, X a vector field
defined on O , x0 2 O , I D Œc; d � a closed interval of R and t0 2 I . If the maximal
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integral curve � passing through x0 at time t D t0 is defined on I , then there is an
open ball B centred on x0 such that the integral curve  passing through y0 at time
t D t0 is defined on I when y0 2 B .

Proof. It is not difficult to modify the argument of Theorem 9.6 to the case where
.b; x0/ 2 R � O and the integral curve ˆ.s; b; x0/ is defined on the interval Œa; b�.
Considering in turn the intervals Œt0; d � and Œc; t0� we obtain the result. ut
Remark. We may also use the term initial conditions when referring to time-
dependent vector fields. If � is an integral curve of a time-dependent vector field
and �.t0/ D x0, then we say that � satisfies the initial conditions .t0; x0/.

9.3 Geometrical Properties of Integral Curves

Integral curves of vector fields have some interesting geometrical properties. Here
will look at a few such properties.

Proposition 9.7. If the images of two maximal integral curves have a point in
common, then their images are the same.

Proof. Let � and  be maximal integral curves defined on intervals I and J and
suppose that there exist points t1 2 I and t2 2 J such that �.t1/ D  .t2/. From
Proposition 9.1  1 D  ı Tt1�t2 is a maximal integral curve defined on J1 D J C
.t1 � t2/. Also,

 1.t1/ D  .t2/ D �.t1/:

Given the uniqueness of maximal integral curves,  1 D �. As  and  1 have the
same images, the images of � and  are the same. ut
Exercise 9.4. What can we say of a maximal integral curve � whose domain
contains distinct points t1 and t2 such that �.t1/ D �.t2/?

We have already observed that a maximal integral curve may not be defined on all
of R. If this is the case, then the curve has a particular behaviour when the variable
approaches a finite bound of its domain.

Theorem 9.7. Let X be a vector field defined on an open subset O of a Banach
spaceE and � a maximal integral curve whose domain is the interval I D .a; b/. If
b < 1 (resp. a > �1 ) andK is a compact subset of E, then there is real number
� > 0 such that �.t/ … K when t 2 .b � �; b/ (resp. t 2 .a; a C �//.

Proof. We will consider the case b < 1. The other case can be handled in a similar
way. Suppose that b < 1 and that there is a compact set K � O such that for
any � > 0 there is a t 2 .b � �; b/ with �.t/ 2 K . Then there is a sequence
.tn/ � .a; b/ such that lim tn D b and �.tn/ 2 K for all n. As K is compact, there
is a subsequence .sn/ of the sequence .tn/ and Nx 2 K such that lim �.sn/ D Nx.
From Proposition 9.6 we know that there is an open ball B D B. Nx; r/ � O and an
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interval I D .b��; bC�/ such that the maximal integral curveˆ.s; t; x/ is defined
on I when t 2 I and x 2 B . Let s0

n be such that s0
n > b � � and �.s0

n/ 2 B . Then
the integral curveˆ.s; s0

n; �.s
0
n// is defined on I . However, this integral curve is the

integral curve �, which is not defined on the interval Œb; bC�/, a contradiction. The
result now follows. ut
Exercise 9.5. Suppose that the domain of the maximal integral curve � is the
interval .a; b/, with b < 1, and that limt!b �.t/ D x. Show that x belongs to
the boundary of the domain of the vector field.

9.4 Complete Vector Fields

If a vector field is such that all its maximal integral curves are defined on R then we
say that it is complete. We have already seen that linear vector fields are complete.
Clearly, if a vector field is complete, then the domain of its flow is R2 � O , where
O is the domain of the vector field. In this section we will explore complete vector
fields a little further. However, before doing so, we will introduce another important
notion.

Let E be a normed vector space, O an open subset of E and X a vector field
defined on O . If f is a real-valued C1-function defined on O such that, for any
integral curve � of X , f ı � is constant, then we say that � is a first integral
of X . Clearly, if f is a constant function, then f is a first integral; however, we
are generally interested in nonconstant first integrals.

Proposition 9.8. Let E be a Banach space, O an open subset of E and X a vector
field defined onO . A C1-function f W O �! R is a first integral of X if and only if
f 0.x/X.x/ D 0 for all x 2 O .

Proof. Let f be a first integral, x 2 O and � an integral curve with �.0/ D x. On
an interval I D .��;C�/, f ı � is constant, therefore

0 D d

dt
.f ı �/.t/ D f 0.�.t// P�.t/ D f 0.�.t//X.�.t//:

Setting t D 0 we obtain
f 0.x/X.x/ D 0:

Now suppose that
f 0.x/X.x/ D 0

for all x 2 O . If � is an integral curve defined on an open interval I , then

d

dt
.f ı �/.t/ D f 0.�.t//X.�.t// D 0

for all t 2 I . Therefore f ı � is constant on I and so f is a first integral of X . ut
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Example. Consider the vector field X defined on R
3 by

X.x; y; z/ D .4xy � 1;�2x.1C 2z/;�2x.1C 2y//:

If f W R3 �! R is defined by

f .x; y; z/ D y C y2 � z � z2;

then
rf .x; y; z/ D .0; 1C 2y;�1 � 2z/:

A simple calculation shows that

rf .x; y; z/ �X.x; y; z/ D 0

and so f is a first integral of X .

Remark. If we are working in a Hilbert space, then the condition of the theorem
may be written

hrf .x/;X.x/i D 0;

for all x 2 O , i.e., f is a first integral if and only if the gradient of f is orthogonal
to the vector field.

Exercise 9.6. Let O be an open subset of R2n and f a real-valued C1-function
defined on O . If

J D
�
0 In

�In 0
�

and
X.x/ D Jrf .x/

for x 2 O , thenX is called a Hamiltonian vector field. Show that f is a first integral
of X .

Hamiltonian vector fields play an important role in mechanics and their study has
given rise to other branches of mathematics, notably symplectic geometry. A good
introduction to the subject may be found in the book by Hall and Meyer [13]. More
advanced texts are those of Hofer and Zehnder [14] and Libermann, Marle and
Tamboer [15].

First integrals give us useful information about vector fields. What interests us
here is their role in determining whether a vector field is complete.

Theorem 9.8. Suppose that a vector field X has a first integral f . If the inverse
image f �1.c/ is compact for all c 2 R, then the vector field X is complete.

Proof. Let � be a maximal integral curve defined on an open interval I . Then there
exists an element c 2 R such that f ı �.t/ D c for all t 2 I . Thus �.t/ 2 f �1.c/



208 9 Vector Fields

for all t 2 I . However, f �1.c/ is compact and so from Theorem 9.7 � is defined
on R. ut
Exercise 9.7. Let X be the vector field defined on R

3 by

X.x; y; z/ D .y � z; z � x; x � y/

and f the real-valued function defined on R
3 by

f .x; y; z/ D x2 C y2 C z2:

Show that f is a first integral of X , then that the vector field X is complete.

Using Gronwell’s inequality, we may obtain another criterion for the complete-
ness of a vector field.

Theorem 9.9. If a vector field X is defined on an open subset of a finite-
dimensional normed vector space E and is (K-)Lipschitz, then X is complete.

Proof. Suppose that � is a maximal integral curve with �.t0/ D x0. Let I D .a; b/

be the domain of �. If b < 1, then for t 2 Œt0; b/ we have

k�.t/ � x0k D k
Z t

t0

X.�.s//dsk

� .t � t0/kX.x0/k C
Z t

t0

kX.�.s// �X.x0/kds

� c C
Z t

t0

Kk�.s/ � x0kds;

where c D .b � t0/kX.x0/k. Applying Corollary 9.1 we obtain

k�.t/ � x0k � ceK.t�t0/ � ceK.b�t0/:

This means that � does not leave the compact set NB.x0; ceK.b�t0// when t

approaches b, contradicting Theorem 9.7. Hence � is defined on Œt0;1/. In the
same way � is defined on .�1; t0�. ut

Suppose now that a vector field X is defined on an open subset O of a finite-
dimensional normed vector space and that there is a compact subset K such that X
vanishes outside ofK . If x0 2 O nK , thenX.x0/ D 0 and there is a unique maximal
integral curve passing through x0, namely the constant mapping

� W R �! O; t 7�! x0:

Now let x0 2 K and suppose that the maximal integral curve � satisfies the
condition �.t0/ D x0. If � leavesK , then there exists y 2 O nK lying in the image
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of �. From what we have just seen, this implies that � is constant, with �.t/ D y for
all t 2 R, a contradiction to the fact that x0 lies in its image. Therefore � does not
leave K and it follows that � is defined on R. Thus we have proved the following
result:

Proposition 9.9. If X is a vector field, defined on an open subset of a finite-
dimensional normed vector space, which vanishes outside a compact subset in-
cluded in its domain, then X is complete.

In the appendix to this chapter it is proved that, if O is an open subset of a finite-
dimensional normed vector space and K a compact subset of O , then there is a
smooth real-valued function � defined on O with compact support such that

• �.O/ � Œ0; 1�;
• �.x/ D 1 when x 2 K .

Suppose now that X is a vector field of class C1 defined on an open subset O of a
finite-dimensional normed vector space E. Let K be any compact subset of O and
� as just defined. If we set, for x 2 O ,

QX.x/ D �.x/X.x/;

then QX is a composition of the C1-mappings ˛ and ˇ, defined respectively on O
and R � E, by

˛ W x 7�! .�.x/;X.x//

ˇ W .�; x/ 7�! �x:

It follows that QX is a vector field of class C1 vanishing outside a compact set. From
the above proposition QX is complete. This shows that complete vector fields, at least
on finite-dimensional normed vector spaces, are by no means rare.

Remark. In this section we have introduced the notion of first integral. We have seen
that Hamiltonian systems always have an evident first integral. However, in general,
it is not certain whether a given vector field has first integrals and, if so, how one
may go about finding them. Interesting studies of this problem may be found in
[11, 16, 18, 23].
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Appendix: A Useful Result on Smooth Functions

In this section our aim is to show that, for any compact subset K of a finite-
dimensional normed vector space E, it is possible to define a smooth real-valued
function whose value is 1 on K . This result has many applications. To begin, we
will prove an elementary result, which is also very useful.

Lemma 9.2. Let I D .a; b/ be a bounded open interval of R. Then there exists
a smooth real-valued function g defined on R which is strictly positive on I and
vanishes elsewhere.

Proof. Let f W R �! R be defined as follows:

f .x/ D
(

e� 1

x2 x > 0

0 otherwise
:

From Taylor’s theorem, for x > 0 we have

ex D 1C x C x2

2
C � � � C xn

nŠ
C xnC1

.nC 1/Š
ec;

where c 2 .0; x/. This implies that ex > xn

nŠ
and we obtain

e
1

x2 >
1

nŠx2n
H) e� 1

x2 < nŠx2n H) 1

xn
e� 1

x2 < nŠxn:

Therefore

lim
x!0C

1

xn
e� 1

x2 D 0:

Using this result it is not difficult to show, by induction, that f is smooth, with

f .n/.x/ D
(
Pn.x/

x3n
e� 1

x2 x > 0

0 otherwise
;

where f .n/.x/ is the nth derivative of f at x and Pn a polynomial whose degree is
2n � 2. If we set g.x/ D f .x � a/f .b � x/, then g has the required properties. ut

Let us now set

h.x/ D 1�
R x
a
g.t/dtR b

a
g.t/dt

:

Then h is smooth, h.x/ D 1 if x � a, h.x/ D 0 if x � b and h.x/ 2 .0; 1/ if
x 2 .a; b/.
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Suppose now thatE is an n-dimensional normed vector space and that l W E �!
R
n is a linear isomorphism. We define a scalar product on E by setting

hx; yi D l.x/ � l.y/

for x; y 2 E. We will write k � k for the associated norm.

Lemma 9.3. Let ˛; ˇ 2 R
�C, with ˛ < ˇ, and x0 2 E. If we set a D ˛2 and b D ˇ2

and define h as above, then the mapping

u W E �! R; x 7�! h.kx � x0k2/
is smooth. Also, u.x/ D 1 if kx � x0k � ˛, u.x/ D 0 if kx � x0k � ˇ, and
u.x/ 2 .0; 1/ if kx � x0k 2 .˛; ˇ/.
Proof. The mapping x 7�! kx � x0k2 is smooth, because a scalar product is
a continuous bilinear mapping and so smooth. As u is a composition of smooth
mappings, u is smooth.

The proof of the second part of the lemma is elementary. ut
We will now prove the result referred to at the beginning of the appendix. We

define the support of a real-valued function f defined on a subset S of a normed
vector space E as follows:

suppf D fx 2 S W f .x/ ¤ 0g:

Theorem 9.10. Let E be a finite-dimensional normed vector space, O an open
subset of E and K a compact subset of O . Then there is a smooth real-valued
function � defined onO , with compact support, such that �.O/ � Œ0; 1� and �.x/ D
1 if x 2 K .

Proof. As norms on a finite-dimensional normed vector space are equivalent, a set
is open, closed or compact, independently of the norm chosen. We will use the norm
k � k on E derived from the scalar product defined above.

The complement cO of O is closed and cO \K D ;. It follows that there is a
real number � > 0 such that

dist .K; cO/ D inf.kx � yk W x 2 K; y 2 cO/ D �:

For each a 2 K the closed ball NB.a; 3�
4
/ is contained in O . The open balls B.a; �

2
/,

with a 2 K , form an open cover of K . As K is compact, we may find a finite
number of these balls, B.a1; �2 /; : : : ; B.ap;

�
2
/, which also coverK .

From Lemma 9.3, for each i there is a smooth real-valued function ui , defined
on E , such that ui .E/ � Œ0; 1�, ui .x/ D 1 for x 2 NB.ai ; �2 / and ui .x/ D 0 for
x … B.ai ; 3�4 /. If we set
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N�.x/ D 1�
pY
iD1
.1 � ui .x//

for x 2 E , then

supp N� �
p[
iD1

NB
�
ai ;

3�

4

�
;

a compact subset of O . The mapping � D N�jO has the required properties. ut



Chapter 10
The Flow of a Vector Field

In the last chapter we defined and studied some elementary properties of the flow
of a vector field. In this chapter we will explore the flow in more detail. In general,
normed vector spaces will be Banach spaces.

10.1 Continuity of the Flow

When discussing the flow in the previous chapter we spoke of its continuity. We will
now prove this result.

Theorem 10.1. The domain of the flow ˆ of a vector field X defined on an open
subset of a Banach space E is an open subset of R2 � E and the flow is continuous
on its domain.

Proof. Let D be the domain of ˆ and .s0; t0; x0/ 2 D. First suppose that s0 � t0.
There exists � > 0 such that the maximal integral curve ˆ.u; t0; x0/ is defined on
the interval NI D Œt0 � �; s0 C ��. From Corollary 9.3 there is an open ball B centred
on x0 such that for all x 2 B the maximal integral curve ˆ.u; t0; x/ is defined on
the interval NI . Now let t 2 .t0 � �

2
; t0 C �

2
/, s 2 .s0 � �

2
; s0 C �

2
/ and x 2 B . From

Sect. 9.1 we see that

.s; t; x/ 2 D ” .s C .t0 � t/; t0; x/ 2 D:

Given the conditions on s and t ,

t0 � � < s C .t0 � t/ < s0 C �

and so .s; t; x/ 2 D. We have shown that .s0; t0; x0/ has an open neighbourhood V
such that, if .s; t; x/ 2 V , then .s; t; x/ 2 D. A similar argument can be used in the
case where s0 < t0 and so it follows that D is an open subset of R2 �E.

R. Coleman, Calculus on Normed Vector Spaces, Universitext,
DOI 10.1007/978-1-4614-3894-6 10, © Springer Science+Business Media New York 2012
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We now consider the continuity. Reducing B if necessary, we may assume that
the vector fieldX is Lipschitz onB (with Lipschitz constantK). Now, for .s; t; x/ 2
V we have

ˆ.s; t; x/ �ˆ.s0; t0; x0/ D ˆ.s; t; x/ �ˆ.s; t; x0/Cˆ.s; t; x0/�ˆ.s0; t0; x0/:

We will call this equation .E/. Notice first that

kˆ.s; t; x/ �ˆ.s; t; x0/k � kx � x0keKjs�t j:

As js � t j is bounded, the difference of the first two terms is small when x is close
to x0. Now we observe that

ˆ.s; t; x0/ D ˆ.s C .t0 � t/; t0; x0/:

Using the continuity of the maximal integral curve ˆ.u; t0; x0/ again, we see that
the difference of the third and fourth terms of .E/ is small when t is close to t0
and s close to s0. Hence, when .s; t; x/ is close to .s0; t0; x0/, ˆ.s; t; x/ is close to
ˆ.s0; t0; x0/ and so ˆ is continuous at .s0; t0; x0/. It follows that ˆ is continuous
on D. ut

In the next sections we will see that the differentiability properties of the vector
field carry over to the flow. This will involve more work than for the continuity.

10.2 Differentiability of the Flow

In this section we will show that the flow is of class C1 if the vector field is of class
C1. Further on we will generalize this, showing that the flow is of class Ck if the
vector field is of class Ck. In particular, smooth vector fields generate smooth flows.
To prove that the flow is of class C1, we will show that the partial differentials are
defined and continuous. We will proceed by steps.

Proposition 10.1. Let X be a vector field defined on an open subset of a Banach
space E. If X is of class C1, then the flow ˆ of X has a partial differential @1ˆ,
which is continuous on the domainD of ˆ.

Proof. Let .s0; t0; x0/ 2 D. There is an open interval I (resp. J ), centred on s0
(resp. t0) and an open ball B , centred on x0, such that V D I � J � B � D. If we
fix .t; x/ 2 J � B , then the mapping u 7�! ˆ.u; t; x/ is an integral curve defined
on I and so has a derivative for all s 2 I . This implies that @1ˆ.s; t; x/ exists on V :

@1ˆ.s; t; x/w D w
@

@s
ˆ.s; t; x/;
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where w 2 R. As ˆ and X are continuous and

@

@s
ˆ.s; t; x/ D X.ˆ.s; t; x//;

the mapping

.s; t; x/ 7�! @

@s
ˆ.s; t; x/

is continuous on V ; hence @1ˆ.s; t; x/ is continuous on V . Therefore @1ˆ is defined
and continuous onD. ut

We now turn to the second differential of the flow.

Proposition 10.2. If X is a vector field of class C1 defined on an open subset of
a Banach space E, then the flow ˆ of X has a partial differential @2ˆ, which is
continuous on the domainD of ˆ.

Proof. Let .s0; t0; x0/ 2 D. As in the previous proposition, we take a neighbourhood
V D I�J �B � D of .s0; t0; x0/, with I and J open intervals, centred respectively
on s0 and t0, and B an open ball centred on x0. In Sect. 9.1 of the previous chapter,
we saw that .s; t; x/ 2 D if and only if .s � t; 0; x/ 2 D and in this case

ˆ.s; t; x/ D ˆ.s � t; 0; x/:

If we fix .s; x/ 2 I � B , then the mapping t 7�! ˆ.s; t; x/ is defined on J and at
every point has a derivative:

@

@t
ˆ.s; t; x/ D @

@t
ˆ.s � t; 0; x/ D �X.ˆ.s � t; 0; x// D �X.ˆ.s; t; x//:

It follows that @2ˆ is defined on V :

@2ˆ.s; t; x/w D w
@

@t
ˆ.s; t; x/;

where w 2 R. As X and ˆ are continuous, @2ˆ is continuous on V . Therefore @2ˆ
is defined and continuous on D. ut

Showing that @3ˆ exists and is continuous is much more difficult.

Proposition 10.3. If X is a vector field of class C1 defined on an open subset O
of a Banach space E, then the flow ˆ of X has a partial differential @3ˆ, which is
continuous on the domainD of ˆ.

Proof. We will divide the proof into two parts, namely the existence of @3ˆ at every
point of D, then the continuity of the mapping @3ˆ. In the first part we will obtain
a characterization of @3ˆ, which we will use in the second part.
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1. Existence For s 2 J.t;x/, the domain of the maximal integral curve ˆ.s; t; x/,
we set

A.t;x/.s/ D X 0.ˆ.s; t; x// 2 L.E/:
As X 0 and ˆ are continuous, A.t;x/ is continuous. We define a non-autonomous
linear vector field on L.E/ by

Y.t;x/.s; L/ D A.t;x/.s/ ı L:

From our work in Sect. 9.1 of the previous chapter we know that, for any s 2 J.t;x/
and L 2 L.E/, there is a unique maximal integral curve satisfying the initial
conditions .s; L/ and that this curve is defined on J.t;x/. Let F.s; t; x/ be the
maximal integral curve of Y.t;x/ satisfying the initial conditions .t; idE/. We will
show that

F.s; t; x/ D @3ˆ.s; t; x/:

For s 2 J.t;x/ and h small, we set

˛.s; x C h/ D ˆ.s; t; x C h/�ˆ.s; t; x/ � F.s; t; x/h 2 E:

As F.t; t; x/ D idE , ˛.t; x C h/ D 0.
Now let us take .s0; t; x/ 2 D, with s0 � t . Notice that there is an open ball

B.0; r/ such that .s; t; x C h/ 2 D when s 2 Œt; s0� and h 2 B.0; r/. If

˛.s0; x C h/ D o.h/; (10.1)

then indeed
F.s0; t; x/ D @3ˆ.s

0; t; x/:

To prove (10.1) we will first show that for any � > 0 there is an � > 0 such that

����
@

@s
˛.s; x C h/

���� � �kˆ.s; t; x C h/ �ˆ.s; t; x/k

CjX 0.ˆ.s; t; x//jk˛.s; x C h/k (10.2)

for all s 2 Œt; s0� and khk < �. Taking the derivative of ˛ with respect to s we obtain

@

@s
˛.s; x C h/ D @

@s
ˆ.s; t; x C h/ � @

@s
.s; t; x/ � @

@s
F.s; t; x/h

D X.ˆ.s; t; x C h// �X.ˆ.s; t; x// � X 0.ˆ.s; t; x// ı F.s; t; x/h
D X.ˆ.s; t; x C h// �X.ˆ.s; t; x//

�X 0.ˆ.s; t; x//
�
ˆ.s; t; x C h/ �ˆ.s; t; x/�

CX 0.ˆ.s; t; x//˛.s; x C h/:
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To simplify the notation we will write A.s; h/ for the sum of the first three terms in
the last expression. Using Corollary 3.3 we obtain

kA.s; h/k � sup
�2Œ0;1�

jX 0��ˆ.s; t; x C h/C .1 � �/ˆ.s; t; x/�

�X 0.ˆ.s; t; x//jkˆ.s; t; x C h/�ˆ.s; t; x/k:

Once again to simplify the notation, we will write C.�; s; h/ for the expression

X 0��ˆ.s; t; x C h/C .1 � �/ˆ.s; t; x/� �X 0.ˆ.s; t; x//:

If we fix the variables other than h, then C converges to 0 when h converges to 0.
We claim that for any � > 0 there is an � 2 .0; r� such that

khk < � H) jC.�; s; h/j < �:

If this is not the case, then we can find an � > 0 and sequences .sn/ � Œt; s0�,
.�n/ � Œ0; 1� and .hn/ � E, with lim hn D 0, such that jC.�n; sn; hn/j � �. As the
intervals Œt; s0� and Œ0; 1� are compact, we may suppose that the sequences .sn/ and
.�n/ have limits Ns 2 Œt; s0� and N� 2 Œ0; 1�. Then

0 D jC. N�; Ns; 0/j D lim jC.�n; sn; hn/j � �;

a contradiction. Therefore the claim is true. We may now write

����
@

@s
˛.s; x C h/

���� � �kˆ.s; t; x C h/�ˆ.s; t; x/k C jX 0.ˆ.s; t; x//jk˛.s; x C h/k

for all s 2 Œt; s0� and khk < �. We have proved (10.2).
From Theorem 9.5 there is a constant k > 0 such that for h sufficiently small

kˆ.s; t; x C h/ �ˆ.s; t; x/k � kkhk

for all s 2 Œt; s0�. We also notice that jX 0.ˆ.s; t; x//j is bounded by a constant
K � 0 on the interval Œt; s0�. Therefore we finally have

����
@

@s
˛.s; x C h/

���� � �kkhk CKk˛.s; x C h/k:

As ˛.t; x C h/ D 0, we obtain

k˛.s; x C h/k � �.s � t/kkhk CK

Z s

t

k˛.u; x C h/kdu

� �.s0 � t/kkhk CK

Z s

t

k˛.u; x C h/kdu:
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An application of Corollary 9.1 gives us

k˛.s; x C h/k � �khk.s0 � t/keK.s�t /

and it follows that
˛.s; x C h/ D o.h/:

This proves that
@3ˆ.s; t; x/ D F.s; t; x/

for s 2 Œt; s0� and, in particular, for s0.
Clearly, if .s00; t; x/ 2 D with s00 < t , then we can apply an analogous argument

to show that
@3ˆ.s

00; t; x/ D F.s00; t; x/:

We have seen that @3ˆ is defined on D and we have an explicit expression for
this partial differential. Our next task is to show that this partial differential is
continuous.

2. Continuity Let .s0; t0; x0/ 2 D. For � > 0 and r > 0, let us set

NI� D Œs0 � �; s0 C ��; NJ� D Œt0 � �; t0 C �� and Br D B.x0; r/:

For � and r sufficiently small, NI� � NJ� � Br � D. Let us suppose that s0 � t0.
As the integral curve ˆ.s; t0; x0/ is defined on an open interval and is defined at
s0 and t0, we may suppose that this curve is defined on the closed interval NK� D
Œt0 � �; s0 C ��. There is an open ball B , centred on x0, such that any maximal
integral curve ˆ.s; t0; x/ is defined on NK� if x 2 B; we may suppose that Br D B .

Suppose now that t 2 J�
2

D .t0 � �
2
; t0 C �

2
/ and x 2 Br . As

.s; t; x/ 2 D ” .s C .t0 � t/; t0; x/ 2 D;

the integral curve ˆ.s; t; x/ is defined on NK�
2

D Œt0 � �
2
; s0 C �

2
�. Therefore any

maximal integral curve of the non-autonomous linear vector field Y.t;x/ is defined on
NK�
2
. Above we wrote F.s; t; x/ for the maximal integral curve of Y.t;x/ with initial

conditions .t; idE/. To simplify the notation, here we will write  .s/ for F.s; t; x/
and �.s/ for the particular case F.s; t0; x0/.

Now, for s 2 NK�
2

we can write

P�.s/ D
�
X 0.ˆ.s; t0; x0// � X 0.ˆ.s; t; x//

�
ı �.s/CX 0.ˆ.s; t; x// ı �.s/:

Therefore

P�.s/ � P .s/ D
�
X 0.ˆ.s; t0; x0// � X 0.ˆ.s; t; x//

�
ı �.s/

CX 0.ˆ.s; t; x// ı .�.s/ �  .s//:
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This expression will enable us to majorize  .s/ � �.s/.
Let V D NK�

2
� J�

2
�Br . We set

M1 D sup
.s;t;x/2V

jX 0.ˆ.s; t0; x0// �X 0.ˆ.s; t; x//jL.E/

and
M2 D sup

.s;t;x/2V
jX 0.ˆ.s; t; x//jL.E/:

As X 0 and ˆ are continuous, if � and r are sufficiently small, then M1 is close to 0
andM2 close to jX 0.ˆ.s0; t0; x0//jL.E/. Using the fact that �.t0/ D  .t/ D idE , we
obtain

�.t/ �  .t/ D
Z t

t0

P�.u/du;

which implies that
j�.t/ �  .t/jL.E/ � jt � t0j�;

where � D supu2 NK �
2

j P�.u/jL.E/. Therefore, for s 2 NK�
2

and s � t , we have

j�.s/ �  .s/jL.E/ � j�.t/ �  .t/jL.E/ CM1

Z s

t

j�.u/jL.E/du

C
Z s

t

M2j�.u/�  .u/jL.E/du

� jt � t0j� CM1ı CM2

Z s

t

j�.u/�  .u/jL.E/du;

where ı D R
NK �
2

j�.u/jL.E/du. Setting R D jt � t0j� C M1ı and applying

Corollary 9.1, we obtain

j�.s/�  .s/jL.E/ � ReM2.s�t /:

If s 2 NK�
2

and s < t , then in a similar way we obtain

j�.s/�  .s/jL.E/ � jt � t0j� CM1ı CM2

Z t

s

j�.u/�  .u/jL.E/du

and, using Exercise 9.3,

j�.s/�  .s/jL.E/ � ReM2.t�s/:

As R converges to 0, when � and r approach 0, and

�.s0/�  .s/ D �.s0/� �.s/C �.s/ �  .s/;
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when .s; t; x/ converges to .s0; t0; x0/,  .s/ converges �.s0/, i.e., @3ˆ.s; t; x/
converges to @3ˆ.s0; t0; x0/. Therefore @ˆ3 is continuous at .s0; t0; x0/.

We may apply a similar argument to obtain the continuity at .s0; t0; x0/, where
s0 < t0. This ends the proof. ut

Using the three propositions which we have just proved, we now have

Theorem 10.2. If X is a vector field of class C1 defined on an open subset of a
Banach space E , then the flow ˆ of X is also of class C1.

Proof. It is sufficient to apply Theorem 3.6. ut
In the next section we will generalize this result to the case where the vector field

is of class Ck for any given k 2 N
�.

10.3 Higher Differentiability of the Flow

We have seen that, if a vector field X is of class C1, then its flow is also of class C1.
We will now generalize this result. We will begin with a preliminary proposition.
Suppose that E1, E2 and F are normed vector spaces,O an open subset of E1 �E2
and f W O �! F a C2-mapping. If a 2 O , then @ij f .a/ 2 L.Ei ;L.Ej ; F //. We
may consider @ij f .a/ to be a continuous bilinear mapping from Ei � Ej into F .

Proposition 10.4. Suppose that E1, E2 and F are normed vector spaces, O an
open subset of E1 � E2 and f W O �! F a C2-mapping. If a 2 O , x 2 E1 and
v 2 E2, then

@12f .a/.x; v/ D @21f .a/.v; x/:

Proof. For .u; v/ 2 E1 � E2 we have

f 0.a/.u; v/ D @1f .a/u C @2f .a/v

and so, with .x; y/ 2 E1 �E2,

f .2/.a/
�
.x; y/; .u; v/

� D @11f .a/.x; u/C @21f .a/.y; u/

C@12f .a/.x; v/C @22f .a/.y; v/:

Changing the roles of .x; y/ and .u; v/, we have

f .2/.a/
�
.u; v/; .x; y/

� D @11f .a/.u; x/C @21f .a/.v; x/

C@12f .a/.u; y/C @22f .a/.v; y/:

As f .2/.a/ is symmetric,

f .2/.a/..x; y/; .u; v// D f .2/.a/..u; v/; .x; y//:
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If we set u D 0 and y D 0, then we obtain

@12f .a/.x; v/ D @21f .a/.v; x/;

the desired result. ut
If I � R is an open interval, E a normed vector space, O an open subset of E

and f a C2-mapping from I � O into E, then both d
dt @2f .t; x/ and @2 d

dt f .t; x/

belong to L.E/.
Corollary 10.1. We have

d

dt
@2f .t; x/ D @2

d

dt
f .t; x/

for t 2 I and x 2 O .

Proof. We claim that

@12f .t; x/.s; v/ D
�
s

d

dt
@2f .t; x/

�
v and @21f .t; x/.v; s/ D s

�
@2

d

dt
f .t; x/v

�
:

First we have
@12f .t; x/.s; v/ D .@12f .t; x/s/v:

@2f .t; x/ is a mapping from R � E into L.E/. Then @12 is the differential of this
mapping with respect to the first variable. We thus obtain

.@12f .t; x/s/v D
�
s

d

dt
@2f .t; x/

�
v:

We now turn to the second part of the claim; to begin

@21f .t; x/.v; s/ D .@21f .t; x/v/s:

@1f .t; x/ is a mapping from R�E into L.R; E/. Then @21f .t; x/ is the differential
of this mapping with respect to the second variable. If ˛ is the mapping fromE into
L.R; E/ defined by

˛.x/ D .s 7�! sx/;

then

@1f .t; x/ D ˛ ı d

dt
f .t; x/

and so

@21f .t; x/v D ˛

�
@2

d

dt
f .t; x/v

�
H) .@21f .t; x/v/s D s

�
@2

d

dt
f .t; x/v

�
:
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This proves the second part of the statement we claimed.
Now, setting s D 1 and using the proposition, we obtain

d

dt
@2f .t; x/v D @12f .t; x/.1; v/ D @21f .t; x/.v; 1/ D @2

d

dt
f .t; x/v

for all v 2 E , which implies that

d

dt
@2f .t; x/ D @2

d

dt
f .t; x/:

This ends the proof. ut
We now prove the main result of this section, namely

Theorem 10.3. Let X be a vector field defined on an open subset O of a Banach
space E. If X is of class Ck with k � 1, then the flow ˆ of X is of class Ck.

Proof. We will prove the result by induction on k. For k D 1 we have already
proved it. Suppose now that the result is true up to k and consider the case k C 1.
From Proposition 4.7 the mapping

H W L.R; E/ � L.R; E/ � L.E/ �! L.R � R � E;E/

defined by
H.f; g; h/.u; v;w/ D f .u/C g.v/C h.w/

is a normed vector space isomorphism. Clearly

ˆ0.s; t; x/ D H
�
@1ˆ.s; t; x/; @2ˆ.s; t; x/; @3ˆ.s; t; x/

�
:

Hence, becauseH is smooth, to show thatˆ is of class CkC1 it is sufficient to prove
that the three partial differentials are of class Ck .

First notice that
@

@s
ˆ.s; t; x/ D X.ˆ.s; t; x//:

X is of class CkC1 and so a fortiori of class Ck. By hypothesis ˆ is also of class
Ck and hence @

@s
ˆ is of class Ck . However, the mapping from E into L.R; E/

defined by
˛.x/ D .u 7�! ux/

is an isometric isomorphism and ˛ ı . @
@s
ˆ/ D @1ˆ. Therefore @1ˆ is of class Ck.

We have seen in Sect. 10.2 that

@

@t
ˆ.s; t; x/ D �X.ˆ.s; t; x//

and so @
@t
ˆ is of class Ck . As ˛. @

@t
ˆ/ D @2ˆ, @2ˆ is of class Ck .
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We now consider the third partial differential. This is a little more difficult. We
define a vector field Z on O � L.E/ by

Z.x;L/ D .X.x/;X 0.x/ ı L/:

As both coordinate mappings are of class Ck, so is Z. By hypothesis the flow of Z
is of class Ck . For .s; t; x/ 2 D, the domain of ˆ, and L 2 L.E/ let us set

‰.s; t; .x; L// D .ˆ.s; t; x/; @3ˆ.s; t; x/ ı L/:

We claim that ‰ is the flow of Z. First we have

‰.t; t; .x; L// D .ˆ.t; t; x/; @3ˆ.t; t; x/ ı L/ D .x; idE ı L/ D .x; L/:

Now, using Corollary 10.1, we have

@

@s
@3ˆ.s; t; x/ ı L D @3

@

@s
ˆ.s; t; x/ ı L

D @3X.ˆ.s; t; x// ı L
D X 0.ˆ.s; t; x// ı @3ˆ.s; t; x/ ı L

and hence
@

@s
‰.s; t; .x; L// D Z.‰.s; t; .x; L//:

Therefore ‰ is the flow of Z. It follows that the second coordinate of ‰ is of class
Ck. As the mapping .s; t; x/ 7�! .s; t; x; idE/ is smooth, @3ˆ is of class Ck. This
finishes the proof. ut

10.4 The Reduced Flow

LetE be a Banach space,X a vector field defined on an open subset ofE, with flow
ˆ.s; t; x/. If we fix the second variable t , then we obtain a mapping from a subset
of R � E into E; in particular, if we take t D 0. The mapping

�.s; x/ D ˆ.s; 0; x/

is called the reduced flow of X . (The reduced flow is often referred to as the flow;
however, we will reserve this term for the mapping ˆ already defined.) We will
sometimes use the abbreviation r-flow for reduced flow.
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Theorem 10.4. LetX be a vector field defined on an open subset of a Banach space
E . The r-flow � of X is defined on an open subset ˝ of R � E. If X is of class Ck

with k � 1, then � is also of class Ck .

Proof. Let ˛ be the mapping from R � E into R � R � E defined by

˛.s; x/ D .s; 0; x/:

˛ is a continuous linear mapping, hence smooth. If D is the domain of the flow ˆ,
then ˝ D ˛�1.D/. As D is open, so is ˝ .

Suppose that X is of class Ck. As � D ˆ ı ˛ and ˆ is of class Ck, � is of
class Ck . ut

Earlier we stated without proof that the exponential mapping from a Banach
algebra into itself is smooth. We are now in a position to give a simple proof of this
assertion.

Theorem 10.5. If E is Banach algebra, then the exponential mapping defined on
E is smooth.

Proof. Let X be the vector field defined on E2 by

X.x; y/ D .yx; 0/

The mapping .x; y/ 7�! yx is bilinear and continuous and so smooth. As the
mapping .x; y/ 7�! 0 is constant and so smooth, X is smooth. Therefore the
reduced flow � of X is smooth. If 1E is the identity for the multiplication in E,
then we have

�.t; .1E; y// D .exp.ty/; y/

for .t; y/ 2 R � E. As the mapping y 7�! .1E; y/ is smooth, so is the mapping

 W R � E �! E � E; .t; y/ 7�! .exp.ty/; y/:

The coordinate mappings of  are smooth, in particular the first one, i.e., the
mapping .t; y/ 7�! exp.ty/. This in turn implies that

exp.y/ D exp.1y/

for y 2 E , is smooth. ut
Remark. As exp0.0/ D idE and exp.0/ D 1E , there are open neighbourhoods U
and V of respectively of 0 and 1E such that exp.U / D V and exp W U �! V is a
smooth diffeomorphism.

Let us now return to general vector fields. From the definition of the reduced flow
� we have

�.0; x/ D x:
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If we fix x and set

�x.s/ D �.s; x/;

then the mapping �x is defined on an open interval Ix of R containing 0. As the
mapping ˇ W s 7�! .s; x/ is smooth, if � is of class Ck , then so is �x . In the same
way we may define a mapping �s by fixing s:

�s.x/ D �.s; x/:

The mapping � W x 7�! .s; x/ is smooth and the domain of �s is ��1.˝/. Therefore
the domain of �s is open in E. For s D 0 the domain of �s is clearly that of the
vector field. However, this is in general not the case and the domain of �s may even
be empty for some values of s. If the domain of �s is not empty and � is of class
Ck, then so is �s .

Example. In Sect. 9.1 we saw that the maximal integral curve of the vector field

X W R �! R; x 7�! 1C x2;

with initial conditions .0; x0/, is defined on the interval .��
2

� arctanx0; �2 C
arctanx0/. Therefore, if s … .��; �/, then the domain of �s is empty.

If X is a perfect vector field and O its domain, then �x is defined on R for any
x 2 O , and �s is defined onO for any s 2 R.

In Sect. 9.1 we obtained the following result: if D is the domain of ˆ and
.t1; 0; x0/ 2 D, then .t; 0; x0/ 2 D if and only if .t � t1; 0;ˆ.t1; 0; x0// 2 D

and in this case

ˆ.t; 0; x0/ D ˆ.t � t1; 0;ˆ.t1; 0; x0//:

We may write this in the following form: if u 2 Ix, then s C u 2 Ix if and only if
s 2 I�u.x/ and in this case

�sCu.x/ D �s ı �u.x/:

Suppose that the domain of �s is not empty. Then setting u D �s we obtain the
following result: the mapping �s is invertible and ��1

s D ��s . In addition, if X is of
class Ck with k � 1, then �s is a Ck-diffeomorphism.

Exercise 10.1. We may define a relation R on the domain O of a vector field X by
setting xRy when there is a t 2 R with �.t; x/ D y. Show that this relation is an
equivalence relation. Thus the vector field X generates a partition of O .
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10.5 One-Parameter Subgroups

If X is a complete vector field defined on an open subset O of a Banach space E,
then for every t 2 R the mapping �t is defined on O . Each �t is a diffeomorphism
from O onto itself. The mappings .�t /t2R form a subgroup of the group of
diffeomorphisms fromO into itself. We have

• �s ı �t D �sCt ;
• �0 D idO ;
• ��1

t D ��t .

IfX is of class Ck , then �t is of class Ck and in this case the mappings .�t /t2R form
a subgroup of the group of Ck-diffeomorphisms from O onto itself. The collection
of mappings .�t /t2R form what is called a one-parameter subgroup. Here is an
formal definition. Suppose that O is an open subset of a Banach space E and that
. t /t2R is a collection of diffeomorphisms from O onto itself. Then . t /t2R is a
one-parameter subgroup if

• The mapping  W R �O �! O; .t; x/ 7�!  t.x/ is of class C1;
•  0 D idE and  s ı  t D  sCt for s; t 2 R.

We say that the one-parameter subgroup is of class Ck if the mapping  is of class
Ck. Clearly, if the vector field X is complete and of class Ck with k � 1, then the
collection of mappings .�t /t2R is a one-parameter subgroup of class Ck . In fact, as
we will now see, all one-parameter subgroups are essentially of this form.

Proposition 10.5. Suppose that . t /t2R is a one-parameter subgroup of diffeomor-
phisms defined on an open subset O of a Banach space E and that the mapping
 .t; x/ is of class Ck with k � 2. If we set

X.x/ D d

dt
 .t; x/jtD0

for x 2 O , thenX is a complete vector field of classCk�1, whose reduced flow is  .

Proof. Clearly X is a mapping fromO into E. In addition,

d

dt
 .t; x/jtD0

D @1 .0; x/1:

From Theorem 4.7 @1 is of class Ck�1 and it follows that X is a vector field of
class Ck�1 (see exercise below).

Now,

X. .s; x// D d

dt
 .t;  .s; x//jtD0

D d

dt
 .t C s; x//jtD0

D d

ds
 .s; x/;
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therefore  .s; x/ is an integral curve. This curve is defined on R and  .0; x/ D x.
Hence .s; x/ is the maximal integral curve with initial conditions .0; x/. If ˛ is the
maximal integral curve with initial conditions .t; x/, then ˛.s/ D  .s� t; x/ and so
˛ is defined on R. We have shown that X is complete and has  for reduced flow. ut
Exercise 10.2. Show that the mapping

O �! E; x 7�! @1 .0; x/1

is of class Ck�1.

Remark. The vector field X is called the infinitesimal generator of the one-
parameter subgroup.

The next result follows immediately from the proposition above.

Theorem 10.6. There is a 1–1 correspondence between smooth complete vector
fields and smooth one-parameter subgroups.



Chapter 11
The Calculus of Variations: An Introduction

If E is a normed vector space composed of mappings, for example, the space of
continuous real-valued functions defined on a compact interval, then we refer to a
real-valued mapping F defined on a subset S of E as a functional . The calculus of
variations is concerned with the search for extrema of functionals. In general, the set
S is determined, at least partially, by constraints on the mappings and the functional
F is defined by an integral. The elements of S are often said to be F -admissible
(or admissible if there is no possible confusion).

Many physical problems involve looking for best trajectories in some sense.
For example, one might consider crossing a river from one point to another in the
quickest possible time or finding the shortest way from going from one point to
another on some surface. Such problems lead in general to the minimization of
the integral of a mapping defined on a compact interval with given values for the
endpoints. We will concentrate on this classical problem, called a fixed endpoint
problem. Unlike for optimization problems in finite-dimensional spaces, critical
points (and hence extrema) in infinite-dimensional spaces are usually difficult to
determine. However, the critical points of fixed endpoint problems can in general be
characterized as solutions of differential equations, which can often be solved. This
makes fixed endpoint problems particularly interesting.

11.1 The Space C 1.I; E/

In this section we introduce a normed vector space which is important both in the
calculus of variations and elsewhere. LetE be a normed vector space and I D Œa; b�

a compact interval of R. The space of continuous mappings � from I into E, which
we note C0.I;E/ (or C.I;E/), is a vector space. This space has the natural norm:

k�kC0 D sup
t2I

k�.t/kE:

R. Coleman, Calculus on Normed Vector Spaces, Universitext,
DOI 10.1007/978-1-4614-3894-6 11, © Springer Science+Business Media New York 2012
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If E is a Banach space, then so is C0.I;E/ (see Exercise 1.23). We recall that a
mapping � from I into E is of class C1 if it has derivatives at all points t 2 I and
the mapping P� is continuous. The set of all C1-mappings (or curves) � defined on
I form a vector space which we note C1.I;E/. This space has a natural norm:

k�kC1 D k�kC0 C k P�kC0 :

Proposition 11.1. If E is a Banach space and I is a nontrivial closed interval
Œa; b�, then C1.I;E/ is a Banach space.

Proof. Let .�n/ be a Cauchy sequence in C1.I;E/. Then .�n/ and . P�n/ are Cauchy
sequences in C0.I;E/, hence .�n/ has a limit � 2 C0.I;E/ and . P�n/ has a limit
ı 2 C0.I;E/. As P�n is continuous and �n a primitive of P�n, we have

�n.x/ � �n.a/ D
Z x

a

P�n.t/dt

for x 2 I . Also,

k�.x/ � �.a/ �
Z x

a

ı.t/dtkE � k�.x/ � �n.x/kE C k�n.a/� �.a/kE

Ck
Z x

a

P�n.t/ � ı.t/dtkE
� 2k� � �nkC0 C .b � a/k P�n � ıkC0 :

As this last expression converges to 0 when n goes to 1, we obtain

�.x/ D �.a/C
Z x

a

ı.t/dt:

It follows that P� D ı and so the sequence .�n/ converges to � in C1.I;E/. ut
The normed vector space of mappings for the fixed endpoint problem will be

C1.I;E/, for some compact interval I and Banach space E.

11.2 Lagrangian Mappings

As in the previous section, we suppose that I D Œa; b� is a compact interval of
R and E a Banach space. The functional L which we will define on a subset of
E D C1.I;E/ will be the integral of an expression involving a curve in E and its
derivative. However, before defining the functional we will do some preliminary
work.
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Let O is an open subset of R � E � E. A continuous real-valued function
L defined on O is called a Lagrangian function (or Lagrangian). A curve � 2
C1.I;E/ is said to beL-admissible (or admissible if there is no possible confusion)
if .t; �.t/; P�.t// belongs to O for all t 2 I .

Proposition 11.2. The set of L-admissible curves, which we note ˝L (or ˝), is
open in C1.I;E/.

Proof. If ˝ is empty, then˝ is open. Suppose that this is not the case and consider
the mapping

 W I � C1.I;E/ �! R � E � E; .t; �/ 7�! .t; �.t/; P�.t//:

The coordinate mappings of  are clearly continuous, hence  is continuous. Let
us fix � 2 ˝ and take t 2 I . As  is continuous, there is an open interval Jt of
R containing t , and an open ball B.�; rt / � C1.I;E/ such that .s; ı.s/; Pı.s// 2 O

when s 2 Jt \ I and ı 2 B.�; rt /. As I is compact, a finite number of the intervals
Jt cover I . Let us note these intervals Jt1 ; : : : ; Jtp and set r D min.rt1 ; : : : ; rtp /.

If s 2 I and ı 2 B.�; r/, then .s; ı.s/; Pı.s// 2 O and hence ı is admissible.
Therefore the open ball B.�; r/ lies in ˝ and it follows that ˝ is open. ut
Examples. 1. If E D R, O D R

3, I D Œa; b� and L1 is the real-valued function
defined by

L1.t; x; y/ D et x � 3y4;

then ˝L1 D C1.I;R/.
2. If E D R, O D R � R � .�1; 1/, I D Œa; b� and L2 is the real-valued function

defined by

L2.t; x; y/ D xp
1 � y2

;

then
˝L2 D f� 2 C1.I;R/ W P�.t/ 2 .�1; 1/; t 2 I g:

If � 2 ˝L, then the function

t 7�! L.t; �.t/; P�.t//

is defined and continuous on I D Œa; b�. We define a mapping L from˝L into R by

L.�/ D
Z b

a

L.t; �.t/; P�.t//dt:

L is called the Lagrangian functional associated with L. Notice that here the L-
admissible curves are the L-admissible curves.

Suppose now that L is of class C1. We will consider the differentiability of L.
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Proposition 11.3. If L is of class C1, then L is of class C1.

Proof. If f is the real-valued function defined on I �˝L by

f .t; �/ D L.t; �.t/; P�.t//;

then f D L ı  , where  is the mapping defined in the proof of Proposition 11.2.
As L and  are continuous, f is continuous.

We now consider the partial differential @2 . We have

 .t; � C h/ �  .t; �/ D .0; h.t/; Ph.t//:
The mapping

� W C1.I;E/ 7�! I �E � E; h 7�! .0; h.t/; Ph.t//
is linear and

k�.h/kI�E�E D max.j0j; kh.t/kE; k Ph.t/kE/ � khkC1 ;

therefore � is continuous. It follows that

@2 .t; �/h D .0; h.t/; Ph.t//:

Thus @2 exists at any point .t; �/. Being constant, it is also continuous.
Now let us look at f . Applying the chain rule to f D L ı  with t fixed, we

obtain
@2f .t; �/ D L0. .t; �// ı @2 .t; �/:

As @2 is continuous on I � ˝L, @2f is also continuous on I � ˝L. From
Theorem 3.10 L is of class C1 and

L0.�/ D
Z b

a

@2f .t; �/dt

or, using Proposition 3.7,

L0.�/h D
Z b

a

@2f .t; �/hdt

for h 2 C1.I;E/. ut
Remark. We can say a little more:

@2f .t; �/h D L0. .t; �// ı @2 .t; �/h
D L0. .t; �//.0; h.t/; Ph.t//
D @2L. .t; �//h.t/C @3L. .t; �// Ph.t/
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and so

L0.�/h D
Z b

a

@2f .t; �/hdt D
Z b

a

�
@2L. .t; �//h.t/C @3L. .t; �// Ph.t/

�
dt:

From here on we will suppose that the Lagrangian L is of class C1.

11.3 Fixed Endpoint Problems

Suppose now that we aim to minimize L and that at the same time we require that
the endpoints of the curves � 2 ˝L have certain values: �.a/ D ˛, �.b/ D ˇ.
In this case we consider L restricted to the space

˝L.˛; ˇ/ D f� 2 ˝L W �.a/ D ˛; �.b/ D ˇg;

i.e., we search for mimima of the functional L on the set S D ˝L.˛; ˇ/.
If we set

A.˛; ˇ/ D f� 2 C1.I;E/ W �.a/ D ˛; �.b/ D ˇg;

then A.˛; ˇ/ is a closed affine subspace of C1.I;E/. It is the translation of the
closed vector space A.0; 0/ by the curve ı defined by

ı..1� s/a C sb/ D .1 � s/˛ C sˇ

with s 2 Œ0; 1�. To simplify the notation we will write A for A.0; 0/. Clearly

˝L.˛; ˇ/ D ˝L \ A.˛; ˇ/:

From Corollary 2.4, if � is a minimum, then

L0.�/h D 0

for h 2 A. A curve � 2 C1.I;E/ satisfying this condition is called an extremal
of the Lagrangian functional L with fixed endpoints a and b. It should be noticed
that an extremal is not necessarily an extremum (maximum or minimum) of the
fixed endpoint problem under consideration. An extremum is an extremal, but an
extremal is not necessarily an extremum. (It would probably be better to use the
term critical curve instead of extremal.) In the next section we will see that this
condition leads us to a differential equation called the Euler–Lagrange equation.

In the appendix to Chap. 9 we showed that, for any bounded open interval I of R,
there exists a smooth real-valued function g defined on R, which is strictly positive
on I and vanishes elsewhere. We will use this in the proof of the next result.
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Proposition 11.4. Let I D Œa; b� be a closed bounded interval of R and A W I �!
E� a continuous mapping such that

Z b

a

A.t/v.t/dt D 0

for every continuous function v W I �! E such that
R b
a

v.t/dt D 0. Then A is
constant.

Proof. We will argue by contradiction. IfA is not constant, then there exist t1; t2 2 R

such that
a < t1 < t2 < b and A.t1/ ¤ A.t2/:

Without loss of generality we can suppose that there is an element u 2 E such that
A.t1/u > A.t2/u.

We take ˛1; ˛2 2 R such that

A.t1/u > ˛1 > ˛2 > A.t2/u:

As A is continuous, there is an � > 0 such that

A.t/u > ˛1 for t 2 .t1 � �; t1 C �/ and A.t/u < ˛2 for t 2 .t2 � �; t2 C �/:

We can take � sufficiently small so that

a < t1 � � < t1 C � < t2 � � < t2 C � < b:

Let � W R �! RC be a smooth real-valued function which is strictly positive on
the interval .��;C�/ and vanishes elsewhere. We define a function � on R by

�.t/ D �.t � t1/� �.t � t2/:

Then � is smooth and

Z b

a

�.t/dt D
Z b

a

�.t � t1/dt �
Z b

a

�.t � t2/dt

D
Z b�t1

a�t1
�.s/ds �

Z b�t2

a�t2
�.s/ds D 0;

because a � ti < �� and � < b � ti for i D 1; 2. In addition,

t 2 .t1 � �; t1 C �/ H) t � t2 < �� and t 2 .t2 � �; t2 C �/ H) t � t1 > �

and so we have
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8
<
:
�.t/ > 0 for t 2 .t1 � �; t1 C �/

�.t/ < 0 for t 2 .t2 � �; t2 C �/

�.t/ D 0 otherwise
:

We now define v W Œa; b� �! E by v.t/ D �.t/u. Then v is continuous andR b
a

v.t/dt D 0. Also,

Z b

a

A.t/v.t/dt D
Z b

a

�.t � t1/A.t/udt �
Z b

a

�.t � t2/A.t/udt

D
Z t1C�

t1��
�.t � t1/A.t/udt �

Z t2C�

t2��
�.t � t2/A.t/udt

> ˛1

Z t1C�

t1��
�.t � t1/dt � ˛2

Z t2C�

t2��
�.t � t2/dt

D .˛1 � ˛2/
Z C�

��
�.s/ds > 0:

This is a contradiction and it follows that A is constant. ut
Example. Let L be the Lagrangian defined on R

3 by

L.t; x; y/ D y2

and I D Œa; b�, a closed bounded interval of R. We aim to find a curve � 2
C1.I;R/, with �.a/ D 0 and �.b/ D 1, such that � minimizes the Lagrangian
functional

L.�/ D
Z b

a

L.t; �.t/; P�.t//dt D
Z b

a

P�2.t/dt:

If � is a minimum, then

L0.�/h D
Z b

a

2 P�.t/ Ph.t/dt D 0

for all h 2 C1.I;R/ such that h.a/ D h.b/ D 0. It follows that

Z b

a

2 P�.t/v.t/dt D 0

for every continuous function v on Œa; b� with
R b
a

v.t/dt D 0. From Proposition 11.4
there is a constant c such that for all t 2 I

P�.t/ D c:
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It easily follows that the only possibility is the curve � defined on I by

�.t/ D t � a
b � a

:

As yet we do not know whether � is a minimum. Assume that ı 2 C1.I;R/, with
ı.a/ D 0 and ı.b/ D 1. Then

L.� C ı/� L.�/ D
Z b

a

. P�.t/C Pı.t//2 � P�.t/2dt

D
Z b

a

Pı.t/2dt C 2

Z b

a

P�.t/ Pı.t/dt

� 2

Z b

a

P�.t/ Pı.t/dt

D 2

b � a

Z b

a

Pı.t/dt D 2

b � a
> 0:

Therefore � is the unique minimum of the problem.

11.4 Euler–Lagrange Equations

As mentioned in the last section, we can associate a differential equation to a fixed
endpoint problem. However, we will need some preliminary results.

Proposition 11.5. Let I be an interval of R and A W I �! E� and u W I �! E

both differentiable at t 2 I . Then Au W I �! R is differentiable at t and

d

dt
.A.t/u.t// D PA.t/u.t/CA.t/Pu.t/:

Proof. For s nonzero such that t C s 2 I we have

1

s
ŒA.t C s/u.t C s/ �A.t/u.t/� � PA.t/u.t/ �A.t/Pu.t/

D
�
1

s
ŒA.t C s/u.t C s/ � A.t/u.t C s/� � PA.t/u.t C s/

�

C � PA.t/u.t C s/ � PA.t/u.t/�C
�
1

s
ŒA.t/u.t C s/ � A.t/u.t/� �A.t/Pu.t/

�
:

Each of the three parts of the expression on the right-hand side of the equation
converges to 0 when s approaches 0, hence the result. ut
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We can now establish an important result which will enable us to characterize
extremals by means of differential equations.

Theorem 11.1. Let A;B W I �! E� be continuous. Then

Z b

a

A.t/�.t/C B.t/ P�.t/dt D 0

for all � 2 C1.I;E/ such that �.a/ D �.b/ D 0 if and only if B is differentiable
and PB D A.

Proof. Let A and B be continuous mappings from the interval I D Œa; b� into E�.
Suppose thatB is differentiable andA D PB . If � 2 C1.I;E/ and �.a/ D �.b/ D 0,
then using Proposition 11.5 we have

Z b

a

A.t/�.t/C B.t/ P�.t/dt D
Z b

a

PB.t/�.t/C B.t/ P�.t/dt

D
Z b

a

d

dt
.B.t/�.t//dt

D B.b/�.b/ � B.a/�.a/ D 0:

Suppose now that for any � 2 C1.I;E/ such that �.a/ D �.b/ D 0 we have

Z b

a

A.t/�.t/C B.t/ P�.t/dt D 0:

If we set A1.t/ D R t
a A.s/ds, then

d

dt
.A1.t/�.t// D A.t/�.t/C A1.t/ P�.t/

and so

Z b

a

A.t/�.t/C B.t/ P�.t/dt D
Z b

a

d

dt
.A1.t/�.t// �A1.t/ P�.t/CB.t/ P�.t/dt

D ŒA1.t/�.t/�
b
a �

Z b

a

..A1.t/ � B.t// P�.t/dt

D �
Z b

a

.A1.t/ � B.t// P�.t/dt:

It follows that Z b

a

.A1.t/ � B.t//v.t/dt D 0
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for every continuous function v W I �! E such that
R b
a

v.t/dt D 0. If we apply
Proposition 11.4, then we see thatA1�B is constant and thereforeB is differentiable
and PB D A. ut

Using results from this and previous sections we now obtain a differential
equation characterizing an extremal, called the Euler–Lagrange equation:

Theorem 11.2. The curve � 2 C1.I;E/ is an extremal of the fixed endpoint
problem if and only if the mapping @3L.t; �.t/; P�.t// is differentiable and

d

dt
@3L.t; �.t/; P�.t// D @2L.t; �.t/; P�.t//:

Proof. In Sect. 11.2 we obtained the following expression for the differential of the
Lagrangian functional:

L0.�/h D
Z b

a

�
@2L. .t; �//h.t/C @3L. .t; �// Ph.t/

�
dt:

However, � is an extremal if and only if

L0.�/h D 0

for all h 2 C1.Œa; b�/ such that h.a/ D h.b/ D 0. If we now apply Theorem 11.1,
with

A.t/ D @2L. .t; �// and B.t/ D @3L. .t; �//;

then we obtain the result. ut
Let us look in more detail at the case where E D R

n. Here the Lagrangian is
defined on an open subset O � R

2nC1 and the image of a curve � lies in R
n. With

x; y; h 2 R
n we have

@2L.t; x; y/h D @L

@x1
.t; x; y/h1 C � � � C @L

@xn
.t; x; y/hn;

and

@3L.t; x; y/h D @L

@y1
.t; x; y/h1 C � � � C @L

@yn
.t; x; y/hn

and the Euler–Lagrange equation becomes

d

dt

�
@L

@y1
. .t; �/

�
h1 C � � � C d

dt

�
@L

@yn
. .t; �//

�
hn D @L

@x1
. .t; �//h1 C � � �

C @L

@xn
. .t; �//hn:



11.4 Euler–Lagrange Equations 239

We thus obtain the equations

d

dt

�
@L

@yi
.t; �.t/; P�.t//

�
D @L

@xi
.t; �.t/; P�.t//

for i D 1; : : : ; n.

Example. Let L be the Lagrangian defined on R
3 by

L.t; x; y/ D 2tx � x2 C y2:

and I D Œ0; 1�. We consider the problem of finding a curve � 2 C1.I;R/, with
�.0/ D 0 and �.1/ D 2, which minimizes the Lagrangian functional

L.�/ D
Z 1

0

L.t; �.t/; P�.t//dt D
Z 1

0

2t�.t/ � �2.t/C P�2.t/dt:

We have

@L

@x
D 2.t � x/ and

@L

@y
D 2y

and the Euler–Lagrange equation is

2
d

dt
P�.t/ D 2.t � �.t//

or
R�.t/C �.t/ D t:

Therefore � is a solution of the differential equation

Ry C y D t;

whose general solution is

y.t/ D ˛ cos t C ˇ sin t C t;

with ˛; ˇ 2 R. Taking into account the endpoint values we obtain

�.t/ D sin t

sin 1
C t;

which is the unique extremal. However, without further work, we do not know
whether � is a minimum or not.
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To close this section, it should be observed that the Euler–Lagrange equation is
in general not easy, if not impossible, to solve explicitly. However, even in this case,
it may give us important information about extremals.

11.5 Convexity

If the Lagrangian functional L is g-convex on the set ˝L.˛; ˇ/, then an extremal
lying in ˝L.˛; ˇ/ is a global minimum. This follows from Proposition 7.5.
Therefore it is important to know whether L is g-convex. The next result gives a
criterion for the g-convexity of the Lagrangian functional.

Theorem 11.3. If the Lagrangian L satisfies the property

L.t; x C h; y C k/ �L.t; x; y/ � @2L.t; x; y/hC @3L.t; x; y/k;

then the associated Lagrangian functional L is g-convex on ˝L.˛; ˇ/.

Proof. If �; � C ı 2 ˝L.˛; ˇ/, then

L.� C ı/� L.�/ D
Z b

a

L.t; �.t/C ı.t/; P�.t/C Pı.t//dt �
Z b

a

L.t; �.t/; P�.t//dt

�
Z b

a

@2L.t; �; P�.t//ı.t/C @3L.t; �; P�.t// Pı.t/dt

D L0.�/ı:

Therefore L is g-convex on ˝L.˛; ˇ/. ut
We will refer to the condition of the theorem as condition .C /

Remark. Clearly, if the Lagrangian L is g-convex, then the condition .C / is
satisfied; however, the converse is not true. For example, if

L.t; x; y/ D t3 C x C y2

for .t; x; y/ 2 R
3, then L satisfies condition .C /, but L is not g-convex on R

3.

Example. Let L be the Lagrangian defined on R
3 by

L.t; x; y/ D 2tx C x2 C y2

and I D Œ0; 1�. We consider the problem of finding a curve � 2 C1.I;R/, with
�.0/ D 0 and �.1/ D 1, which minimizes the Lagrangian functional

L.�/ D
Z 1

0

L.t; �.t/; P�.t//dt D
Z 1

0

2t�.t/C �2.t/C P�2.t/dt:
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We first look for an extremal. We have

@L

@x
D 2.t C x/ and

@L

@y
D 2y

and the Euler–Lagrange equation is

2
d

dt
P�.t/ D 2.t C �.t//;

or
R�.t/� �.t/ D t:

Therefore � is a solution of the differential equation

Ry � y D t;

whose general solution is

y.t/ D ˛et C ˇe�t � t;

with ˛; ˇ 2 R. Taking into account the endpoint values we obtain

�.t/ D 2 sinh t

sinh.1/
� t;

which is the unique extremal. However, L satisfies the condition .C / and so the
Lagrangian functional L is g-convex. It follows from Proposition 7.5 that � is a
global minimum (in fact, the unique global minimum).

Exercise 11.1. Let L.t; x; y/ D x C y2 and I D Œ0; 1�. Find the unique curve
� 2 C1.I;R/, with �.0/ D 0 and �.1/ D 1, which minimizes the Lagrangian
functional

L.�/ D
Z 1

0

L.t; �.t/; P�.t//dt:

11.6 The Class of an Extremal

Extremals are by definition of class C1; however, they may be of a higher class.
Suppose that the Lagrangian is of class C2. The partial differential @3L.t; x; y/
belongs to E� and so @33L.t; x; y/ is a continuous linear mapping from E into E�.
If @33L.t; x; y/ is a normed vector space isomorphism for all .t; x; y/ in the domain
of L, then we say that L is regular.
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Theorem 11.4. If the Lagrangian L is regular and of class Ck, with k � 2, on
its domain O , then any extremal is of class Ck on the interior of its interval of
definition.

Proof. Let � be an extremal defined on an interval I and t0 2 int I . Let us set
x0 D �.t0/, y0 D P�.t0/ and z0 D @3L.t0; x0; y0/. We consider the mapping

F W O �! R � E � E�; .t; x; y/ 7�! .t; x; @3L.t; x; y//:

F is differentiable and

F 0.t0; x0; y0/.s; h; k/ D
�
s; h; @13L.t0; x0; y0/s C @23L.t0; x0; y0/h

C@33L.t0; x0; y0/k
�
:

As @33.t0; x0; y0/ is a normed vector space isomorphism from E onto E�,
F 0.t0; x0; y0/ is a normed vector space isomorphism fromR�E�E ontoR�E�E�.
Also, F is of class Ck�1. From the inverse mapping theorem we know that there is
a neighbourhood U of .t0; x0; y0/ and a neighbourhood V of .t0; x0; z0/ such that
F W U �! V is a Ck�1-diffeomorphism. We can write

F�1.t; x; z/ D .t; x; h.t; x; z//;

where h is a mapping of class Ck�1.
Now let J be an open interval of R containing t0 and W an open neighbourhood

of .x0; z0/ such that J � W � V . We define a time-dependent vector field Y W
J �W �! E � E� by

Y.t; x; z/ D �
h.t; x; z/; @2L.t; x; h.t; x; z//

�
:

Y is of class Ck�1 and so there is a maximal integral curve �.t/ D .x.t/; z.t//
such that �.t0/ D .x0; z0/ defined on an open interval I � J . This integral curve
is of class Ck�1. In addition, Px.t/ D h.t; x.t/; z.t// and so Px.t/ is of class Ck�1.
It follows that x.t/ is of class Ck .

Let us now set
	.t/ D �

�.t/; @3L.t; �.t/; P�.t//�:
We aim to show that 	 is an integral curve of the time-dependent vector field Y . For
t close to t0 we have

h
�
t; �.t/; @3L.t; �.t/; P�.t//� D P�.t/

and, using the Euler–Lagrange equation,
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@2L
�
t; �.t/; h

�
t; �.t/; @3L.t; �.t/; P�.t//�

�
D @2L.t; �.t/; P�.t//

D d

dt
@3L.t; �.t/; P�.t//:

It follows that 	.t/ is an integral curve of Y .
To conclude, we notice that 	.t0/ D .x0; z0/ and so 	.t/ D �.t/ on a

neighbourhood of t0. Therefore �.t/ D x.t/ and so � is of class Ck on a
neighbourhood of t0. This finishes the proof. ut

Suppose that the extremum � is of class C2 on the interior of its domain Œa; b�.
As we have just seen, this is the case if the LagrangianL is regular. Then, using the
Euler–Lagrange equation, we have

d

dt
L.t; �.t/; P�.t// D @1L.t; �.t/; P�.t//C @2L

�
t; �.t/; P�.t/� P�.t/

C@3L
�
t; �.t/; P�.t/� R�.t/

D @1L.t; �.t/; P�.t//C d

dt
@3L

�
t; �.t/; P�.t/� P�.t/

C@3L
�
t; �.t/; P�.t/� R�.t/

D @1L.t; �.t/; P�.t//C d

dt

�
@3L

�
t; �.t/; P�.t/� P�.t/

�
:

Hence

d

dt

�
L.t; �.t/; P�.t// � @3L.t; �.t/; P�.t// P�.t/� D @1L.t; �.t/; P�.t//:

If we now fix c 2 .a; b/ and integrate, we obtain

L.s; �.s/; P�.s// � @3L.s; �.s/; P�.s// P�.t/ D
Z s

c

@1L.t; �.t/; P�.t//dt C d;

where d is a constant and s 2 .a; b/. This equation is called the second Euler–
Lagrange equation. In particular, if L is independent of t and QL.x; y/ D L.t; x; y/,
then

QL.�.s/; P�.s// � @2 QL.�.s/; P�.s// P�.t/ D d:

The constant d of course depends on the extremal. The second Euler–Lagrange
equation often has a simpler form than the (first) Euler–Lagrange equation, particu-
larly when L is independent of t , and so is easier to apply.

Example. We consider the fixed endpoint problem with I D Œ�1; 1�, Lagrangian
L.t; x; y/ D x2.1 � y/2, defined on R � R

�C � R, and endpoint values 1
2

and 1.
Assume that � is a minimum. As L is of class C2 and regular, � is of class C2 and
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so satisfies the second Euler–Lagrange equation, i.e.,

�2.1 � P�/2 C 2�2.1 � P�/ P� D c;

which can be simplified to
�2 P�2 D �2 � c:

As the left-hand side of the equation is positive, �2 � c. Also, given the endpoint
values, � cannot be constant so, at least on some open subinterval J of I , �2 > c.
Setting u D �2 we obtain Pu2 D 4.u � c/ and on J

d

dt
.u.t/ � c/ 12 D 1

2

Pu.t/
.u.t/� c/

1
2

D ˙1:

Thus there is a constant b such that u.t/ D .t C b/2 C c. We claim that there are
adjacent open intervalsK and J such that u.t/ D c on K and u.t/ > c on J . If this
is not the case, then from the continuity of Pu, we have u.t/ D .t C b/2 C c on I .
Now, using the end-point conditions, we obtain

b D 1

8
; c D �17

64
H) u.t/ D

�
t C 1

8

�2
� 17

64
D t2 C 1

4
t � 1

4
:

As u.0/ D � 1
4
, u is negative on an open interval containing 0, which is impossible.

This establishes our claim. On K , Ru D 0 and on J , Ru D 2. Therefore u is not of
class C2 and hence � is not of class C2, a contradiction. It follows that there is no
minimum.

In this chapter we have only given an introduction to the calculus of variations,
concentrating on one particular problem, the fixed endpoint problem. There is a
lot more to be said, even about this problem, and of course there are other types
of problems, for example, with different constraints. Many problems require more
advanced techniques. There are various works written on the subject. I would
suggest looking first at the books by Troutman [25] and Sagan [21] and then that
of Dacorogna [10]. More advanced texts are those of Morse [17] and Struwe [24].
Troutman’s book gives many applications of the theory.
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A
admissible curve, 231
admissible mappings, 229
algebra, 24

commutative algebra, 24

B
Baire’s theorem, 185
Banach algebra, 24
Banach space, 16
Bolzano-Weierstrass property, 11
boundary, 8
bounded set, 11

C
Cauchy sequence, 16
chain rule, 44
Chasle’s Law, 72
class C0, 80
class C1, 35, 45, 50
class C2, 79

class Ck , 79, 100
class C1, 80, 100

closed ball, 4
closed cube, 143
closure, 8
compact set, 11
complement, 8
complete normed vector space, 16
conjugate, 28
connected set, 62
continuous mapping, 5

uniformly continuous mapping, 12
contraction mapping, 134, 188

contraction factor, 188
contraction mapping theorem, 188

convergence, 4
convex combination, 142
convex cone, 141
convex function, 141

strictly convex function, 141
convex hull, 142
convex polytope, 158
convex set, 51
coordinate mappings, 20
critical point, 53

non-degenerate critical point, 116

D
dense subset, 185
derivative, 61
diameter, 11
diffeomorphism, 38

Ck-diffeomorphism, 104
local diffeomorphism, 164

difference operator, 122
differentiability, 38

k-differentiability, 89
differential, 38
directional derivative, 35, 59
disc, 4
disconnection, 62

disconnected set, 62
division algebra, 28
dual, 22

E
equilibrium point, 197
Euler’s inequality, 52
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Euler-Lagrange equation, 238
extremal, 233
extremum, 51

local extremum, 51

F
face of a polyhedron, 155
first integral, 206
fixed endpoint problem, 229
flow, 197
functional, 229
fundamental theorem of algebra, 31
fundamental theorem of calculus, 74

G
g-convex, 152

strictly g-convex, 152
Gâteaux differential, 59
gradient, 139

H
Hessian matrix, 94
Hilbert space, 129
homeomorphism, 5
homogeneous polynomial, 121

I
ideal, 27

maximal ideal, 27
immersion, 170
implicit mapping theorem, 166
inner product, 125

inner product space, 125
integral curve, 189

maximal integral curve, 189
interior, 8
inverse mapping theorem, 162
invertible element, 25

J
Jacobian matrix, 37

L
Lagrange multipliers, 180
Lagrangian, 231

regular Lagrangian, 241
Lagrangian functional, 231
Lebesgue number, 11

level set, 165
limit of a sequence, 4
limit point, 11
linear form, 22
Lipschitz mapping, 134

M
maximum, 51

local maximum, 51
strict maximum, 51

mean value theorems, 61
metric space, 4
minimum, 50

local minimum, 51
strict minimum, 51

multilinear mapping, 84
multilinear form, 84
symmetric multilinear mapping, 88

N
neighbourhood, 7

open neighbourhood, 7
noninvertible element, 25
norm, 1

equivalence of norms, 4
normed algebra, 24
normed vector space, 1
subordinate norm, 25

normed algebra homomorphism, 24
normed vector space isomorphism, 23

isometric isomorphism, 23

O
one-parameter subgroup, 226

infinitesimal generator, 227
open ball, 4
open cover, 11
open cube, 143
open mapping theorem, 187
open set, 7
orthogonal complement, 138

P
parallelogram inequality, 126
partial derivative, 35
partial differential, 66

partial differential mapping, 67
path, 63

polygonal path, 63
polyhedron, 143
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positive definite bilinear form, 125
primitive, 74
projection, 132

Q
quadratic form, 121
quaternion algebra, 28

R
rank, 170

rank theorem, 176
reduced flow, 223

r-flow, 223
regular point, 197
regulated mapping

integral of, 71

S
saddle point, 118
Schwarz’s inequality, 126

second Euler-Lagrange equation, 243
segment, 51
sequentially compact set, 11
smooth mapping, 80
step mapping, 70
subcover, 11
submersion, 170
support, 211

T
totally bounded set, 12
triangle inequality, 1

V
vector field, 189

complete vector field, 206
linear vector field, 195
nonautonomous linear vector field, 199
time-dependant vector field, 190

vertex, 143
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